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ABSTRACT. This is a brief report summarizing the semester long project un-
dertaken under the supervision of Dr. Chitrabhanu Chowdhuri. This is based
on the books Differential Geometry of Curves and Surfaces by Manfredo P. Do
Carmo and Multivariate Calculus by Sean Dineen.
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1. DIRECTED CURVES IN R"

Definition 1.1. A directed (or oriented) curve in R™ is a quadruple {T', A, B,v}
where I' is a set of points in R"; A and B are points in I' , called respectively the
initial and final points of I" ; v is a unit vector in R™ called the initial direction, for
which there exists a mapping P : [a,b] — R™, called a parametrization of I", such
that the following conditions hold:
(a) There exists an open interval I , containing [a,b] and a mapping from I into
I into R™ which has derivatives of all orders and which coincides with P on [a, ]
(regularity conditions).
(b) P([a,b]) =T, P(a) = A, P(b) = B and P’(a) = av for some a > 0 (direction).
(c)P'(t) # 0 for all ¢ € [a,b] (for unit speed parametrization).
(d) P is injective (i.e. one to one) on [a,b)and (a,b] (prevent self intersection).
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2 SAYANTIKA MONDAL

Definition 1.2. (Parametrized Curve) A continuous mapping P : [a,b] — R”
which satisfies (a), (¢) and (d) is called a parametrized curve. A parametrized curve
determines precisely one directed curve ,

{P([a,b]),P(a), P), 1) }

1P (a)]l
Proposition 1.3. Length of T, I(T') is given by,

b
) = [ 1P
1.1. Unit speed Parametrization.

Definition 1.4. If P : [a,b] — R"is a parametrization of the directed curve I" we
define the length function by the formula

s(t) = / 1P ()] de

If [ = I(T") then s : [a,b] — [0,]] and, by the one-variable fundamental theorem
of calculus, s'(t) = ||P'(t)|| > 0. Hence s is strictly increasing, S~ : [0,1] — [a,b]
has derivatives of all orders on [0,1] and P o s~! maps [0,/] onto I'. For the inverse
function s~ we have,

—1\/ _ 1 = !
(s7) () = s'(s71(t) 1P (sTH)l

and

P )] P o)
s' (s7H(t)) [P (s=*(2))l

Thus Pos~! is unit speed and we can easily verify that it is a valid parametrization.

firoryo] -1

Proposition 1.5. Directed curves admit unit speed parametrizations.

1.2. Frenet-Seret Equations.

We discuss curvature and torsion of directed curves. Vector-valued differentia-
tion and orthonormal bases are the main tools used. We define geometric concepts
associated with a directed curve and derive a set of equationsthe FrenetSerret equa-
tionswhich capture the fundamental relationships between them. We look at curves
in R? which motivate our analysis of surfaces in R? along similar lines later.

Let P : [a,b] — R? denote a unit speed parametrization of the directed curve I' and
let P(t) = (x(t),y(t)) for all t in [a,b] . At P(t) € T the unit tangent, T'(¢), is T
given by
T(t) = P(t) = (2'(1), y'(1))
The normal is given by,
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F1cUre 1. Caption
We have (T'(t),T(t)) =1 and differentiating we get, by the product rule,

T'(t) = s(t)N(t)

Definition 1.6. The constant x uniquely determined by above equation is known
as curvature.

In terms of coorninates,

K(t)

(k)N (L), N(t)) = (T'(t), N(1))

(" (1),y" (1)) - (=y'(1), &' (1))

y' () (t) — 2" (t)y' (1)

Definition 1.7. We call |x(t)| the absolute curvature of T" at P(t)
(O] =1T"@) = [[P" @)

In case of an arbitrary curve,

K(t) =

Y (D' () —a” (1)y' (1)
(@' () +(y (£)?)**

For curves in R3,

o N(t) = i
e B(t)=T(t) x N(t)
e N(t) x B(t) = £T(t)
o B'(t) = (B'(t), N(t)) N(t)
e We define the torsion of T at P(t) , 7(¢t) = — (B'(t), N(t))
e N'(t) =—xr(t)T(t) +7(t)B(t)
e The Frenet-Serret equations can be expressed in matrix form
T 0 w O T
N |=| -« 0 71 N
B 0 -7 0 B
{T@®), k() N{(t) , B(t) (1)}

I I I I I
Pre) Tl T'@)/s(t) T() x N(t) = (B'(t), N(t))

2. GEOMETRY OF SURFACES IN R"

2.1. Basic definitions. We consider cross section of R? through the point p which
contains the unit normal. we can find a unit tangent vector at p, v, such that our
cross-section has the form

p+ {xv—i—yn(p) (x,Y € RQ}

Definition 2.1. The intersection of this cross section with the surface, is a curve
on the surface called a normal section of the surface.

