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ABSTRACT

In the realm of differential topology, Morse theory stands out as a powerful technique for
analyzing the topology of manifolds through the study of differentiable functions defined
on them. Marston Morse’s foundational insights suggest that a differentiable function on
a manifold typically reflects its topology in a direct manner. By leveraging Morse theory,
researchers can uncover CW-complex structures and handle decompositions of manifolds,

thereby gaining significant insights into their homology.

Morse theory offers a straightforward approach to understanding the topology of man-
ifolds by examining the critical points of Morse functions. These critical points play a
central role in constructing Morse complexes, discrete structures that capture essential
topological information about the manifold. Through Morse theory, one can establish
a deep connection between the geometry of a manifold and its homological properties,

providing a powerful tool for topological classification and analysis.

Furthermore, Morse theory facilitates the computation of homology groups of manifolds,
offering a systematic way to quantify their topological features. By imposing the Morse-
Smale condition, which ensures the genericity of Morse functions, researchers can con-
struct boundary operators and define Morse homology, which is isomorphic to singular
homology. This equivalence enables the translation of geometric intuition into algebraic

language, facilitating rigorous mathematical analysis.

In recent years, Morse theory has found diverse applications in mathematics and physics,
ranging from symplectic geometry to algebraic topology. Particularly noteworthy is its
utility in the study of Grassmannian manifolds, where Morse theory provides a direct ap-
proach to computing homology groups and unraveling the intricate topological structure

of these spaces.

Here we will discuss all of these aspects with its application by computing the homology

of Grassmannian.
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Chapter 1

Introduction

One of the fundamental inquiries in smooth manifolds revolves around the quest for
topological invariants—properties of a manifold contingent solely upon its underlying
topology. Morse theory offers a mechanism to construct such invariants by leveraging
the critical points of certain suitably smooth functions f : M — R. To illustrate this
concept, let’s consider the torus, depicted below within R3, with critical points marked

corresponding to a height function.

Imagine the torus immersed in space, gradually submerged under rising water. As the
water level ascends, covering points ¢, by, by, and finally a, observe how the topology of

the submerged portion evolves:

Before point (c), the torus remains above the water level.

After the water crosses point ¢, the submerged region becomes homeomorphic to a

disk—a contractible space.

Between points ¢ and bs, the topology remains unchanged.

After the water passes through point by, the topology becomes more intricate. The



1 Introduction

submerged region resembles a disk with an attached strip of the torus—homotopic

to an open cylinder.

e Upon covering point by, another strip is added to the manifold, rendering it homo-

topic to a cylinder with a 1-dimensional cell attached.

e Upon reaching point a, the entire torus is submerged, completing the manifold.

Specifically, the addition from the previous step forms a disk—a 2-dimensional cell.

In this example, we've intuitively constructed a cell skeleton of T? using the analogy of
rising water. However, this intuitive concept can be formalized by examining the critical

points of the height function restricted to the torus.

o @0
-0

att. 0-handle att. 1-handle att. 1-handle att. 2-handle



Chapter 2

Homology
2.1 Idea of Homology

Let’s first see some example

Example 2.1.

Seeing the figure, we can define:
e (] be the free abelian group with basis the edges a, b, ¢, d.
e (), be the free abelian group with basis the vertices x, y.
e Elements of '} are chains of edges or 1-d chains.
e Elements of C are linear combinations of vertices or 0-d chains.
G155

J
Y

Now, define a homomorphism.

(a—y—x
b—y—ux
8101—>CO
c—y—x
d—y—=x

If Pe(Cy = P=Ka+ b+ mc+ nd where k,l,m,n € Z
dka+1b+mc+nd)=(k+l4+m+n)y—(k+1+m+n)x

so the kernels of 0 is precisely the cycles, the chain which enters y as k + [+ m +n times

& enters x as —(k + [+ m + n) times. Cycle enters & leaves a vertex the same number

3



2 Homology

of times. So a — b,b — ¢, ¢ — d forms a basis for the kernel.

o Let P e Ker(0) & if P=ka+1lb+mec+nd = k+1+m+n =0 then P =
ka+1b+mc+nd=k(a—b)+ (k+1)(b—c)+ (k+1+m)(c—d). We can write

thisask+{+m-+n=0.

® 1IOW as

Oa—-b)=(y—2)-(y—2)=
ob—c)=(y—2x)—(y—x)=0 Homomorphism
Oe—k)=(y—2)-(y—2)=

VP e {((a—10),(b—c),(c—=d)) I(P)=0
So Ker(0) = ((a — b), (b —c¢), (c — d))

Example 2.2.

After previous example,
e Now we are attaching a cell A along the cycle a — b.
e Now, this cycle is homotopically trivial as it can be contracted to a point.

e We form a quotient of the group of cycles in Example 2.1 by factoring out the

subgroup generated by a — b.

e So a — b and b — ¢ become equivalent.

¥

@i A2
o

7

Let’s define a pair of homomorphism Cy N Ch LN Co where C5 is the infinite cyclic
group generated by A.
82<A) =a-—0>

&0y, O, Cy are same as Example 2.1.

_ Kerdy, {a—bb—cc—d)
Hl(X2>— [m82 = <a—b> —<b—C,C—d>
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So H; (x9) is a free abelian group on two generators. (b — ¢), (¢ — d). So it denotes the
fact that by filling in the 2 -cell A we have reduced the number of ’holes’ from three to

two.

Example 2.3.

Now we are allocting another 2-cell B along a — b cycle.

Y
& -
®

Co=(A—B) 9A)=d(B)=a—b Cy={0)

Lets define three of homomorphism Cj B0, 2 00 2
(0)
Kerdy, {a—bb—c,c—d)
H, (X,) = = = (b— —d
1(X) Imd, (a —b) (b-ce=d)

Kerd, (A-B)
Imds — (0)

Hy (X3) = =(A-B)

A — B is a 2-dim cycle (hole).

Example 2.4.

Now we are attaching a 3-cell C' along the 2-spheres formed by A&B.

Let’s define three homomorphisms.
Cy 2 0y & 0y 2 G,

bt



2 Homology

& Oy, 01,04, 03,C, Cy is same as Example 2.3. Now

_ Kerdy, (a—bb—cc—d)
H, (XQ) - Imag - <CL—b> - <b ¢ C d>
Kerd, (A-DB)

Tmoy ~ ()

Hy (X3) =

So, from the general pattern of examples, we get that.

e For a cell complex X one has chain groups C,,(X) which are free abelian group with

basis consisting n-cells of X,
e There is a boundary homomorphism 9,, : Cy,(X) — C,—1(X).
e Now the homology group H,(x) = ker 0,/ Im 0,1
Now the hurdles are
e Orientation of higher dim
e Arbitrary polyhedra can be subdivided into special polyhedrals called simplex

e For simplices, there is no difficulty in handling orientation & defining boundary

maps.

e Decompose into simplices - consider the collection of all possible continuous maps
of simplices into a given space X. This map generates a large chain group C,(z).

Singular Homology = Simplicial Homology.

2.2 A - Complexes

| 04“’ 0 RE T
. [ : LRSS
— « Q
w
. 7 v | A b

Every surface can be constructed by identifying the edges of some triangles.



2 Homology

‘ Ve, .
e AN

The concept of an n-simplex is foundational in geometry, particularly in the topics of
convex sets within Euclidean spaces R™. Let’s delve into a detailed explanation of the

properties and characteristics outlined in the following points:

e Definition and Basic Properties:-An n-simplex is defined as the smallest con-

vex set in an m-dimensional Euclidean space R™ that contains n+ 1 distinct points,
denoted as vy, vy, ...,v,. It’s essential to note that an n-simplex cannot lie entirely
within a hyperplane of dimension less than n. A hyperplane is defined as the solu-

tion set of a system of linear equations.

e Linear Independence:-A crucial criterion for identifying an n-simplex is the lin-

ear independence of the difference vectors between its vertices. Specifically, the

vectors v; — vg, Vg — Vg, . .., V; — vo must be linearly independent.

e Notation and Representation:-Mathematically, an n-simplex is denoted by [vg, v1, . . ., V,],

where each v; represents a vertex of the simplex.

e Standard n-Simplex:-The standard n-simplex, denoted as A", is defined as the

set of points (tg,t1,...,t,) in R™™! satisfying two conditions:

1. > .t; <1, ensuring that the points lie within the unit hyperplane.

2. t; > 0 for all 7, guaranteeing non-negativity along each coordinate axis.

