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Fixing n distinct points aj,...,a, € C we have a Riemann surface
Xg={(y)€C? |y =(x—a1)--(x —an)}.
a=(a1,...,an).
The map 7w : X; — C given by
m(x,y) = x
is a degree d branched covering.

Moreover 7 has cyclic deck group Z/dZ generated by

T(x,y) = (x,{qy)-



The surface XJ can be completed to a compact Riemann surface
X, and 7 extends to a branched covering

7r:Xa—>@

branched over as,...,a, and co.
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Family of surfaces

Now if we vary the branch points a1, ..., a, in C we get a family of
Riemann surfaces Xj.

Let Conf,(C) be the space of unordered n distinct points in the
complex plane

Conf,(C) :=

then we get a surface X, for each a € Conf,(C).

As we move points in Conf,(C) the surfaces X, change. Going
around a loop in Conf,(C) based at a we then get a
homeomorphism of the surface Xj.



Loops in Conf,(C), based at a, give rise to homeomorphisms of
the surface X,. Let us fix a € Conf,(C) and write X = X,

loop in Conf,(C) ~» homeo of X ~~ linear map on Hy(X)

Thus we get a representation of M1;(Conf,(C)) on Hi(X). This is
called the Monodromy representation.

Hi(X) := Hi(X,C) = MNy(X)** @ C.



The braid group on n strands is the fundamental group
B, := M1(Conf,(C)).
A loop in Conf,(C) at a = (a1, ..., an) lifts to a path
b:[0,1] — C",
such that
bi(t) # b(t),

b(0) = (a1,...,an),
b(1) = (as(1), - - - » as(n)) for some permutation o € S,



Intuition! Braids can be thought of as n particles moving in the
plane. They start and end at the same positions with possible
exchange of places.

For example the braid b(t) = (e*™t/3, (3e?t/3, (2?™1t/3) in By is
pictured below (a = (1,(3,¢3))

See the video Braids: the movie on youtube
https://youtube.com/playlist?1ist=PLyxHTRWELFBoijzAvXTDOLIF5yfkuN4uZ&si=q5wOLPQPk6bJa-VJ


https://youtube.com/playlist?list=PLyxHTRWELFBoijzAvXTDOLIF5yfkwN4wZ&si=q5w0LPQPk6bJa-VJ

The group B, is generated by the simple braids o1, ...,0,_1.
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They satisfy the following relations:

» braid relation: ojoi{10; = 0i410i0i41,

» far commutativity: oo = ojo;, for |i — j| > 1.



Braids as Mapping classes

There is an isomorphism of the braid group with the Compactly
supported mapping class group of C relative to a

¢ : B, = Mod.(C, a) a={a1,...,an}

where
diffeomorphisms f : C — C, f(a) = a
f identity ouside some compact set
Mod.(C, a) =
homotopy

Intuition! We can think of C as a rubber sheet and the points
ai,...,an as pins on this rubber sheet. Now if the pins move

they drag the rubber sheet along and create stretches and defor-

mations.



For the generator o;, the mapping class ®(o;) is represented by a
half twist of a disk containing only a;, aj+1.

Suppose, a; =1, aj;1 = —1 and |aj| > 2 for j # i,i + 1 then

-z z| <1,
®(0i)(2) = 4 2 2 <],
zem-l7) 1< z1 <2
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Back to Monodromy representation

The diffeomorphisms in B, = Mod.(C, a) lift to the cover X.

By choosing the unique lift b of b € B, which is identity in a
neighbourhood of 771(c0) we get a homomorphism

B, — Mod(X), b b.
We get an action of B, on Hi(X) by

b -

Ny

— b.¢, b€ Bp, £ € Hi(X).

This is another more straightforward way of arriving at the
monodromy representation.



Recall the deck group of 7: X — Cis generated by
T(x,y) = (x,Cay)-
It turn out that the lifts b commute with T.

Hence the B, action preserves the eigenspaces T-eigenspaces

Hi(X)q :={¢ € Hi(X) | T.& = q&}

Consequently we get a representation

pq : Bn = GL(H1(X)q)-



Generalisations

McMullen (2013) investigates this monodromy representation of
B, for the cyclic covers X and gives several applications.

We attempt two natural generalisations (with partial success):

> Go from cyclic to abelian covers of C (with Saswati).

» Consider covers of higher genus surfaces rather than C (with
Pranav and Saswati).

The first is easier and better explained so we will stick to that one
in this presentation.



Let A= (ny,...,nm) be a partition of n and di, ..., dn, be positive
integers. Set hj = n1 + ...+ nj.