Definition 2.2. We call k,(v) the Normal curvature at point p in the direction v

Definition 2.3. (Principal curvatures)

k1(p) = max|y|=1 kp(V)
k2(p) = minjy=1 kp(v)



4 SAYANTIKA MONDAL

2.2. Geomtric interpretation of Gaussian Curvature.

Definition 2.4. The Gaussian curvature, K (p), at a point p on a surface S, is the
product of the principal curvatures, k1(p)k2(p).

Now, we consider various possibilities for the principal curvatures :
e k1(p) = k2(p) — umbilical point.
o ki(p) = ko(p) = 0 — flat spot
e ki1(p) > ko(p) — non-umbilical point.

Proposition 2.5. At a non-umbilic point on a surface S in R® we have:
K(p) > 0 <= near p, S is shaped like an ellipsoid
K(p) < 0 <= near p, S is shaped like a saddle point,
K(p) =0 <= near p, S is shaped like a cylinder or cone.
At an umbilic point K(p) > 0 and
K(p) > 0 < nearp, Sis shaped like a sphere.
K(p) = 0 < near p, S is very flat.

2.3. Gaussian curvature from Parametrizations. Let ¢ be a parametrization
of S.
We define:

l= <¢xmyn> =0, m= <¢xyan>a n= <¢yyan> =0
E:¢m'¢z» FZ(bm'd’ya G:¢y¢y

Matrix for Weingarten operator is given by :

s Em—Fl
E EVEG—-F?
Em—Fl E?n—2EFm+F?l
EVEG—F?2 E(EG-F?)
_ In—m?
K(p) — EG—F2

3. GAUSSIAN CURVATURE
3.1. Gauss Map.

Definition 3.1. Let S C R? be an oriented surface. The Gauss map is the map
N : S — S? which assigns to p € S the unit normal. There are two unit normals;
the meaning of the word oriented is that we have chosen one. Thus,
IN(II =1, (N(p),v) =0forveTl,s

The first fundamental form assigns to each p € S the quadratic form I, : T),S —

R defined by
L(v) = (v,v) =|v|?

It assigns to each tangent vector v € T,,S C R? the square of its length.

The second fundamental form is defined by :

L,(v) = (N(p),a”(0)), v =a/(0)

where « : (g,€) — S is a curve whose tangent vector at p is v.

Lemma 3.2. The second fundamental form is independent of the choice of curve
«a used to define it.

Lemma 3.3. The derivative dN,, : T,S — TN(p)52 of the Gauss map is a map
from a vector space to itself, i.e.
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T,S = Ty S?
for p € 52

Lemma 3.4. The derivative dN, : T,,S — T,S is self adjoint, i.e.

(dNp(u),v) = (u,dNp(v))
foru,veTl,S
Lemma 3.5. Let a: (—g,e) — S be a curve in S parameterized by arclength. By
the geometric definition of the cross product, the vectors N,o', N Aa’ are orthonor-
mal at each point a(s). The vector & is a unit vector tangent to S and N(«) is a
unit vector normal to S so N A’ is a unit vector tangent to S and is orthogonal

to both N and o'. Since ||&/|| = 1 we also have (¢/,a”) = 0. Hence the curvature
vector can be written as :

o =k,N+ky(NAN), ky:=(" Ny, ky:=("NAd)
The coefficient ky, is called the normal curvature and coefficient ky is called the
geodesic curvature. By definition

[Ot (O/) = - <O/I7 N(O[» = *kn

By the Pythagorean Theorem :

k* =k + K,
Lemma 3.6. The eigenvalues ki, ko of dN,, are called the principal curvatures and
the determinant

K = det (de) = k‘lk‘g

is called the Gauss curvature. The average value

H = L;kz
of the principal curvatures is called the Mean curvature. Thus A = k1 and A\ = ko
are the two solutions of the characteristic equation.