The vertices of the standard simplex are precisely the unit vectors along the coor-

dinate axes.

e Ordering and Orientation:-Ordering the vertices of an n-simplex determines the

orientation of its edges. By convention, the vertices are ordered such that the
subscript increases with ty. This ordering establishes a canonical homeomorphism

between the standard simplex A™ and any n-simplex [vg, v1, ..., v,], preserving the
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sequence of vertices. The mapping is defined as:

(to, e 7tn> — thvz
7

Here, t; represents the barycentric coordinates of the point ), ¢;v; within the sim-

plex [vg, ..., vp].

e Faces of an n-Simplex:-Removing one of the (n + 1) vertices from an n-simplex

yields n remaining vertices that span an (n — 1)-simplex. This (n — 1)-simplex is
termed a face of the original n-simplex and is denoted as [v, ..., 0;,...,v,], where

0; indicates the omission of the vertex v;.

In a geometric structure like a simplex, the vertices of a face, or any subsimplex formed
by a subset of these vertices, are consistently arranged according to their original order

within the larger simplex.

The composite of all faces comprising the simplex A" constitutes its boundary, denoted
as OA™. On the other hand, the open simplex Ar represents the interior of A", defined

as the set difference between A™ and its boundary 0A™.

A A-complex configuration over a space X entails a collection of mappings o, : A" — X,
where the dimension n depends on the index «. This structure adheres to the following

conditions:

(i) The mapping o restricted to the interior of the simplex (A") is injective, and each

point in X lies in the image of precisely one such restriction o,.

(ii) Each restriction of o, to a face of A™ corresponds to one of the mappings o5 : A"t —
X. This correlation stems from identifying the face of A™ with A"~! through a linear

homeomorphism that conserves the ordering of the vertices.

(iii) A subset A C X is deemed open if and only if o, '(A) is an open set in A" for every

Oa-

The objective now lies in establishing the simplicial homology groups of a A-complex

X. Let A,(X) denote the free abelian group generated by the open n-simplices el
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of X. Elements within A, (X), referred to as m-chains, are expressed as finite formal

n
[’}

summations ) neer, where coefficients n, belong to the integers. Alternatively, one

could represent these chains as ) | 1,04, where o, : A" — X represents the characteristic

n

map of e,

with its image being the closure of e as described earlier. This summation
Y o Na0q essentially represents a finite collection or ”chain” of n-simplices within X, each

with integer multiplicities denoted by the coefficients n,,.

To establish the boundary of an n-simplex [vg, - - ,v,], it consists of various (n — 1)-
dimensional simplices [vg, -, 04, -+ ,v,], where the hat symbol indicates the exclusion
of the corresponding vertex. While one might initially consider expressing this boundary
as the sum of these (n — 1)-dimensional faces, it’s more effective to introduce certain
signs. Thus, the boundary of [vg, - ,v,] is represented as > _,(—=1)" [vg, -+ , Vs, -+, Vn).
These signs are introduced to maintain coherence in orientations, ensuring all faces of a

simplex possess consistent orientations.

- +
Yy ——>—— 1, a[’UO,Ul] = [Ul] - [v()]
vZ
olvg, vy, Vo] = [V, v5] = [vg, v, ] + [V, V4]
Yo vy
v,
V.
2 a[v(),vl,vz, ‘U3] = [v11v2a U3] - [U(), Uy, U3]
v + [vg, vy, v3] = [V, vy, V5]
0 v
1

To further clarify, consider the orientations depicted in the accompanying figure. The
orientations of the concealed faces are also counterclockwise when viewed from outside

the 3-simplex.

With this geometric perspective in mind, we define a boundary homomorphism 0, :
An(X) — A,_1(X) for a general A-complex X. This homomorphism is determined by

its values on basis elements:
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On (00) = Z(_l)iaa | [vo, ==+ 5 Diy o+, U]

i
It’s worth noting that the right side of this equation indeed lies within A,_;(X), as each
restriction oy, | [vg, -+, ¥4, -+ ,v,] represents the characteristic map of an (n — 1)-simplex

within X.

Lemma 2.5.

8n—l

on — A, _2(X) is zero.

The composition A, (X) — A,_1(X)

Proof. We have 0, (0) =>_,(=1)'c | [vo, -+, Ui, -+ ,v,], and hence
On—10n(0) ZZ(—l)i(—l)jU | [vo, =+, 05,0, 0y e e U]

i<t

+Z(—1)"(—1)j*10 | [0y ==+, iy s 0y s U]

j>i
The latter two summations cancel since after switching ¢ and j in the second sum, it

becomes the negative of the first. O]

Now we have a homomorphism of abelian groups

an 2 an 1 8n an—l o) o) 15]
. 2 n-+1 - On—>0n_1—>...—3—>02—2—>01—1—>00

Now we can define n** homology group H, = % as a quotient group.

Elements of Kernel 0, are called cycles.

Elements of Image 0,,1 ore called boundaries.

Elements of H,, are coset of Im 0,,,1, called homology classes.

Two cycles are called homologous if for C;,Cs € Ker9,, C; —Cy € Im 0,41

For C,, = A, (z) the homology group % will be denoted H4(X) and called n'®

simplicial homology group of X.

Example 2.6.
Let X = S! Then A (S') 2 Z as it has only 1-vertices.

A; (S) 2 Z as it has only 1-edge.

10



2 Homology

G

02 Ay (SY) 2 80 (S)) 250 de)=v—0v=0

Ky = {UO,U1,U2}

Kl = {[U[):Ul] ) [Ula UZ] ) [U07 Ug]}
,\ o
I v
)< _ (/\)D) EU.,)U 1
Ov
Ot @”UA
do [Uiavj] =v;, dy [%Uj] = Uy,
et () = Z7 generated by [vg, v1], [v1, va], [vo, va].
es () 2 Z3  generated by vy, vy, vs.

e2(z) =0 for n > 2. The chain complex A°(z) is

n

02 73 %y 78 %y

O ([Uoﬂh]) = Vg — Vg,
o ([01,02]) = U1 — Vg,

81 ([Uo,vg]) = Vgyg — V2.

11



2 Homology

Hence if o = a[vg, v1] + b[v1, v2] + ¢ [vg, v2] € Ker (0;), then

a=(a+c)vg+(b—a)vy—(b+c)va =0
~—— —— ~——
no ni n2

= a+c=0, b—a=0, b+c=0=>a=b=—c

= o= a([vy, v1] + [v1, ve] — [vo, va]) .

Hence HA(z) = ker (0)) 2 Z,
generated by [vg, v1] + [v1, v2] — [vg, v2] .

Similarly  ngvo+nivi+ngve € Im (81) € ng+ni+ny = 0 Hence, HS () = 8 (z)/Im (8;) =

Z, generated by vy 4+ v9 + v3 for example. Hence we see again that.

B ) = {

Z n=0,1;
0, n=2.

Example 2.8.

The simplicial chain complex is
0—72- 273 %7 40
Now Oy(U)=a—c+0b, 0O(L)=0>b—c+a,hence

nU +mL € Ker (0y) = (n+m)(a+b—c)=0=m+n=0.

12
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Thus H5(X) = Ker (0y) = Z(U — L) 2 Z.
And Im (0y) = Z{a+ b —¢) C Z{a,b,c). = A (X).

Now 0;(a) = 01(b) = 01(c) =v —v=0= 0, =0, hence

Ker (0,) = e2(x)

Thus HA (X) = foot) = 74429 = 7(a,b). Finally since 9y = 0,Im (1) = 0, hence

Im(d2) = Z{a+b—c
Ao(X)
Hy(X) = = 7(v) =7
0( ) Im (61) <U>
We have,
7, n = 0;
7®7
HAx) =
Z, n =2
0, n =
Example 2.9.

Now, h(u) =a—b+c¢, 02(L)=b—a+c, hence
O2(mU 4+ nlL) = (m —n)(a —b) + (m + n)c.

Oh(mU+nLl)=0=m—-n=m+n=0=m=0and n=0.

13
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Thus 9, is injective and Ker (9;) = 0, H(X) = Ker (0;) = 0.
Now 0y(a) = 01(b) =v —w and 9y(c) =v —v = 0.
Thus Ker (01) = Z{a — b, c) = Z & Z Note that if o € Im (05) then

a:(m—n)(a—b)+(m+n)€:(m—n)(a—b+c)+2nc.

-~

l(la—0b+c)+2nc
for some integers [, n.

We can take a — b+ ¢ and ¢ as a basis of Ker (0;), then Im (0,) is a,, index 2 subgroup of

Ker (6)). Thus HM (X) = foe4) 2 7,/27. Finally Im () = Z(v — w), hence

eS(X)  Z{v,w)

Hi (X) = =2 = >~ 7.
o (X) Im(0y) Z{v—w)
Hence
7, n = 0;
HMX)=z/2Z, n=1,
0, n>2

Now we will discuss about Chain Complexes.

A chain complex is a sequence of homomorphisms,
NG A e e R NG e SN & NNy NN
where C; are abelian groups such that
Op - Onp1 =0 Vn e NU{0}.

Hence Ker (9,,) 2 Im (0,,41). This chain complex is denoted by C.. Terminology:
Zn(C.) = Ker (9,,) — n cycles of C.

B,(C.) = Im (0,41) — n boundaries of C.

