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Plan of the TalkPlan of the Talk

Chiral P-wave superconductors, Vortices, Manorana Zero ModesChiral P-wave superconductors, Vortices, Manorana Zero Modes

Braiding of vortices & Topological Quantum ComputationBraiding of vortices & Topological Quantum Computation

P-wave superconducting instability in Half Metal Fermi LiquidsP-wave superconducting instability in Half Metal Fermi Liquids
From charge and spin current couplingFrom charge and spin current coupling

Infinite U repulsive Hubbard Model on a Honey Comb Lattice,Infinite U repulsive Hubbard Model on a Honey Comb Lattice,
Nagaoka Ferromagnetism (Half metal) coexisting withNagaoka Ferromagnetism (Half metal) coexisting with
p-wave superconductivity   p-wave superconductivity   (Grassman Tensor Network approach)(Grassman Tensor Network approach)

Possible Experimeental RealizationPossible Experimeental Realization



p-Wave Superconductivityp-Wave Superconductivity

Attraction in the spin triplet channelAttraction in the spin triplet channel

Orbital part is antisymmetric.  Spin part symmetric Orbital part is antisymmetric.  Spin part symmetric 

HeHe33  is a well known p-wave superfluid  is a well known p-wave superfluid
Some heavy fermions are believed to be p-wave superconductorsSome heavy fermions are believed to be p-wave superconductors

SrSr22RuORuO44  is  a good example of a 2-dimensional p-wave superconductor   is  a good example of a 2-dimensional p-wave superconductor 

with a good experimental supportwith a good experimental support

Pairing in nuclei and neutron stars have  p-wave characterPairing in nuclei and neutron stars have  p-wave character

          



SrSr22RuORuO4 4   
structurally similar tostructurally similar to  

LaLa22CuOCuO4  4  

Theoretical Prediction of p-Wave SuperconductivityTheoretical Prediction of p-Wave Superconductivity
T. M. Rice, M. SigristT. M. Rice, M. Sigrist, J. Phys. Cond. Matter 7, L643 (1995)  
G. BaskaranG. Baskaran, Physica B  223-224, 490 (1996); Trieste Workshop July 1995

Superconducting Tc ~ 1 K,   very low !Superconducting Tc ~ 1 K,   very low !

Story:  Piers Coleman’s Challenge at TriesteStory:  Piers Coleman’s Challenge at Trieste
                          and GB’s responseand GB’s response





dHvA oscillation and dHvA oscillation and 
experimental Fermi surfaceexperimental Fermi surface



(Sr(Sr2+2+))22 Ru Ru4+ 4+   (O(O2-2-))22 RuRu4+4+    is in    4d4d44    configuration
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Sister compoundSister compound Sr Sr22FeOFeO4 4   is a spin-1 Mott insulatoris a spin-1 Mott insulator

So coulomb correlations and Hund coupling So coulomb correlations and Hund coupling 
are likely to be very important (GB)are likely to be very important (GB)

Spin triplet pairing (pSpin triplet pairing (pxx + ip + ipyy)) was predicted was predicted



Orbital part can have pOrbital part can have pxx  ,  p  ,  pyy or p or pzz symmetry or  symmetry or 

linear combinations such as  plinear combinations such as  px x  + i p + i py    y     or  p or  pxx – i p – i pyy  

(in 2D this will be favored, because of in plane orbital motion)(in 2D this will be favored, because of in plane orbital motion)

Spin part has to be symmetric under interchange. So it will be one of theSpin part has to be symmetric under interchange. So it will be one of the
three triples or linear combinations.   three triples or linear combinations.   

Cooper pair amplitude (Superconducting  order parameter is not a scalarCooper pair amplitude (Superconducting  order parameter is not a scalar



Excitations of 2D supercondctorsExcitations of 2D supercondctors

Bogoliubov quasi particles and Bogoliubov quasi particles and 
quantized vorticesquantized vortices

In a quantized vorex carrying flux quantaIn a quantized vorex carrying flux quanta

The phase of the order parameter        winds by         The phase of the order parameter        winds by         
as we go around the vortex onceas we go around the vortex once

There is a normal core at the center of the vortexThere is a normal core at the center of the vortex
of dimension          , the coherence length.of dimension          , the coherence length.