Let X be the completion of

d; .
{(X»}/b cee a)/m) € Cm+1 |yJJ - (X_ahj_1+1) o (X_ahj)a 1 S./ < m}

Then 7 : X — C has deck group Z/diZ X - -+ X Z/dmZ, generated
by T1,..., Tm where

Tj(X,}’L'--,Ym) = (Xy}’17~~',<djyj7~~-,)’m)~

In this presentation let us stick to partitions of size m < 3.



Mixed Braid Groups

For the Abelian cover X, the full braid group B, does not lift to X.

The braids that lift are the ones that preserve the partition A. We
denote by Ba the subgroup of B, which preserves A.

€ Bpg € By ¢ B

Formally the mixed braid group Bp is the pre-image of
Spy X -++ x Sp, under the natural homomorphism B, — S,.



The mixed braid group Bp for A = (n1, n2, n3) is generated by

01.--0hy—1, Ohy+15-++50h—15 Ohy+15---,0n-1,
2 2
A =0}, Az =0y,

A1z = (O, Om1)op (Oh - onp1) t
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Monodromy Action on Eigenspaces

Any element b € Bp has a unique lift b to X which is identity in a
neighbourhood of 771(o0).

Hence we have a monodromy action of Ba on Hi(X) by
b- &= bt
The lifts commute with the deck transformations Ty,..., Tn.

Thus the action preserves the common eigenspaces

I
—~
Q
faary

Hi(X)q :={§ € Hi(X) | (T))+& = i€}, q
Consequently we now have a representation

Pq - B/\ — GL(Hl(X)q)



Populating the Eigenspaces

For g = (q1,...,qm) such that g; # 1 for all j we have

: n—1, eeagim £,
X

We consider some sub-surfaces:

» let D; be a disk containing p;j, pi+1, and D; :=n"1D; ,
> let £ 3 be a disk containing py,, phyi1, and E13 1= 1 1E13 .

It turns out that
dim Hy(D;)q = dim Hy (E13)q = 1

when g; # 1 for all ;.
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To find a basis of Hl(ﬁ,-)q and Hl(g'j,k)q we look at the curves:

The lifts of the curves s; and t; , are loops.

Let G be the deck group.Then we can index the lifts as
for vyeG so that

kys) = s/TF and Rt = 1" K,y € G.



Eigen-basis

We define the eigenvectors

w; = constant X Z qg s/ € Hi(Di)q and
veG

¢jk = constant X Z q’ t],k € Hi(&k)q -
veG

For convenience of notation we also set wp, = ¢12 and wp, = P2 3.

Theorem

n

The classes w1, ..., wp—1 span Hi(X)q. When qi*q52q5* # 1 they
are linearly independent, otherwise they satisfy one linear relation.
Moreover,

P13 =Wh + ... +whp, .



Monodromy Action

Since o; has support D; and Hl(ﬁ,-)q is one dimensional spanned
by wj, the class w; has to be an eigenvector of ;. In fact

Oj Wi = —(qjWwj if hj,1 <i< hj.

Also o is identity outside D; and as a consequence o; is identity
on a subspace complementary to span(wj).

Similarly ¢; x is an eigenvector of A; x and

Ajk ik = ik j k 1<j<k<3.

In fact, o; and Aj x act by complex reflections on Hi(X)g.



There is a hermitian form on H;(X) which we denote by (-, ).

Let g = (q1,...,qm) such that g; # 1 and gjqx # 1 for any
Jyke{l,...,m}.

Theorem

The action of Bp on Hi(X)q is given as follows:

oj - wj = —qjwi, and o; is identity on span((,u,-)L ,

Aik-djk =0qiqkdjx  and Aj is identity on span(q@-,k)L .

where (;5172 = Why, (;5273 = Wh, and ¢173 =Wh + ...+ Why.

For a subspace W C H;(X)q

Wt ={ne H(X)q| (¢ =0VEe W)



The previous theorem is incomplete without the knowledge of the
Hermitian form.

14 gq; .
<w,~,w,-) = \/—1 (ﬁ) hj_l <1< hj7
1—-gjqj+1 )
Lwp)y = /=1 el 1<
(e oty ((1 —q)(1 - qj+1)) =s=m

(wi—t,wi) = V-1 (I:q;) i1 <i < h
j
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For the partition (2, 3,2) the matrix (-, -) in term of the basis

Wiy yWn—1 is:
s o0 0 0
q11— 1 q q;jlqzz—zlz +1 q:? - 1 0 0 0
\/__1 0 qzl—l —q;;:l ¢72qi1 0 0
0 0 qzl—l —q<212++11 qzqil 0
0 0 0 qzl—l Q2q;fig3—tli+1 q3q i1
0 0 0 0 = tl
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