Definition 2.10.

If C. is a chain complex, then we define the n-th homology group of e to be

Zn(C.)  Ker(0y)
B, (C)  Im(0ny1)

H,(C) =

14



2 Homology

Definition 2.11.
A morphism of chain complexes

f:C.— D.

is a sequence of homomorphisms, f, : C,, = D,, such that

fn—l o an - an o fn

10)
Cn — Cn—l

W e

D, - D,

Such morphisms are called Chain maps.

Proposition 2.12.
A chain map f : C. — D. includes homomorphism f, : H,, (C.) — H,(D.)

Proof. If o € Z,(C.) , then 0,0 = 0 and f,,(a) € Z,,(D.) because 0y, (fn(a)) = fr-1 (Ona) =
0. So we have a map

fn: 2, (C)— Z,(D.)
If « € B, (C.), then a = 9,113 for some 3 € C"™'. Then

fal@) = fo (Ons18) = Onia (faia(B))
= fula) € B,(D.).

Thus we get the induced maps f,. O]

Definition 2.13.
If f,g:C. — D. are two chain maps, a chain homotopy h from f to g is a sequence of

homomorphisms h,, : C,, — D,,;1 such that

9n — fn = n+1hn + hn—lan-

15



2 Homology

Proposition 2.14.

If f,g:C. — D. are chain maps and h is a chain homotopy from f to g, then

fo=g.: H,(C) — H, (D.).

Proof. If a € Z,, (C.), then 0,a = 0.

fal@) = gn(@) = Ony1 (hn(@)) + hp1 (Oncr)
0

= Ony1 (hn()) € By (D).

Hence f, =g, on H, (C.). O

Definition 2.15 (Exact Sequence).

An exact sequence of abelian groups is a sequence of homomorphisms
(7% n
o A, S A I AL —

such that

Ker (a,) = Im (v41) -

Definition 2.16 (SES).
A short exact sequence 0 — C. s D. LB S0isa sequence of chain maps such that

0— C, N D, In, E, — 0 is exact for each n.

If0— C. 5 D. 25 E. = 0is an SES of chain complexes, then we have a connecting
homomorphism § : H,( E. ) = H,_1( C.).

From this, we get an important result

16
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Theorem 2.17.

If0— A 5 B. % C. — 0is an SES of chain complexes, then there are connecting

homomorphisms § : H,(C.) — H,_1(A.) such that the sequence

o Hy(A) 3 Hy(B) 5 Hy(C) S Hy y(A) 2 H, ((B) — -+

1s exact.

Proof. Refer to Algebraic Topology by Allen Hatcher. O

Assuming the basic knowledge of Singular Homology, we are stating some important

results here by referring to the proofs from Algebraic Topology by Allen Hatcher.

Proposition 2.18.
If X is path connected, then Hy(X) = Z. If X is not path connected and X, are the
path Components of X, then

Hy(x) = &Z.

«

Proposition 2.19.
If X is a point, then H,(X) =0 for n > 1 and Hy(X) = Z.

2.3 Reduced Homology Groups

Now we will discuss about Reduced Homology Groups

Note that we have the augmentation homomorphism ¢ : Cy(z) — Z gives by

5(2712:10,):2711 for xz;,€ X,n; € Z.

Also 081 = 0, hence we have an augmented Chain complex C;(x)

5 Calw) 25 Coa (o) 252 Ci(2) 25 Cola) <5 Z 0

The reduced homology groups of X are defined as

H,(z) = Hy(C.(2)).

17



2 Homology

Note that H,(X) = H,(X) for n > 0, but

For a point X, H,(X) = 0 for all n.

Now let’s discuss some results on Induced homomorphism.

If f: X — Y is a continuous map, then we get homomorphisms fz : C,(X) — C,(Y)
given by fu(o) = f oo, where o : A" — X is a singular n-simplex, and fx (> n;0;) =

Y nifu (0;) for n; € Z and o; : A™ — X singular n-simplices.

Claim 2.20.

f4 is a chain map from Cy(X) to Cy(Y). We need to show

fyp-0=0-fy

Then the following diagram commutes

O (X) — 2 (X)) —2— O (X)) —2 s

— S — oY) — 22— (V) —2— .

Proof. 1f ¢ is a singular n-simplex in X, then

n

0(fyo)=0(foo)=> (~1)'fo0

=0 d; A™
= f (Z(—l)ia )
=0 d; An
= f4(90).

As a consequence fy induces homomorphisms
fo: Ho(X) — H,(Y).

Proposition 2.21.

(a) If f: X =Y and g : Y — Z are continuous maps, then
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(b) If Idx : X — X is the identity map, then

(Idx), = Id : H,(X) = H,(X).

Proof. Refer to Algebraic Topology by Allen Hatcher. O

Here is an important result of the Homotopy invariance discussed below.

Theorem 2.22.

If f,g: X — Y are homotopic maps, then f, =g, : H,(X) — H,(Y) are equal.

Proof. Refer to Algebraic Topology by Allen Hatcher. O

Corollary 2.23.

If f: X — Y is a homotopy equivalence, then  f, : H,(z) — H,(Y) is an isomorphism.

Proof. Refer to Algebraic Topology by Allen Hatcher. m

2.4 Relative Homology

Let’s Now discuss Relative Homology as it will be a useful tool.

Suppose A C X, then C,,(A) C C,(X) is a subgroup. Let C,(X, A) = £X) moreover,

Co(A) >
0(Cn(A)) C C,-1(A). Hence we have a chain complex C"(X, A)
s Ot (X, A) 2 (X, A) L 0 (X,A) S
because 0% = 0.
Cn-i-l (X) % Cn(X) 0 ? On—l(X)

Co1(X,A) — 22— O (X, 4A) —2—— C,1(X, A)

Definition 2.24.

Relative homology groups of the pair (X, A) are defined as the homology groups of the
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chain complex C" (X, A),

Ker (9 : Cy(X, A) = Co_y (X, A))
T (9 : Crot (X, A) — Co(X, A))

H,(X,A) =

Note that there are exact sequences
0 — Cu(A) -5 Ch(X) -5 Co(X, A) = 0
such that 109 =0 oi and go 0 = 0 o q. Hence, we get an SES of chain complexes

0->C(A)—-C(X)=>C(X,A) =0

Cr1(A) ——2—— Cu(A)

Proposition 2.25.

We have a long, exact sequence of relative Homology

— Ho(A) & Ho(X) 25 Hoy (X, A) S Hy 1 (A) = ... — Ho(A) 3 Ho(X) L5 Ho(X, A) = 0

Remark 2.26. e Anelement of H,(X, A) is represented by a relative cycle a € C,,(X)
such that da € C,,_1(A).

e A relative cycle ais trivial is H,,(X, A) if it is a relative boundary of form oo = 95+~
where 8 € Cpy1(z) and v € C,(A).

e Connecting homomorphism S : H, (X, A) — H,_1(A) is given by

da] = [0al.

20
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Now we will discuss some aspects of Reduced Homology.

We have a short, exact sequence of chain complexes

0= C(A) S C (X)L C(X,A) =0

where C"(A) is the chain complex,

C' - (X, A) is the chain complex

o= Cu(X,A) = Ci (X A) — 0= Cp(X,A) — 0

0 0 0 0

— Cp1(A) — C(A4) > » Co(A) ——— Z > 0
% 7 id

— Cp1(X) — Ch(X) > » Co(X) —— Z > 0

— Ch1 (X, A) — Ch(X, A) > > Co(X, A) > 0 > 0
0 0 0 0

This SES gives us a LES in reduced homology groups

— H,(A) = Hy(X) = Hy(X,A) = Hy_1(A) = -+ — Hy(A) = Ho(X) = Ho(X,A) = 0

Corollary 2.27.

If 2o is a point in X, then H, (X, z¢) & H,(X) for all n.

Proof. We have a LES

co— H, (w0) = Ho(X) = Hy (X, 20) = Hyy (20) = ...

which gives the isomorphisms as H,, (o) is 0 and H, . (x0) is also 0 as zg is just a

point. O
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IfAC X and BCY, f: X — Y continuous, such the f(A) C B, then we wite
f:(X,A) — (Y,B).
Then, there is an induced homomorphism.
foo Ho(X, A) = H,(Y,B).

The idea of the proof is given in Algebraic Topology by Hatcher.

Proposition 2.28.
If f,g:(X,A) = (X, B) are homotopic by a homotopy H; : (X, A) — (Y, B) then

Proof. Refer to Algebraic Topology by Hatcher O]

We can also see the LES of a triple. Suppose B C A C X, then we write (X, A, B) as a

triple, and we have SES
0= Co(A, B) 5 Co(X,B) L Cp(X, A) = 0
This gives us a long, exact sequence.

— H,(A,B) - H,(X,B) — H,(X,A) - H, 1(A,B) — ...