The size of the  magnetic flux is           the  London peneteration lengthThe size of the  magnetic flux is           the  London peneteration length
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Traditionally Traditionally 
one views the one views the 

phase as a phase as a 
2d vector2d vector



Single quantum vortex located at the origin in 2D s-wave superconductorSingle quantum vortex located at the origin in 2D s-wave superconductor
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Half Quantum VortexHalf Quantum Vortex
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Order parameter remains single valuedOrder parameter remains single valued



In the absence of vortices Bogoliubov quasiparticles are Bloch wavesIn the absence of vortices Bogoliubov quasiparticles are Bloch waves
They are positive energy excitations with a finite gapThey are positive energy excitations with a finite gap

S-wave superconductors are nodeleess and generically have a gapS-wave superconductors are nodeleess and generically have a gap
(Extended-S can have nodes)(Extended-S can have nodes)
PPxx  or  p  or  pyy   states    states has a nodehas a node  because of they have odd parity   because of they have odd parity 

xyx kkk 0),( 

States such as pStates such as px x  + i p + i py    y     or  p or  pxx – i p – i pyy  are gapless and do  note have a node  are gapless and do  note have a node

They violate both parity and time reversal symmetry (PT violation)They violate both parity and time reversal symmetry (PT violation)

The orbital motion produces magnetic field perpendicular to the planeThe orbital motion produces magnetic field perpendicular to the plane
which has been measured, for the case of Srwhich has been measured, for the case of Sr22RuORuO44 , by muon spin rotation , by muon spin rotation

Time reversal symmetry is not brokenTime reversal symmetry is not broken
only parity symmetry is brokenonly parity symmetry is broken

)(),( 0 yxyx ikkkk 



  kkkkk cvcu 


Bogoliubov quasi particle is a linear combinations of Bogoliubov quasi particle is a linear combinations of 
an electron and a hole of opposite spinan electron and a hole of opposite spin
Their chrges are defined only module 2Their chrges are defined only module 2

  kkkkk cvcu 
 



How does one study quantized vortices and see how quasi particle statesHow does one study quantized vortices and see how quasi particle states
get modified in the presence of vortices ?get modified in the presence of vortices ?

Use Use Bogoliubov de GennesBogoliubov de Gennes  EquationsEquations, derivable from mean field BCS Hamiltonian, derivable from mean field BCS Hamiltonian
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The combinationThe combination
Solves the BGD equationSolves the BGD equation





Normal state quasi particles at the vortex core
get Andreev reflected at the boundary of the
core and establish bound quasi particle states

in the gap of the quasi particle spectrum

Because the boundary has a non trivial topology
for the phase of the order parameter

the bound qp-states could have 
 non-trivial topological and robust character

SuperconductorSuperconductor

Electron  kElectron  k

Hole   -k  Hole   -k  





Nature of localized quasi particle states in Half vorticesNature of localized quasi particle states in Half vortices

Number of degree of freedomNumber of degree of freedom
(number of fermi oscillators)(number of fermi oscillators)

is half as that of a single vortexis half as that of a single vortex

Majorana FermionMajorana Fermion

Contrast it with midgap states in domain walls in polyacetyleneContrast it with midgap states in domain walls in polyacetylene

The Majorana Fermion zero mode is stable  against local perturbations such asThe Majorana Fermion zero mode is stable  against local perturbations such as
external scalar, electromagnetic vector potentials, spin orbit coupling, localexternal scalar, electromagnetic vector potentials, spin orbit coupling, local
variation of the order parameter etc.variation of the order parameter etc.
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1
Majorana modeMajorana mode

2
Majorana modeMajorana mode

21  i
A complex fermion mode whoseA complex fermion mode whose

Real and imaginary parts areReal and imaginary parts are
Well separated spacially !Well separated spacially !