AN +2HAN+K =0

Definition 3.7. Weingarten Equations.

Ny = a11Xy + a12Xy. Ny = 21Xy + a22X,

where
F—eG F—fG
a1l = ég,pz, a1z = %G,{m
eF—fE F—gE
agz1 = EG—];Q ) a2 = éG—!}'Q

Corollary 3.8. The Gauss curvature is given by :

_ eg—f°
K = ge=F=

and the Mean curvature is given by :
= s
3.2. Isometries.
Definition 3.9. A diffeomorphism ¢ : S — S is an isometry if for all p € S and all
pairs wi, we € T((S) we have
(w1, W2>p = (dep (w1), dep (W2)>¢(p)

The surfaces S and S are then said to be isometric.
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Definition 3.10. A map ¢ : V — S of a neighborhood V of p € S is a local
isometry at p if there exists a neighborhood V of ¢(p) € S such that ¢ : V — V is
an isometry. If there exists a local isometry into S at every p € S, the surface S is
said to be locally isometric to S and S is locally isometric to S

Proposition 3.11. Assume the existence of parametriztions x : U — S and X :
U — Ssuchthat E=E,F =F,G = G in U. Then the map ¢ = Xox ! :x(U) =S
is a local isometry.

Definition 3.12. A diffeomorphism ¢ : S — S is called a conformal map if for all
p € S and all v1,v2 € T,,(S) we have

(dep (v1),dep (v2)) = A2(p) (v1,v2),,
where A\? is a nowhere-zero differentiable function on S; the surfaces S and S
are then said to be conformal. A map ¢ : V — S of a neighborhood V of p € S
into S is a conformal map at p if there exists a nighborhood V of ¢(p) such that
¢ : V — V is a conformal map. If for each p € S, there exists a conformal map at
p, the surface S is said to be conformal to S.

cosf = dde(@)de(8)) _ X{'8) g

lde(a)llde(8)] — Aa/[187]

Proposition 3.13. Let x : U - S and X : U — S be parametrizations such
that E = A2E,F = A?F,G = \2G in U, where A\? is_a nowhere-zero differentiable
function in U. Then the map ¢ =Xox 1 :x(U) — S is a local conformal map

Theorem 3.14. Any two regular surfaces are locally conformal.

Definition 3.15. Isothermal coordinates,
E=X(uv)>0, F=0, G=MN(u,v)

3.3. Equations of Compatibility. We can express z,, X, and N in the basis
determined by them as,

Xuyu = I‘ilxu + I‘%lxv + LN
Xy = Digxy + T25%, + Lo N
Koy = I‘%lxu + I‘%lxv + LyN
Xop = DaoXy + T25x, + L3N
Ny = anxy + a21%y
Ny = a12%xy + azeXx,
We determine the Cristoffel symbols by taking suitable inner products as follows,
ety
11 11 uwy A u 9 v
{ F%QE + F%QF = (Xuw, Xu) = lEv
Ny F + 175G = (Xuv, Xy) = 3G
{ [3E +T5HhF = (Xyy, Xu) = F, — 3G
D3 F 4+ T3,G = (Xyp, Xy) = 3Gy
3.4. Theorema Egregium. We derive relations between the Cristoffel symbols

as below and hence express Gaussian Curvature completely in terms of Christoffel
symbols showing its invarian under isometries.



SEMESTER PROJECT REPORT 7

(qu)v - (Xuv)u =0
(XUU)u - (qu)v =0
Nuv - Nvu =0
Alxu + lev + ClN =0
AQXU + BQXU + CQN =0
A3Xu + BgXU + OgN =0
A;=0, B;=0, C;=0, i=1,2,3
I‘%lxuv + I‘%lxw +eN, + (Fh)vxu + (I‘%l)v X, + e, N
= I‘%2qu + F%ZXvu + fNu + (I‘%2Xu + (I‘%Q)u Xy + fuN>
Il T3 +THI3, +eas + (TF)
=T{oI%) + 505, + faor + (TF2),
(I%)u - (I‘%l)v + Y, +TLIE, - T4 3, - Ty T,
- _FE eg—f?
EG—F?2
=—-FEK

Theorem 3.16. The Gaussian curvature K of a surface is invariant by local isome-
tries.