2.5 Excision

- Now we will discuss some topics on Excision, which is an important tool for cal-
culating Homology. Let X be a space and U = {U, | U, C X, € A} such that X =
Upea Int (Us). Let CH(X) € Cn(X) be the subgroup generated by singular n-simplices

o : A" — X such that o (A") C U, for some a. Then we have a chain complex C*.(x)
o= Cl(x) = Cr_y(x) — ... = Cf(x) — 0.

Let H"(X) denote the homology groups of this chain complex. The inclusion maps

i:CY(x) give us a chain map i : C*.(x) — C.(x).
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Theorem 2.29.
There is a chain map p : C.(z) — C*.(z) such that poi and i o p are chain homotopic to

identity. Hence i, : H(x) — H,(z) are isomorphisms for all n.

Proof. Refer to Algebraic Topology by Hatcher. O]

Theorem 2.30 (Excision).
Let Z C A C X such that Z C Int(A) then the inclusion (X — Z, A — Z) — (X, A)
induces isomorphisms H, (X, A) = H,(X — Z, A — Z) for all n.

Proof. Refer to Algebraic Topology by Hatcher. O]

2.6 CW-Homology

Definition 2.31.

A CW complex X is a space along with sub-spaces
XoCX,CX,C...CX,C...

such that
X = U X,,.
n=0

The subspace X, is called the n-skeleton of X and these satisfy the following:
(a) Xy is a discrete subspace of X.

(b) X,, is obtained from X,_; by attaching n-cell, through attaching maps ¢" : S"~! —

() -

where x ~ ¢ (z) if z € 0D2. Here D! are all homeomorphic to D", and A,, could be

Xn-1,a € A, and

empty. The topology on X is the weak topology that is U C X is open < U N X, is

open in X, for all n.

Remark 2.32. e There might not be any n-cell in X, which means X,, = X, ;.
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o If X = X, for some n > 0; then we say X is finite dimensional and
dim(z) =inf{n | X = X,,}
= sup{n | X has an n-cell }.
In this case the topology of X; the same as topology of X,,.

e If X is a finite dimensioned C'W complex and there are only finitely many cells in

each dimension, then we say that X is a finite CW complex, and X is compact.

e For each o € A, there is a continuous map C§ : Dy, — X which is the composi-

tion of
DI — <Xn_1 || <|_| D")) - X, = X.

The subspace £ = eg (DZO) C X is celled an n-cell of X, with characteristic
map eg, and attaching map ¢, . Note that e, restricted to the interior of Dy is

a homeomorphism onto EJ \ X, ;.

e A CW complex is a Hausdorff topological space.

Definition 2.33.
If Y is a topological space and X is a CW complex, such that X = Y, then we say that

X is a CW structure on Y

Now let’s Discuss some Examples.

Example 2.34 (Sphere).
There is a CW structure X on S with one O-cell * and one 1 -cell E'. X, = %, X| =

X = S, and the attaching map for E' will be
@0:0D"=S%={-1,1} = X, = {*} is given by ¢(£1) = *.

Then X = [—1,1]/ ~ where —1 ~ 1 = X = S'. Similarly there is a CW structure X on

S™, where X has one O-cell x and one n-cell E™,
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XO:{*}, X0:X1:X2:._.: ne1, X:Xn’

the attaching map for E" is the constant may ¢" : S" 1 — *.
Again X = D"/oD" = S™.

X

U0

Example 2.35.
(Sphere) We give a CW structure X on S™ with 2 cells in each dimension k = 0,... n.
Here X}, =2 S* and X = X,, & S". X, = {£1}, then we have two 1 -cells E* and EL

[
£

3(\ - 4]

(

-

The attaching maps for Fi are ¢} : {—1,1} — {—1,1}

(=1 =1, ¢} (1) =—1
PL(-1)=-1, ¢ (1) =1

Check that X; = S*. Now we attach two 2-cells E2 and E? and the attaching maps ¢
are homeomorphisms ¢2 , ¢? : S* — X7, such that
¢ (2) = 62(2).

25



2 Homology

Then X, = S2. Continuing in this way, we get X,, = X = S,

62

Example 2.36 (Torus).

\4

(1/

N
7

X T2

There is a CW structure X on T with one 0 -cell, § two 1-cells, A and B and one 2-cell,
F.

Xo={v} |v=4q(0,0)=4q(0,1) =4q(1,0) = q(1,1),
X1 = AUB | A=q({0} x [0,1)) = ({1} x [0,1))
Xo=T B = q([0,1] x {0}) = q([0,1] x {1}).
The attaching maps for A and B are constant maps. The attaching map for F' is ¢ :
S — AU B, is the Composition

q
q

St~ 9([0,1] x [0,1]) - AU B.

Example 2.37 (Subcomplex).

If X is a CW complex, then a subcomplex of X is a subspace A C X such that A is a

union of cells of X. In particular A is also a CW complex, and its n-skeleton

A, =ANX,.
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If X is a CW complex and A C X is a subcomplex, then we say that (X, A) is a CW

pair.

Now we will see some constructions of the new CW-Complex from the old one.
Product:-If X and Y are CW complexes then X x Y has a natural CW structure on it.
The n-cells of X x Y are the products E¥ x Fg’k where E* are the k-cells of X, Fg’k

are the n — k cellsof Y £ =0,...,n. We are using the homeomorphism
DF x D" %~ D",

We have (X xY),, = Up_y (Xi X V).

Quotient:-If (X, A) is a CW pair, then X/A this has a natural CW structure.This CW
structure has cells corresponding to the cell in X not contained in A, along with an extra
0 -cell corresponding to A. Then (X/A), = (X,/A,). For example if we take the CW
pair (T, A), then T'/A consists of the cells v = A/A,

Ol/

v

T*
q(B), and ¢(F) where F is the 2 cell of T'. If E” is an n-cell of X, st. E” € A, then the

corresponding n-cell in X/A will have attaching map the composition of
SIS X S XAy = (XA)u

Where ¢? is the attaching map of E”.

Wedge Sum:-A based space (X, ) is a space X and a point xy € X
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If (X,z0) and (Y,yo) are two based spaces, then their wedge sum is the space X V
Y = (XUY)/{zo,y}.If X and Y are CW complexes and zy € Xo,y0 € Yo, then
(X LY, {zo,%0}) is a CW pair. Then X VY = (X|]|Y)/{xo,y} has a natural CW

structure.

Theorem 2.38.
If (X, A)is a CW pair, and A is contractible then X/A ~ X.

Proof. Refer to Algebraic Topology by Hatcher

Example 2.39.

‘ — < Xo)@\,|é><é\3,
X:\' s U {@

X =85U{(2,0,0)| -1 <2 <1}

28



2 Homology

Then X has a CW structure where
Xo={n=1(0,0,1),s =(0,0,—1)}
X1 =AU BUC where
A={(z,0,0)| -1 <z <1},
B = {(cosf,sinh,0) |0 <0 <7},
C = {(cosb,sinb,0) | m < 0 < 2m}.
Xy = X is obtained by attaching two 2 -cells
E={(z,y,2) €S|y >0}
F={(z,y,2) € S|y <0}.
Then A C X is a contractible sub complex. Hence X/A ~ X. Similarly B is a contractible

sub complex = X/B ~ X. Thus X/A~ X/B

~ ~ 52\/5

A X/6

Now we will try to see Relative Homology as Reduced Homology of quotient.

Definition 2.40.
Relative Homology as Reduced Homology of quotient. If A C X is closed, (X, A) is called

a good pair if there is V' C X open which deformation retracts to A.

Example 2.41.
A CW pair (X, A) is a good pair [Refer to Proposition A5 of Algebraic Topology by
Hatcher]

Proposition 2.42.

If ACV C X such that Y deformation retracts onto A, then the inclusion (X, A) —
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(X, V) induces isomorphism

H,(X,A) = Hy(X, V).

Proof. We have a long exact sequence of the triple (X, V, A)
oo Hy(V,A) = Hy (X, A) S Hy(X, V) — Hy 1 (V,A) = - -
There is a homotopy equivalence of pairs (Y, A) and (A, A), hence
H,(V,A) = H,(A, A) =0 for all n.
Therefore we get isomorphisms H,, (X, A) — H,(X,V). O

Theorem 2.43.

For good pairs (X, A), the quotient map ¢ : (X, A) — (X/A, A/A) induces isomorphisms
H,(X,A) > H,(X/A, AJA) = H,(X/A) for all n.
Proof. Let V. C X be an open set which deformation retracts to A. Then we have a

commutative diagram

~(Excision)

H,(X,A) = s Hy(X,V) y Hy(X — A,V — A)

g+ qx g =

=} ~(FExzcision)

H, (XA, AJAT LR 282)y (X /A4, V] A) Ho(X/A— AJA,V/A — A/A)

Note that X —A % X/A— A/A is a homeomorphism and takes V — A to V/A — A/A.
Hence

Gt Ho(X — AV — A) = Hy(X/A— AJA, V/A — AJA)

is an isomorphism. Then all the vertical arrows are isomorphisms. O]

Corollary 2.44.
H, (S") = Z and H, (S™) = 0 for k # n.
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Proof. Note that (D™, dD") is a good pain and dD™ = S"~!. More over D"/dD™ = S".