How Majorana fermion transforms under U(1) gauge transformationHow Majorana fermion transforms under U(1) gauge transformation

A overall phase of the superconducting gap shifts by A overall phase of the superconducting gap shifts by 

is equivalent to rotating the electronic creation and annihilation 0perators by is equivalent to rotating the electronic creation and annihilation 0perators by 

Equivalently the solution (u,v) transforms accordinglyEquivalently the solution (u,v) transforms accordingly

2





Considere a system of 2n vortices, far from each other at distancesConsidere a system of 2n vortices, far from each other at distances

To each vortex there is a bound zero energy Majorana modeTo each vortex there is a bound zero energy Majorana mode

Denoted by the operator                    i = 1,2, ….., 2nDenoted by the operator                    i = 1,2, ….., 2n

They can be combined to give n complex fermion operatorsThey can be combined to give n complex fermion operators
Therefore the ground state degeneracy is 2Therefore the ground state degeneracy is 2nn      
(each fermion level may be full or empty)(each fermion level may be full or empty)


 Fv

l 

i





We seek a (projective) representation of the braid group BWe seek a (projective) representation of the braid group B2n2n  



We need to construct operatorsWe need to construct operators

Recall                                           then (upto a phase factor)Recall                                           then (upto a phase factor)





In the case of 4 vortices we have two complex fermionsIn the case of 4 vortices we have two complex fermions

The ground state degeneracy is 4 and 3 generators TThe ground state degeneracy is 4 and 3 generators T11 , T , T22 and T and T33 are given by are given by

The matrices are written in the basisThe matrices are written in the basis



Half Metallic FerromagnetsHalf Metallic Ferromagnets



Coey et al. J.  Phys. D (2002)Coey et al. J.  Phys. D (2002)

Some Half MetalsSome Half Metals



Instability of the Half Metal FerromagnetInstability of the Half Metal Ferromagnet

Majority spin electronsMajority spin electrons

A small density of minorty spin electronsA small density of minorty spin electrons

How do they couple ?How do they couple ?



Hubbard ModelHubbard Model



Infinite U Repulsive Hubbard ModelInfinite U Repulsive Hubbard Model

H =  -



Infinite repulsive U Hubbard model at Half Filling  Infinite repulsive U Hubbard model at Half Filling  
is an insulator with is an insulator with dangling or fee spinsdangling or fee spins..
Ground state has a 2Ground state has a 2N N  fold spin degeneracy. fold spin degeneracy.

Nagaoka Theorem:Nagaoka Theorem:
For bipartite lattices with nearest neighbor hoping For bipartite lattices with nearest neighbor hoping a single hole a single hole removesremoves
the massive degeneracy and creates a fully spin polarized the massive degeneracy and creates a fully spin polarized 
Ferromagnetic ground state.Ferromagnetic ground state.

How about finite density of holes ?How about finite density of holes ?
Theoretical studies indicate that  ferromagnetism might survive upto Theoretical studies indicate that  ferromagnetism might survive upto 
about 20 % of doping.about 20 % of doping.

All focus in the literature has been on Nagaoka Ferromagnet, a half metallic stateAll focus in the literature has been on Nagaoka Ferromagnet, a half metallic state



Instability of  half metallic Fermi Liquid      Instability of  half metallic Fermi Liquid      (GB, Zhengcheng Gu, Hong-Chen Jiang) 2015)(GB, Zhengcheng Gu, Hong-Chen Jiang) 2015)

Where                             etc.   Where                             etc.   



[                    ][                    ]

Charge current – Charge current – 
Spin Chirality current couplingSpin Chirality current coupling

Charge kinetic energy -  Charge kinetic energy -  
Spin-kinetic energy couplingSpin-kinetic energy coupling

Dilute Dilute gas of holesgas of holes
and and down spins down spins in thein the
background  of dense up spinsbackground  of dense up spins



Spin current excitations are topological and carry non-zero chiralitySpin current excitations are topological and carry non-zero chirality
Skyrmions  in 2 dimensions and Monopoles in 3-dimensionsSkyrmions  in 2 dimensions and Monopoles in 3-dimensions

Skyrmions are capable of binding a single hole andSkyrmions are capable of binding a single hole and
Gain energy through charge and spin current interactionGain energy through charge and spin current interaction
Skyrmions form pairs and  provide opportunity for pairing of two holes bound to themSkyrmions form pairs and  provide opportunity for pairing of two holes bound to them