Theorem 3.17. (Bonnet) Let E, F, G, e, f, g be differentiable functions. defined in
an open set V.C R%, with E > 0 and G > 0. Assume that the given functions satisfy
formally the Gauss and Mainardi-Codazzi equations and that EG — F? > 0. Then,
for every q € V there exists a neighborhood U C V of q and a diffeomorphism z: U
— U — x(U) C R? such that the regular surface x(U) C R® has E,F,G and e, f,g
as coefficients of the first and second fundamental forms, respectively. Furthermore,
if U is connected and if

x:U—x(U)CR3
is another diffeomorphism satisfying the same conditions, then there exist a transla-
tion T and a proper linear orthogonal transformation p in R such thatX = Topox

4. PARALLEL TRANSPORT

Definition 4.1. Let w be a differentiable vector field in an open set U C S and
p € U. Let y € T,(S). Consider a parametrized curve

a:(—ee) > U

with a(0) = p and o/(0) = y, and let w(t),t € (—¢,€), be the restriction of the
vector field w to the curve a. The vector obtained by the normal projection of
(dw/dt)(0) onto the plane T, (S) is called the covariant derivative at p of the vector
field wrelative to the vector y. This covariant derivative is denoted by (Dw/dt)(0)

or (Dyw) (p)

Definition 4.2. A parametrized curve « : [0,1] — S is the restriction to [0,1] of a
differentiable mapping of (0 —€,1 4 €),e > 0, into S. If «(0) = p and «(l) = q, we
say that a joins p to q.a is regular if o/(¢) # 0 for t € [0, 1]

Definition 4.3. Let o : I — S be a parametrized curve in S. A vector field w along
« is a correspondence that assigns to each t € I a vector

W(t) € Taw)(S)
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The vector field w is differentiable at ¢y € I if for some parametrization x(u,v) in
a (tp) the components a(t), b(t) of w(t) = ax, +bx, are are differentiable functions
of t at ty. w is differentiable in I if it is differentiable for every t € I.

Definition 4.4. Let w be a differentiable vector field along « : I — S. The expres-
sion of (Dw/dt)(t),t € I, is well defined and is called the covariant derivative of w
at t.

Definition 4.5. A vector field w along a parametrized curve o : I — S is said to
be parallel if Dw/dt = 0 for every t € 1

Proposition 4.6. Let w and v be parallel vector fields along o : 1 — S. Then
(w(t),v(t)) is constant. In particular, |w(t)| and |v(t)| are constant, and the angle
between v(t) and w(t) is constant.

Proposition 4.7. Let o : I — S be a parametrized curve in S and let wg €
Tot)(S),to € L. Then there exists a unique parallel vector field w(t) along af(t),
with w (tg) = wo.

Definition 4.8. Let o : I — S be a parametrized curve and wo € Ty 1,)(S),to € L.
Let w be the parallel vector field along a, with w (tg) = wo. The vector w (t1),t1 €
I, is called the parallel transport of wqy along « at the point ¢;

5. GEODESIC CURVATURE

Definition 5.1. A nonconstant, parametrized curve v : I — S is said to be geodesic
at t € I if the field at it’s tangent vectors 4/(t) is parallel along v at ¢, this is :
Dy'(t) _ 0
dt

v is a parametrized geodesic if it is a geodesic for all t € .

Definition 5.2. A regular connected curve C is S is said to be a geodesic if, for
every p € C, the parametrisation «(s) of a coordinate neighborhood of p by the
arc length s is a parametrized geodesic; that is, o/(s) is a parallel vector field along
a(s)

Definition 5.3. Let w be a differentiable field of unit vectors along a parametrized
curve « : I — S on an oriented surface S. Since w(t), t € I , is a unit vecto field,
(dw/dt)(t) is normal to w(t), and therefore

Dy — AN Aw(t))
The real number A = A(t), denoted by[Dw/dt] is called the algebraic value of the

covariant derivative of w at t.