Thew from the long exact sequence of (D™, 0D") we get
oo Hy (D™) — Hy (S™) = Hy—y (S™Y) = Hy_y (D) — ...
Thus Hy, (S™) = Hy_1 (S™1). Since S° = {£1},
Hy (S°) 2 Z and Hy (8°) =0 for k > 0.
The result then follows by induction on n. O]
Corollary 2.44 and Excision both gives us R™ = R" iff m = n.From this Excision we also
get a nice result.

Theorem 2.45 (Invariance of Domain).

IfU CR"™ and V C R" are open and U = V| then m = n.

Proof. Refer to Algebraic Topology by Hatcher. n

Definition 2.46 (Local Homology Group).
If X is a space and zg € X, then Hy (X, X — xg) is cell the local homology group of X

at Zo.

If U is a ngbd of zy then
Hy, (U, U —x9) = He (X, X — z0) .
Ifxg € X,yo € Y, and U is a ngbd of 2y, V is a ngbd of 14, and these is a homeomorphism
f:U—= Vst f(zo) =yo
then

Hk(X,X—xO)%“Hk(U,U—xO)%Hk(MV—yo)gﬂk(KY—yo).

Definition 2.47.

If X, € A, are spaces and x, € X, such that (X,,z,) is a good pair for all &« € A, and

\/ X = <|_|Xa> /{zq | € A}.
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Theorem 2.48.
Hi (V, Xo) = ®oHy (X,) for all k.

Proof. Refer to Algebraic Topology by Hatcher. O

Theorem 2.49 (Mayer-Vietoris Sequence).

X is a space, A, B C X such that
X =Int AU Int B,
A
ANB X
B
We have long exact sequences

kx—1s

S H (AN B) Y oA @ Ha(B) BT HL(X) — Hy (AN B) — -

.= H,(ANB) — H,(A) ® H,(B) — H,(X) — H, {(ANB) — - -
Proof. Refer to Algebraic Topology by Hatcher. O

Let’s Calculate some example to see the power of the above result.

Example 2.50 (Sphere).
Let U=8"—{(0,...,1)}and V =5"—{(0,...,—-1)} S*=U UV, U,V are open,

e

H,(U)=0 Vn,

H,(V)=0 WVn,
Z, k=n-—1,

UNV~s"' HJUNV)=
0, k#n-—1

o Hy(U) @ Hy(V) — Hy (S™) = Hyy (S"7) == Hy(U) @ HY_ (V) — -
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So Hj (S™) = Hy (S~ 1), and thus we can compute the homology groups of S™ by

induction.

Example 2.51 (Torus).

T=UUV, UNnV ~Stust
U~StLV~gt

H,(UNV) 2 H,(S*VSY) = H,(SY) @ H,(5") = H,(U) & H,(V)

For n > 2,

o= Hy(V)@® Hy(U) = Ho(T) = Hy y(UNV) = -

H,(T) =0 for n > 2. (From Example 2.50H, (V) = H,(S') = H,(U) = 0)

From Example 2.50 Hy(V) 22 Hy(S') = Ho(U) 20 = Hy(U) @ Hay(V)
0 — Ho(T) — Hi(UNV) — Hi(U)®H, (V) = H\(T) — Hy(UNV) = Ho(U)®Hy(X) — - --
Hence we have

0= Hy(T) = Z&Z —7Z& L — Hy(T) = Z — 0.
Now we need to check the maps

i —0— (1) S 202 2072 — .

Despite the two last groups being isomorphic, it doesn’t mean that the morphism (i., j.)
between them in the LES, induced by the inclusions i : UNV — U and j : UNV — V,
is an isomorphism. And actually it is not. (If it was, then H, (T2) would be zero.) At this

stage, we need to compute what this (i, j.) is. For this, we choose 1-cicles generating the
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homologies of U,V and U NV as follows: for each cylinder of the intersection U NV, take
an equatorial circumference. Name their homology classes o and 3. So, actually, those

Z in the piece of LES depicted above are the free abelian groups generated by « and (3 :
(4, Ju) * Z{e) ® Z(B) — Z{a) & Z(B)

And now we compute:

(i, Jx) (0, 0) = (i, Ji) (0, B) = (e, B)

since o = (8 in f]l(U) and f]l(V). Hence, in terms of these basis, our morphism (i, j.)

can be represented by the matrix

(11):Z@Z—ﬁZ@Z

Hence,

ﬁg(TQ):imﬁzker(i 1>:Z<a—ﬁ>:Z

As for Hy (T?), let’s focus on the following piece of the LES:

o BU V) B gy e B (V) B B (T2) S Hy(Unv) S By @ By (V)

where k, — [, is the morphism induced by the inclusions k : U — T? and [ : V — T2.

Again, we know all the groups except H; (T?) :

o202 29z 2 B (1) S 202 M 207 —

We claim that, taking as generators for I:TO(U ) and ﬁO(V) two points p, ¢, one in each
component of U NV, we have also generators for ﬁQ(U N V) and, with these generators
and similar computations, the second morphism (i, j.) can also be represented by the
matrix

<1 1):Z@Z—>Z@Z

Now, we get a SES from that piece of the LES:

0 — kerd — H, (T?) — imd — 0
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But, we can see that
: o 11
im 0 = ker (i, j.) = ker 11 =7
Differently,
kerd =im (k. — ) = (Z®Z)/ker (k. — l,) = (Z S Z)/im (ix,J.) = Z
Hence, we have the following short exact sequence:

0— 27— H, (T?) — Z — 0.

Thus
H(T)=ZaZ
So,
7? if k=1,
H(TH =7 ifk=2,
0 else.

Proposition 2.52.

H, (A™ 0A™) = Z and is generated by the identity map 4, : A™ — A™.

Proof. Refer to Elements of Algebraic Topology by Munkres. n

Corollary 2.53.
Consider S™ = (AT U AJ) / ~ where d; A} is identified with d; A} using the identity may

Let o; : A — S™ be restriction of the quotient map to Al', then H, (S™) is generated by

[0'1 — 0'2].
Proof. Refer to Elements of Algebraic Topology by Munkres. O
2.7 Degree

Definition 2.54 (degree).

Let f: 8™ — S™ be a continuous map then we have an isomorphism H, (S™) = Z, hence
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fo: H, (S™) = H, (S™) is given by f.(n) = kn, where k = f,(1). We define the degree of
f to be

deg(f) = k.

Properties:
e deg (Idgn) = 1.
o deg(f og) = deg(f)deg(g).
o If f ~ g then deg(f) = deg(g).
o If f:5™ — S™is not surjective then deg(f) = 0.
s Lgm\ fao} & 57
f« is the composition
H,(S") L5 H, (5" — {z0}) = H, (S™).
as Hy, (S™ — {zo}) = 0 because S™ — {xo} = R"

e If f is a reflection then deg(f) = —1.

fi(lor —03]) = [02 — 01] = —[01 — 0] .
when f(xg,...,2,) = f (o, ., Tpn_1,—Tp).
e If f is the antipodal map, then deg(f) = (—1)"*!, f(zo,...,zn) = (=20, ..., —T,)

which is the composition of n + 1 reflections.

e Let V C R"! be a vector subspace of dimension n, and py : R — R"*! is the
reflection with respect to origin then py maps S™ to S™ fixing S"~! = V' N S", and

interchanging the two hemispheres, with boundary V' N S™. Clearly,

deg (pv) = —1.

To see this we can give a A-structure on S™, such that the two hemispheres are the
two n-simplices

AT, Ay and o; : A} — S
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are the inclusions. Then [0y — 03] generates H, (S™) and

(pv), ([o1 = 03]) = 02 — 1] = =1 ([o1 — 03]) .

Corollary 2.55.

S™ has a non-vanishing continuous vector field iff n is odd.

Proof. Refer to Algebraic Topology by Hatcher. O

Proposition 2.56.

If f:S™ — S™ has no fined point, then

deg(f) = (=1)"*!

Proof. Refer to Algebraic Topology by Hatcher. O

Corollary 2.57.

If n is even, the only groups that act on S™ freely are Z/27Z and 0 .

Proof. Refer to Algebraic Topology by Hatcher. m

Now we will try to compute the degree locally which will help us to get a degree of map
efficiently.
Let f:S™ — S™ be continuous and y € S™ such that f~'(y) is finite. Let V' be nghd of

y, then 3 U C f~!(v) open such that U N f~(y) = {x}, then f(U —z) CV —y, also
H, (U, U —z) = H, (S",S" —z) = H, (5") = Z,

similarly
Hy(V.V = y) = H, (", 5" —y) = H, (S") 2 L,

thus f. : H,(U,U — z) — H,(V,V —y) is determined by f.(1).In this setting we define
the local degree of f at x as

deg fl, = f.(1).
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Proposition 2.58.