This is a spin triplet cooper pair This is a spin triplet cooper pair 
having unit orbital angular momentum ( lhaving unit orbital angular momentum ( lz z   =  +1  or  -1)  =  +1  or  -1)

The system gains energy by having a small and optimal density ofThe system gains energy by having a small and optimal density of
Skyrmions in the ground state.  (NSkyrmions in the ground state.  (Nskyrmion  skyrmion  

     / N / Nhole hole    < <  1 )   < <  1 )

p  + i p  and   p – i p  order parameter symmetry correspond to p  + i p  and   p – i p  order parameter symmetry correspond to 
Chiral spin liquids with opposite macroscopic chiralityChiral spin liquids with opposite macroscopic chirality



http://www.riken.jp/en/research/rikenresearch/highlights/6527

Skyrmion and anti Skyrmion:        Skyrmion and anti Skyrmion:        

Mapping of spins in the plane RMapping of spins in the plane R2 2                Unit sphere S               Unit sphere S2 2     



http://www.revolvy.com/main/index.php?s=Skyrmion



Doucot and Wen, Phys Rev B (2002)Doucot and Wen, Phys Rev B (2002)



GrassmannTernsor Product States – A variational approachGrassmannTernsor Product States – A variational approach
(a new and powerful variational approach for strongly interacting fermions developed by Verstraete, Cirac, Wen, Gu and others(a new and powerful variational approach for strongly interacting fermions developed by Verstraete, Cirac, Wen, Gu and others
following DMRG, matrix product and tensor network states)following DMRG, matrix product and tensor network states)

Gu, Jiang, GBGu, Jiang, GB



Gu, Jiang, GBGu, Jiang, GB



Gu, Jiang, GBGu, Jiang, GB



Possible Experimental RealizationsPossible Experimental Realizations

Moller et al. Moller et al. 

HeHe3 3   on graphene (Hiroshi Fukuyama et al.  PRL  2012)  on graphene (Hiroshi Fukuyama et al.  PRL  2012)

Garnica et al., Nat. Phys. 9, 368 (2013Garnica et al., Nat. Phys. 9, 368 (2013))

FerromagneticFerromagnetic





Garnica et al., Nat. Phys. 9, 368 (2013Garnica et al., Nat. Phys. 9, 368 (2013)                Spin Resolved STM Study of TCNQ lattice)                Spin Resolved STM Study of TCNQ lattice







Emergence of Ground State degeneracyEmergence of Ground State degeneracy
Without spontaneous symmetry breakingWithout spontaneous symmetry breaking

Quantum Order  Quantum Order  
No local order parameter descriptionNo local order parameter description
Quantum RigidityQuantum Rigidity

The degeneracy is visible in torus geometryThe degeneracy is visible in torus geometry

This degeneracy leads to This degeneracy leads to anyonanyon quasi particles quasi particles
and quantum number fractionization in 2dand quantum number fractionization in 2d













Local Conserved QuantitiesLocal Conserved Quantities

WWpp
22 = 1 = 1

Eigen values of WEigen values of Wpp = 1, -1 = 1, -1

It is a highly FrustratedIt is a highly Frustrated
Quantum Spin SystemQuantum Spin System



Number of unit cell   2N        Number of sites  N      Number of Plaquettes NNumber of unit cell   2N        Number of sites  N      Number of Plaquettes N
Number of spins 2NNumber of spins 2N

Hilbert space dimension   2Hilbert space dimension   22N2N                  Number of WNumber of Wpp’s  is N      They can take 2’s  is N      They can take 2NN different values different values

                                                                                                                                                                                                      So ther are 2So ther are 2N N  different W different Wpp sectors sectors

222N2N  =  2  =  2NN    +  2 2NN    +   ……  ……  +  2 2NN

WWpp
22 = 1 = 1

Eigen values of WEigen values of Wpp = 1, -1 = 1, -1

22NN 22NN 22NN 22NN 22NN

2N  different Wp sectors2N  different Wp sectors



Majorana orMajorana or
Real  fermionsReal  fermions

Hilbert space dimensionsHilbert space dimensions

Dirac or complex FermionDirac or complex Fermion



Majorana FermionsMajorana Fermions



Hilbert space enlargement                          Used in RVB theoryHilbert space enlargement                          Used in RVB theory
                                                                                                                                                (GB, Anderson, Zou, 1987)(GB, Anderson, Zou, 1987)