Definition 5.4. Let C' be an oriented regular curve contained in an oriented surface
S, and let «(s) be a parametrization of C, in a neighborhood of p € S, by the arc
length s. The algebraic value of the covariant derivative [Da/(s)/ds] = kg of ¢/(s)
at p is called the geodesic curvature of C' at p.

Lemma 5.5. Let a and be differentiable functions in I with a®> +b% =1 and g be
such that a (tg) = cosp, b (to) = sinpg. Then the differentiable function

o =go+ [, (ab/ —ba')dt
is such that cos p(t) = a(t),sinp(t) = b(t),t € I, and ¢ (tg) = ¢o.

Lemma 5.6. Let v and w be two differentiable vector fields along the curve o : 1 —
S, with |w(t)| = |v(t)] = 1,t € I. Then
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[Dx] _ [Dy] = d¢
dt dt ] T dt
where @ is one of the differentiable determinations of the angle from v to w, as
given by the previous Lemma.

Proposition 5.7. Let x(u,v) be an orthogonal parametrization (that is, F =0 )
of a neighborhood of an oriented surface S, and w(t) be a differentiable field of unit
vectors along the curve x(u(t),v(t)). Then,

(5] = svie (Gl — BV} + &

where (t) is the angle from x, to w(t) in the given orientation.
Proposition 5.8. (Liouville). Let a(s) be a parametrization by arc length of a
neighborhood of a point p € S of a regular oriented curve C on an oriented surface
S. Let x(u,v) be an orthogonal parametrization of S in p and ¢(s) be the angle that
Xy makes with o (8) in the given orientation. Then

ky = (kg), cosp + (kg), singp + %
where (kg), and (kg), are the geodesic curvatures of the coordinate curves v = const.
and u = const. respectively.

Proposition 5.9. Given a point p € S and a vector w € T(S),w # 0 there exist
an € > 0 and a unique parametrized geodesic 7y : (—e,€) — S such that v(0) =

p,7'(0) = w.
6. GAUSS-BONNET THEOREM AND ITS APPLICATIONS

Theorem 6.1. (of Turning Tangents) We have for plane curves :

k k
Dizo (@i (tig1) — @i (8)) + X050 0 = £27
where the sign depends on the orientation of a.

6.1. Local Gauss-Bonnet.

Theorem 6.2. GAUSS-BONNET THEOREM (Local) Let Let z: U — S be
an isothermal parametrization of an oriented surface S, where U C R? is homeo-
morphic to an open disk and x is compatible with the orientation of S.

Let R C x(U) be a simple region of S and let « : I — S be such that OR =
a(I). Assume that « is positively oriented, parametrized by arc length s,and let
a(sg),...,a(sk) and Oy, ..., 0k be, respectively, the vertices and the external edges

of a. Then

Zf:o fss,-i“ kg(S)ds + [[fp Kdo + Zf:o 0; = 2m
where kq(s) is the geodesic curvature of the reqular arcs of o and K is the Gaussian

curvature of S

Proof. Let u = u(s),v = v(s) be the expression of « in the parametrization of x .
We have :

ky(s) = s A= {G, % — B, %} + 22

2V EG
b o Gy odv By du
kg (s)ds = v 0 _Tv Sy
;/s ols)ds ;/g (2\/EG ds  2VEG dS) ’

k Si41 d
Pi
+ Z/ Is ds
i=0 v Si
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Yo [0 (P4 4+ Qa2) ds = [ (52 - 52 ) dudv

It follows that:
61+1 Ev Gu
s)ds = dudv
[ = [ Az (55).)
e dy
+ ; /81 Is ds

(322) + (35%). =3{(3),+ ().}
if\ {(1og Ay + (108 A)yut } A
L(Alog M)A = —K\

Zf:o f::“ g(s)ds = — [ KXdudv + 3, f‘”“ doi g

on the other hand, by the theorem of turning tangents,

k k

s;+1 )
S [ s =3 i) — i (5)

i=0 i i=0
k
= 427 — Z 0,
i=0

Putting these facts together, we obtain :

S o [ kg (s)ds + [[ Kdo + Y5 0; = 2.