If f:S"— S™is continuous and

“y) = {z1,...,21} then

Proof. Refer to Algebraic Topology by Hatcher. m

2.8 CW-Homology Theorem

Proposition 2.59.
Let X be a CW complex, X,, C X be its n-skeleton, then

(a) X,/ X1 = VST, a ranging over n-cells of X and

DL ey, k=mn

0, otherwise.

H (Xn>Xn 1) {
(b) If k£ > n, then Hy (X,) =0, hence if X is finite dimensional
Hi(X) =0 when k£ > dim X.

(c) If k < n, then Hy(x) = Hy (X,).

Proof. ()X, = ((UDg) U Xp-1) / ~

Uy
| \ |
(UD?) /(WoD:) —— X,/ Xn1

o)

VaS? —=

Dl el), k=mn

Hy, (X5, X
( )= {O, otherwise.

(b) Consider the LES of the pair (X,,, X,,—1).

1 o
= Hppy (Xm anl) — Hy, (an) — Hj, (Xn) — Hj, (Xnaanl) —

By part (a) we get the isomorphism from the LES.
Since k >n, Hg(X,) = Hy (X,1).
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Continuing we get Hy (X,,) = Hg (Xp—1) = Hy (X,—2) = ... = Hp (Xo) = 0.
(c) Consider the LES of the pair (X, 41, X,),

cee Hk+1 (Xn+17Xn> — Hk (Xn) — Hk (Xn+1> — Hk (XnJrla Xn) — ...

By part (a) we get the isomorphism from the LES.

Since k <n, Hg(X,) = Hy (X,41). In this way we get
Hy (X,) = Hy, (X,,) for any m >n > k.

If X is finite dimensional, then X = X,, for some m and we are done. [For general X

Refer Lemma 2.34 of Hatcher.] O

Cellular Chain Complex:-

When X is a CW complex, we have an associated chain complex C.“W(X), where

COW(X) = Hy (X, Xoo1) = BL ().

0 i H (Xn+1)
\ in_s
On+1 Hn<Xn) qn
/ dn+1 \ dn
L. Hn+1(Xn+17 Xn _— Hn(Xna anl) > anl(anla Xn72) —_— ...

5n\ dn—1

anl(Xn71> ino1

_— T

0 u/ H, 1(X,)
H, 1(X) T~

Let d,, = Gn-1© (Sn - H, (Xna anl> — H, 4 (anlan72)> then
dn o dn+1 - (Qn—l o 6n) o (Qn o 571—1) = (n-10° (571 o Qn) o 5n+1 =0.

Hence we get a chain complex C.“V (X),

n

o @T () S %Z<eg> Iy @7 (e171) —s -
o Y

Define the cellular homology groups HSW (X) = H, (C“V (X)) = E:(rzi'ﬁ))

Theorem 2.60.
For any CW complex X, HSW(X) = H,(X).
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2 Homology

Proof. Since g, is injective Ker (d,,) = Ker (¢,—1 0 9,) = Ker (d,,) = Im (g,,).Now ¢, is
injective, hence g, : H, (X,,) — Im (g,) is isomorphism. Also Im (d,,4+1) = Im (¢, - 6p41) =
¢n (Im (6,,41)), thus g, takes Im (d,41) to Im (d,41) bijectively.

ow o Kald) o Img) | H.(X)
) = ) 4o Gor))  Tm (bt

Moreover Im (8,41) = Ker (i,,) = HEW(X) izr(g:))

Now i, : H, (X,) — H, (X,+1) is surjective hence

) = 25

12

H, (Xy41) = Hy(X).

2.9 Application

e If X does not have any n-cells then H,(X) = 0.

e If X has k n-cells then H, (X) can be generated by at most k-elements.

e If X is a finite CW complex, then H,(X) is finitely generated for all n.
Let’s discuss some example.

Example 2.61 (CP™).
CP™ has CW structure with 1, k-cell for every k even, 0 < k < 2n. Thus cellular chain
complex is

0—Z— 0 - Z —...—7Z—0
2n 2n—1 2n—2

Hence
Z, 0<k<2n, kis even;

0, otherwise.

H, (CP") = {

Example 2.62 (Sphere).
Let n > 1, then S™ has CW structure with one 0 -cell and one n-cell. So S™ x S™, has

one 0 -cell, two n-cells and one 2n cell.

7 k=20,2n
Hk(S"XS”)%CkCW(S"XS”): 787 k=n
0 otherwise.
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2 Homology

Now we will try to find what are these boundary maps.

Theorem 2.63.

The map d,, : ®Z (e!') — DL <eg_1> is given by
a 3
dy (€p) = dapel™
B
where d,s is the degree of A,z = gg o ¢, where
oD; = St s X B X (X — ) =S

@l is the attaching map.

Proof. There is a commutative diagram

—1 ¥ qs on—1\ ~o om—
AO&B : SZ ! == X, —>an1/ (Xn,1 —GZ 1) = Sg !

T4 [007)] dagp
i Aa 5 7 _
Hn(DZaaDZ) J ’ n—l(aDZ) . ’ n—l(Sg 1)
) enloo) 9% 4nr0¢n, [00n] TP
on ~ ~
H (X, Xp1) ————— Hp 1 (Xo1) ——5— Hpi (X1 /X —2)

IR

62 dn—1
d" q"flopg* [aag]

do(e")  Hypy(Xn_1, Xn_2) — Hyp_1(Xn_1/Xn—2, Xn_2/Xn_2)

(0%

Where pg is given by the following commutative diagram.

q
Xn—l ” n—l/Xn—2

Let o be a generator of H,, (D!,0D") = Z

By commutativity of the diagram,

dn (€3) = Gn-14. [007] -
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2 Homology

Suppose d, () =" dageg’l, we need to compute d,g.

Finally pj : I;Tn_l (Xn_1/Xn—2) — H, (Sg_l) is given by pj (Z dweﬁfl) = dupg, in

particular

otherwise.

. L iff=ny
pﬂ(ev 1):{0

We have

_q b Ps _
S;Z ! (_’Y>Xn_1/Xn_2 — Sg !

If v # B, ppoiyisa constant map where as
pp O g is Idsgfl.

If 2~" is a generator for H,_, (S;L_l) then

P, (3 daye™!) = dap = Aag, ([007]) = deg (Aag),

Example 2.64 (Torus T? = S* x S1).

The chain complex C.W(T) is
022572 %% 7 0

dy; = 0 clearly because there is just 1, 0 -cell.

We claim that d- is also 0.

do(F) = dpga + dppb, where
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2 Homology

drq is the degree of the map D% — a Ub —> a which is homotopic to the constant

map because D% maps to aba 'b~!, hence dp, = 0. Similarly dr, = 0. Hence,

Z, k=0,2
H(T)=2Z®Z, k=1
0, k> 2.

Example 2.65 (Surface of genus g, M,).
M, has a CW structure with one 2-cell, 2¢g, 1-cells and one 0 -cell. So the cellular chain
complex is

027272 % 7 0.

Similar to the Example 2.64 d; and dy are both 0 maps. Hence

Z, k=0,2
Hy (My) = 7%, k=1
0, k> 2.
él
l’l/\ /\Lz /V\?
N Va,
a, >
LI
Example 2.66 (RP").
Recall that there is a quotient map.
D" < > S"

D"/{x ~ —z|x € dD} —— RP" = S"/{z ~ —x}
Hence RP™ is obtained from RP"~! by attaching an n-cell by the attaching map which

is the quotient map

Tt ST — RPML
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2 Homology

Thus RP™ has a CW structure with one k-cell for each k € {0,...,n}. Hence the cellular
chain complex is

0—>Z%Z—>...d—1>Z—>O.
q: gh-1 b=t RPF1 _>Rpk—1/RPk—2 ~ gh-1

Let U and V be the two components of S*~! — S%72 If zp = RP*2/RP*2 € S*~! then

we have homeomorphisms
q:U— S" —{xo} and ¢: V — SF71 — {a0}.

If y € S¥=1 — {@o} then ¢ 1(y) = {£2} where v € U. —Id takes U to V,

U —2— Sk 1 — {z0}

degq = degq|, + degq|_,

qly = aly o (=1d)

= deg(Id) + deg(—1d)
2 if k even

— 14+ (=1 =

+(=1) {O if k odd.

For even n, the cellular chain complex is

057235372%722% 272%7 40

and
Z, k=20
Hy (RP") = 7/2, 0<k<n, kodd
0 otherwise.

For odd n, the chain complex is

052%722  272%7 50

7 k=0,n
H, (RP") = 7Z/2, 0<k<n,kodd
0, otherwise.