Local ConstrantLocal Constrant

Dimension of enlarged Hilbert space is  4Dimension of enlarged Hilbert space is  42N 2N               
compared to physical Hilbert space dimension 2compared to physical Hilbert space dimension 22N2N    



            uij
2 = 1

Eigen valuesEigen values uij = 1, -1



A two body interaction term (four fermion term) isA two body interaction term (four fermion term) is
reduced to a two body termreduced to a two body term

i ( ujk )   cjck

RVB mean field factorisation becomes exact !RVB mean field factorisation becomes exact !

We have We have free majorana fermionfree majorana fermion hopping Hamiltonian hopping Hamiltonian

A complex interacting Hard core boson problem is reduced to a A complex interacting Hard core boson problem is reduced to a 

Free majorana fermion problem   Free majorana fermion problem   Hilbert space dimension 2Hilbert space dimension 22N2N

Sufficient to solve a one particle problem on a Honey comb lattice !Sufficient to solve a one particle problem on a Honey comb lattice !

Hilbert space dimension 2NHilbert space dimension 2N
From this we can build the many particle Fock space of dimensionFrom this we can build the many particle Fock space of dimension   222N2N



To satisfy local Constrant and go to physical Hilbert spaceTo satisfy local Constrant and go to physical Hilbert space
we need to do some projection (similar to Gutzwiller projection in RVB theory) we need to do some projection (similar to Gutzwiller projection in RVB theory) 

However, to calculate physical quantities such as energy spectrumHowever, to calculate physical quantities such as energy spectrum
spin-spin correlation functions etc., no such projection is necessary !spin-spin correlation functions etc., no such projection is necessary !

This follows from an emergent local ZThis follows from an emergent local Z22 Gauge symmetry in the problem Gauge symmetry in the problem

Dimension of enlarge Hilbert space is  4Dimension of enlarge Hilbert space is  42N 2N               

compared to physical Hilbert space dimension 2compared to physical Hilbert space dimension 22N2N    



Each WEach Wpp sector has 2 sector has 22N2N gauge copies.  gauge copies. 

Gauge invariant quantities are the physical observablesGauge invariant quantities are the physical observables

  22NN      X  2  22N2N 22N N   X   2 22N2N.  .  .  ..  .  .  .

22NN 22NN 22NN 22NN 22NN222N2N = =

442N2N = =

WWpp = -1  is defined as a vortex excitation = -1  is defined as a vortex excitation



Solving the free Majorana problem in differentSolving the free Majorana problem in different W Wpp sectors sectors



Absolute ground state energy is obtained in theAbsolute ground state energy is obtained in the
Sector where WSector where Wpp = 1  in all plaquettes = 1  in all plaquettes

(Lieb’s Theorem)(Lieb’s Theorem)

The spectrum of free fermions is obtained by Fourier transformThe spectrum of free fermions is obtained by Fourier transform
If we use periodic boundary conditionIf we use periodic boundary condition







Toric Code Hamiltonian as a  limit of Kitaev Model Toric Code Hamiltonian as a  limit of Kitaev Model 
in the gaped phasein the gaped phase

Perturbation theory in powers ofPerturbation theory in powers of
the ratios  the ratios  JJxx/J/Jzz    andand  J  Jyy/J/Jzz



em composite is a fermion



emem composite is a fermion composite is a fermion



In the gapful phase we have only Abelian AnyonsIn the gapful phase we have only Abelian Anyons

Application of Application of an external magnetic fieldan external magnetic field

or addition of a specific or addition of a specific 3 spin interaction term3 spin interaction term

Produces a phase where there areProduces a phase where there are

Non Abelian Anyons Non Abelian Anyons 



=  =  ujl ukl cj ck

3 spin interaction term3 spin interaction term      

(model continues to be exactly solvable  and  all W(model continues to be exactly solvable  and  all Wpp commute with the full  commute with the full 

Hamiltonian)   Hamiltonian)   





How do  we get Non Abelian anyons ?How do  we get Non Abelian anyons ?