6.2. Global Gauss-Bonnet.
Proposition 6.3. FEvery regular region of a surface admits a triangulation

Proposition 6.4. Let S be an oriented surface and {x,},a € A, a family of
parametrizations compatible with the orientation of S. Let R C S be a reqular region
of S. Then there is a triangulation of J of R such that every triangle T € J is
contained in some coordinate neighborhood of the family {x}. Furthermore, if the
boundary of every triangle of J is positively oriented, adjacent triangles determine
opposite orientations in the common edge

Proposition 6.5. If R C S is a regular region of a surface S, the Euler-Poincar
characteristic does not depend on the triangulation of R. It is convenient, therefore,
to denote it by x(R)

Proposition 6.6. Let S C R3 be a compact connected surface; then one of the
values 2,0,—2,...,—2n,... is assumed by the Euler-Poincar characteristic x(S).
Furthermore, if S' C R3 is another compact surface and x(S) = x (S'), then S is
homeomorphic to S.

Proposition 6.7. With the above notation, the sum

k
g S oy £ (0 vy) /B Gy = Fiduydy
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does not depend on the triangulation J or on the family {x;} of parametrizations

of S.

Theorem 6.8. GLOBAL GAUSS-BONET THEOREM Let R C S be a reg-
ular region of an oriented surface and let Cy, ..., Cy, be the closed, simple, piecewise
reqular curves which form the boundary OR of R. Suppose that each C; is positively
oriented and let 01,...,0, be the set of all external angles of the curves Cy,...,Cy.
Then

Z?:l fci kq(s)ds + ffR Kdo + Zf=1 0 = 2mx(R)

where s denotes the arc length of C;, and the integral over C; means the sum of
integrals in every reqular arc of C;.

Proof. 3, [ k(s)ds + [[ Kdo + Y50 05, = 2nF
Zj,k Ojr = Zj,k = Zj,k Pjk = 3TE — Zj,k Pik
Dbk = 2B+ wEe = 3 4 @ik
Zﬂk Ojx =2nE; + nE. — 20V — Ve — >, (m — 6;)

> Oj =2mE; 4+ 2nE, — 2nV; — Ve — Ve — Ve + 3 0;
Jik l

=2rE — 27V + ) _0;

n p
Z/ kg(s)ds+// Kdo+Y 6, =2r(F - E+V)
i=17Ci R i=1

= 2mx(R)

Corollary 6.9. If R is a simple region of S, then
S [ ky(s)ds + [[ Kdo + Yt 0 =27
Corollary 6.10. Let S be an orientable compact surface; then
JJ.Kdo = 27x(S)
6.3. Applications. Applications of the Gauss-Bonnet Theorem :

(1) A compact surface of positive curvature is homeomorphic to a sphere.

(2) Let S be an orientable surface of negative or zero curvature. Then two
geodesics 1 and v, which start from a point p € S cannot meet again at
a point q € S in such a way that the traces of 7y, and 7, constitute the
boundary of a simple region R of S.

(3) Let S be a surface diffeomorphic to a cylinder with Gaussian curvature
K < 0. Then S has at most one simple closed geodesic.

(4) If there exist two simple closed geodesics I'; and I'y on a compact connected
surface S of positive curvature, then I'y and I'y intersect.

(5) Let o : I — R3 be a closed, regular, parametrized curve with nonzero
curvature. Assuming that the curve described by the normal vector n(s)
in the unit sphere S? is simple. Then n(I) divides S? in two regions with
equal areas.
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(6) Let T be a geodesic triangle in an oriented surface S. Assuming that the
Gauss curvature K does not change sign in T Let 61,602, 05 be the external
angles of T and let ;1 = m — 01 o = ™ — 03,3 = ™ — O3 be its interior
angles. By the Gauss-Bonnet theorem,

[y Kdo+ 32, 0; =27
Thus,
[, Kdo =27 — Z§:1 (m— ;) =-m+ Zle Vi

It follows that the sum of the interior angles Z?:1 ; of a geodesic triangle
is :

(a) Equal to 7 if K =0

(b) Greater than 7 if K >0

(¢) Smaller than 7 if K <0