Definition 2.67.
A continuous map f : (X, A) — (Y, B) between CW-pairs is called cellular if f (X (”)) C

Y™ for all n where X and Y™ denote the n-skeletons of X and Y respectively.
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2 Homology

Theorem 2.68 (Cellular Approximation Theorem).
Let X and Y be CW complexes, and let A be a subcomplex of X. If f: X — Y isa
continuous map such that f|, is cellular, then f is homotopic rel A to a cellular map

g: X =Y.

Proof. Refer to Topology and Geometry by Bredon. n

Theorem 2.69.
If g:(X,A) — (Y, B) is a cellular map of C'W-pairs, then there is an induced map of

CW-chain complexes

g« : (X, A) = C.(Y, B)

given by
g*(a) = Z deg (g'r,a) T

where g, : S} — ST is defined as the composite g,, = pr 0 g o f, from the following
commutative diagram.

Dg fo X(n) g Y(n) pr S;’_l

| l l Iy

grdoy xmxe-n Ty ye-n Py gn

Proof. Refer to Topology and Geometry by Bredon. O
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Chapter 3

De-Rham Cohomology
3.1 de Rham Cohomology

Let’s delve into the concept of de Rham cohomology in a smooth manifold M, possibly
with boundary. We'll start by defining some key terms and then explore the construction

of de Rham cohomology groups.

In the realm of differential forms on M, the exterior derivative d : QP(M) — QPTY(M)
plays a central role. Here, P( M) represents the set of all p-forms on M. This operator,

being linear, naturally gives rise to two important subspaces: the kernel and the image.

Let’s introduce these subspaces formally:

ZP(M) =Ker (d : Q"(M) — Q"' (M)) = { closed p-forms on M},
BP(M) =1Im (d: Q"' (M) — QP(M)) = { exact p-forms on M}
Here, ZP(M) denotes the space of closed p-forms,; those that are annihilated by the

exterior derivative, while BP(M) represents the space of exact p-forms, those that are in

the image of the exterior derivative.
It’s essential to note that we extend our conventions to account for boundary cases.

We also establish conventions for the cases where p < 0 or p > n = dim M. In these
instances, QP(M) is considered the zero vector space. Consequently, we have B°(M) = 0

and Z"(M) = Q(M).

The inclusion of exact forms within the set of closed forms implies that B?(M) C ZP(M).
This observation leads us to define the de Rham cohomology group in degree p (or

the pth de Rham group) of M as the quotient vector space:
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3 De-Rham Cohomology

HgR(M) =

This group, formed as the quotient of closed forms modulo exact forms, is a real vector
space and, therefore, a group under vector addition. Although a more precise term
might be "de Rham cohomology space,” the traditional terminology aligns with other

cohomology theories, which typically yield groups.

It’s worth highlighting that HY (M) = 0 for p < 0 or p > dim M, as Q”(M) = 0 in those
cases. For 0 < p < n, Hiz(M) = 0 if and only if every closed p-form on M is exact.
This condition reflects a fundamental aspect of the cohomology group’s structure and its

relationship with the underlying manifold M.

Proposition 3.1 (Cohomology of Disjoint Unions).
Let {M;} be a countable collection of smooth n-manifolds with or without boundary, and
let M =1] ; Mj. For each p, the inclusion maps ¢; : M; < M induce an isomorphism

from H{ (M) to the direct product space []; Hig (M;).

Proof. Refer to Chapter 17 of Introduction to Smooth Manifolds by Lee. O

Certainly! Let’s elaborate on the setup for the Mayer-Vietoris Theorem for de Rham

Cohomology.

Consider a smooth manifold M, which may or may not have a boundary. Let U and V'

be open subsets of M such that M = U U V. In this setup, we have four inclusion maps:
U
unv M

Vv

These inclusions induce pullback maps on differential forms:



3 De-Rham Cohomology

Qr(U)
QP (M) ) QU NV)
\ . /

*

These pullback maps, essentially restrictions, are denoted as k*,[l*,:*, and j*. For in-

stance, k*w = wl;. Now, let’s construct a sequence of maps as follows:

=

R o) @ (V) S5 Qr(Un V) — 0

0 — QP(M)

Here,

(k" @ 1w = (F'w, "'w)
(" =) (w,n) =i'w —j'n
Since pullbacks commute with the exterior derivative d, these maps extend to linear maps

on the corresponding de Rham cohomology groups.

Now, in the statement of the Mayer-Vietoris theorem, we will adopt standard algebraic

terminology. Suppose we have a sequence of vector spaces and linear maps:

Fy_ F, F,
PN V6 S N VRN v 3 AN v 3 o

This sequence is exact if the image of each map is equal to the kernel of the next. In

other words, for each p,

Im F,_; = Ker F,

This exactness condition is crucial for the Mayer-Vietoris theorem.

Theorem 3.2 (Mayer-Vietoris for de Rham Cohomology).

Let M be a smooth manifold with or without boundary, and let U,V be open subsets
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3 De-Rham Cohomology

of M whose union is M. For each p, there is a linear map & : Hi (U NV) — HEEH(M)
such that the following sequence, called the Mayer-Vietoris sequence for the open cover

{U,V'}, is exact:

1 k*pl* G*— g% 5 b Bl
s S HY (M) =55 HY (U) @ Hy (V) 5 Hi(UNV) = HEyH (M) =5 -
Proof. Refer to Chapter 17 of Introduction to Smooth Manifolds by Lee. O

Corollary 3.3.

The connecting homomorphism in the Mayer-Vietoris sequence, § : HR(UNV) —
HEEH(M), is defined as follows. For each w € ZP(UNV), there are p-forms n € QP(U) and
n' € QP(V) such that w = 0|, — 7' |ynyv: and then §w] = [o], where o is the (p+1)-form
on M that is equal to dn on U and to dn’ on V. If {¢, 1} is a smooth partition of unity
subordinate to {U, V'}, we can take n = 1w and '’ = —pw, both extended by zero outside

the supports of ¥ and .

Proof. Refer to Chapter 17 of Introduction to Smooth Manifolds by Lee. O]

Certainly! Let’s delve into the concepts of Singular Cohomology and its properties in a

more elaborate manner.

3.2 Singular Cohomology

Before diving into Singular Cohomology, it’s imperative to refresh our understanding of

Singular Homology. Here are some key points to recall:

e For a one-point space {q}, the singular homology group Hy({q}) is the infinite cyclic
group generated by the homology class of the unique singular 0-simplex mapping

Ay to g. Additionally, H,({¢q}) = 0 for all p # 0.

e Given a collection of topological spaces {M;} and their disjoint union M = | |; M},

the inclusion maps ¢; : M; — M induce an isomorphism B, H, (M;) = H,(M).
e Homotopy equivalent spaces exhibit isomorphic singular homology groups.
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3 De-Rham Cohomology

Definition of Singular Cohomology:- Now, let’s introduce Singular Cohomology. In

addition to singular homology groups, which are based on the study of cycles and bound-
aries, Singular Cohomology introduces a sequence of groups H?(M; G) for any topological

space M and abelian group G.

We'll focus on the case where G = R. In this scenario, H?(M;R) is shown to be a real
vector space naturally isomorphic to Hom (H,(M),R). This means that each element of

HP(M;R) corresponds to a homomorphism from the singular homology group H,(M) to
R.

Functorial Properties and Universal Coefficient Theorem:- Any continuous map

F : M — N induces a linear map F* : H?(N;R) — HP(M;R). This map is defined by

applying v (Fi[c]) for each v € HP(N;R) and each singular p-chain ¢ in M.

These properties are functorial, meaning they preserve the structure under mappings. For
example, (Go F)* = F*oG* and (Idy)" = Idge(arr). Consequently, singular cohomology
with coefficients in R defines a contravariant functor from the topological category to the

category of real vector spaces and linear maps.

The Universal Coefficient Theorem demonstrates how singular cohomology groups with
coefficients in any group can be obtained from the singular homology groups. This
implies that cohomology groups don’t offer new information beyond what’s encoded in the

homology groups, but they present it in a more convenient manner for certain purposes.

Now, let’s explore some properties of singular cohomology, building upon its foundational

concepts and functorial properties.

Proposition 3.4 (Properties of Singular Cohomology).

(a) For any one-point space {q}, H?({q};R) is trivial except when p = 0, in which case
it is 1-dimensional.

(b) If {M;} is any collection of topological spaces and M = []; M;, then the inclusion
maps ¢; : M; — M induce an isomorphism from H?(M;R) to [[; H? (M;;R).