We start with spins but end up withWe start with spins but end up with
two types of two types of emergent elementary constituentsemergent elementary constituents in the problem in the problem

  flux excitation                  Majorana fermionflux excitation                  Majorana fermion

The physical spectrumThe physical spectrum for a given flux configuration contains for a given flux configuration contains
only propagating only propagating complex (Dirac) fermion excitationscomplex (Dirac) fermion excitations

(linear combination of majorana fermions)(linear combination of majorana fermions)

However, on introduction of the  3 spin interaction termHowever, on introduction of the  3 spin interaction term
a flux excitation binds a single localized majorana fermion modea flux excitation binds a single localized majorana fermion mode

for J’s near the isotropic point Jfor J’s near the isotropic point Jxx = J = Jyy = J = Jzz

The The Majorana Fermion  Flux compositeMajorana Fermion  Flux composite is our Non Abelian Anyon is our Non Abelian Anyon





In the Abelian phasd two well isolated vortices have In the Abelian phasd two well isolated vortices have 
a non degenerate ground statea non degenerate ground state

The vortices interact and the degeneracy is in general split.The vortices interact and the degeneracy is in general split.
However, the splitting vanishes exponentiall as a function of separataionHowever, the splitting vanishes exponentiall as a function of separataion



In the Non Abelian phasd two well isolated vortices have In the Non Abelian phasd two well isolated vortices have 
a doubly degenerate ground statea doubly degenerate ground state

2 well separated vortices    Ground state degeneracy is   2 well separated vortices    Ground state degeneracy is   



6 well separated vortices    Ground state degeneracy is   6 well separated vortices    Ground state degeneracy is   

M well separated vortices    Ground state degeneracy is   M well separated vortices    Ground state degeneracy is   



  For M well separated vortices    Ground state degeneracy is For M well separated vortices    Ground state degeneracy is 
Let us denote the  ground states byLet us denote the  ground states by        









Anomalous spin-spin correlation function andAnomalous spin-spin correlation function and
Quatnum number fractionizationQuatnum number fractionization

GB, Mandal, Shankar PRL 2007GB, Mandal, Shankar PRL 2007



Any one of the component of Pauli spin operators create a Any one of the component of Pauli spin operators create a 
Composite of a Majorana Fermion a pair of flux excitations, Composite of a Majorana Fermion a pair of flux excitations, 

while on acting on the ground state.while on acting on the ground state.

This state evolves in time. The fluxes stay localized. This state evolves in time. The fluxes stay localized. 
The Majorana fermion gets delocalized.The Majorana fermion gets delocalized.



Non-Abelian Statistics of Half-Quantum vortices in p-Wave SuperconductorsNon-Abelian Statistics of Half-Quantum vortices in p-Wave Superconductors
D.A. IvanovD.A. Ivanov,        Phys. Rev. Lett. 86,  86, 268 (2001)

Superconductivity in SrSuperconductivity in Sr22RuORuO44    

Y. MaenoY. Maeno et al., Nature 372, 532 (1994)

Theoretical Prediction of p-Wave SuperconductivityTheoretical Prediction of p-Wave Superconductivity
T. M. Rice, M. SigristT. M. Rice, M. Sigrist, J. Phys. Cond. Matter 7, L643 (1995)  
G. BaskaranG. Baskaran, Physica B  223-224, 490 (1996); Trieste Workshop July 1995

The intriguing superconductivity of strontium ruthenateThe intriguing superconductivity of strontium ruthenate
YY. . Maeno, T. M. Rice, M. SigristMaeno, T. M. Rice, M. Sigrist, Physics Today  (p 42-47), Jan 2001

 The superconductivity of SrThe superconductivity of Sr22RuORuO4 4  and the physics of spin-triplet pairing and the physics of spin-triplet pairing 

  A.P. Mackenzee, Y. Maeno, Rev. Mod. Phys. 7575, 657 - 712 (2003)
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