(¢) Homotopy equivalent spaces have isomorphic singular cohomology groups.
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Proof. From the above mentioned properties of Singular Homology and from the defini-

tion the proof will follow. O

Theorem 3.5 (Mayer-Vietoris for Singular Cohomology).
Suppose M, U, and V satisfy the hypotheses of Theorem 2.49 where U, VCM (M) is a

smooth manifold. The following sequence is exact:

o*

SO mgr (M R) B2 g R) @ HP(V;R) S5 B (U N VR) D g (AL R) EE L

where the maps k* @ [* and ¢* — j* are defined as in Theorem 3.2, and 0* is defined by
0*(y) = 7y o O, with 0, as in Theorem 3.2.

Let’s now define Smooth Singular Cohomology.

To bridge the gap between singular and de Rham cohomology groups, we will utilize the
concept of integrating differential forms over singular chains. Specifically, given a singular
p-simplex ¢ in a manifold M and a p-form w on M, our aim is to pull w back via ¢ and
integrate the resulting form over A,. However, there is an immediate hurdle with this
approach: forms can only be pulled back by smooth maps, whereas singular simplices are
generally only continuous. (In fact, since the formula for the pullback only involves first
derivatives of the map, considering C'' maps would suffice, but purely continuous maps
will not suffice at all.) Now, we will attempt to overcome this obstacle by demonstrating

that singular homology can be just as effectively computed using smooth simplices.

Let M be a smooth manifold. A cornerstone of manifold theory is the concept of a
smooth p-simplex in M. Formally, a smooth p-simplex is a smooth map o : A, — M,
where A, denotes the standard p-simplex in RP*! such that this map extends smoothly
to a neighborhood of each point in A,. In simpler terms, it’s a smooth way of mapping

the standard geometric shape of a simplex into our manifold M.

Now, considering the collection of all such smooth simplices, we form a subgroup of the

singular chain group Cy,(M), denoted by C3°(M), representing smooth chains in degree p.
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3 De-Rham Cohomology

These smooth chains are essentially finite formal linear combinations of smooth simplices,

akin to how we’d sum up vectors with coefficients.

Since the boundary of a smooth simplex is itself a smooth chain, we can naturally define
the boundary operator 0 on C’;jo(M ), which maps a smooth p-simplex to its boundary
(p — 1)-chains in a smooth manner. Consequently, we arrive at the definition of the pth

smooth singular homology group H;°(M) of M as the quotient group:

 Ker(9: C2(M) — €, (M))
)= Im(9: G35, (M) — Cgo(M))

HZ(M

Here, the kernel of 0 represents smooth chains that form cycles, meaning they have no
boundary, while the image of 9 represents boundaries of smooth chains, indicating the
closure of higher-dimensional chains. The quotient group captures the equivalence classes
of smooth chains modulo the boundaries, providing insight into the topological structure

of the manifold M at the p-dimensional level, but with the added smoothness condition.

The inclusion map ¢ : C3°(M) < C,(M) commutes with the boundary operator, thus

inducing a map on homology: ¢, : Hx*(M) — H,(M), given by t.[c|] = [¢(c)].

Theorem 3.6 (Smooth Singular vs. Singular Homology).
For any smooth manifold M, the map ¢, : Hy*(M) — H,(M) induced by inclusion is an

isomorphism.

Proof. Refer to Chapter 18 of Introduction to Smooth Manifolds by Lee. O

Lemma 3.7 (The Five Lemma).
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Consider the following commutative diagram of modules and linear maps:
aq R AQ a9 A3 [0%: A4 (%] A5

lfz lfs lfzx lfs

B, 2B, -2, B, 2, B

If the horizontal rows are exact and fi, fo, f4, and f5 are isomorphisms, then f3 is also an

g

1

A
gjl B 2

3 4

~

isomorphism.

Proof. Refer to Algebraic Topology by Hatcher. m

3.3 Stokes’s Theorem & de Rham Theorem

Let M be a smooth manifold, w a closed p-form on M, and ¢ a smooth p-simplex in M.

The notion of integrating w over ¢ is introduced as follows:

/w:/ o*w
o Ay

Here, A, represents a smooth p-submanifold with corners embedded in R?, inheriting the

orientation of R?. Alternatively, we can view A, as a domain of integration within RP?.

This integral concept aligns neatly with the notion of line integrals when p = 1, where it

corresponds to integrating w along a smooth curve segment o : [0, 1] — M.

Now, extending this notion to a smooth p-chain ¢ = Zle c;0;, we define the integral of

k
/w:E ci/w
& i=1 (o]

Moving forward, assuming familiarity with the proof of Stokes’s Theorem, we aim to

W over c as:

establish the de Rham Theorem by stating its essence.

Theorem 3.8 (Stokes’s Theorem for Chains).

If ¢ is a smooth p-chain in a smooth manifold M, and w is a smooth ( p — 1 )-form on

/w:/dw
dc c

23
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Proof. Refer to Chapter 18 of Introduction to Smooth Manifolds by Lee. n

Utilizing this theorem, we establish a significant linear mapping denoted as ¢ : Hl (M) —
HP(M;R), often termed the de Rham homomorphism. Its operation is delineated as

follows: Given any [w] € Hig (M) and [c] € H,(M) = H*(M), we define

where ¢ represents any smooth p-cycle that embodies the homology class [¢]. The coher-
ence of this definition stems from the theorem’s assurance that if ¢ and ¢ are smooth
cycles representing identical homology classes, then ¢ — ¢ = db holds true for a smooth

(p + 1)-chain b. Consequently,

/w—/w:/w:/dw:()
é ¢ ob b

Moreover, if w = dn is exact, then

Jio= o= o=
c c oc

(It’s worth noting that d¢ = 0 since ¢ denotes a homology class, and dw = 0 as w
signifies a cohomology class.) Evidently, ¢[w] [c + ¢/| = {|w][c] 4+ ¢[w] ['], and the resultant
homomorphism f[w] : H,(M) — R exhibits linearity with respect to w. Hence, ¢[w]
emerges as a well-defined member of Hom (H,(M),R) = HP(M;R).

Theorem 3.9 (Naturality of the de Rham homomorphism).
For a smooth manifold M and nonnegative integer p, let ¢ : Hip (M) — H?(M;R) denote
the de Rham homomorphism.
(a) If F: M — N is a smooth map, then the following diagram commutes:

Hin (N) —— Hij(M)

il le

HP(N;R) —— HP(M;R)
(b) If M is a smooth manifold and U,V are open subsets of M whose union is M, then
the following diagram commutes:

HE (UNV) - Hg (M)

| |

H YU NV;R) —— H?(M;R)
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where 0 and 0* are the connecting homomorphisms of the Mayer-Vietoris sequences for

de Rham and singular cohomology, respectively.

Proof. Starting with the given definitions, let’s consider a smooth p-simplex o in M and

a smooth p-form w on N. We have the integral equation:

/F*w:/ O*F*w:/ (Foa)*w:/ w.
o Ap Ap Foo

This equation suggests that:

1. Integrating the pullback of w along ¢ is equivalent to integrating the pullback of w
along the composition of F' and o.

2. The integral of w over F' o ¢ yields the same result.

This leads to the conclusion:

((EF*[W]o] = LWw][F 0 o] = llw](F[o]) = F*({[w])]o],

which establishes property (a).

Now, let’s focus on property (b). For the diagram to commute, we need:

(0w))le] = (9" lw])le]

for any [w] € HoZ'(UNV) and any [¢] € H,(M). With the identification of H?(M;R) as
Hom (H,(M),R), we rewrite this as:
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Expanding further, if o represents 6[w] and ¢ represents d,[e], we aim to show [ o = [ w.

According to Theorem 2.49, we can express ¢ as df, where f and f’ are smooth p-chains

in U and V respectively, representing the same homology class as e.

Similarly, by Corollary 3.3, we can select n € QP~Y(U) and ' € QP71(V) such that
w = Nlyry — 7lyry- Then, o can be defined as the p-form equal to dn on U and dn’ on

V.

Considering 0f + 0f' = 0e = 0 and dn|;~, — d|yay = dw = 0, we arrive at:

o= L= L=

c of of of

[ [ = [ | o
of af f I
/a+/0:/0.

f I e

Thus, the diagram commutes as required. O

To establish the de Rham theorem, an additional definition and property of a manifold

are indispensable.

Firstly, we introduce the concept of an exhaustion function for a topological space M.
An exhaustion function, denoted by f : M — R, is a continuous function possessing the
crucial property that the preimage of each closed interval (—oo, ] under f, denoted as
S~ (=00, c]), is compact for every ¢ € R. This property is fundamental as it ensures that
the subsets f~1((—o0,n]), where n varies over the positive integers, serve as an exhaustion
of M by compact sets. Consequently, an exhaustion function provides a continuous
analogue of an exhaustion by compact sets. For instance, consider the functions f :

R" — R and g : B" — R defined as:

fla) = o, o) = 1=
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These functions exemplify smooth exhaustion functions. Notably, for compact manifolds,
any continuous real-valued function suffices as an exhaustion function, rendering the

notion particularly relevant for noncompact manifolds.

Proposition 3.10 (Existence of Smooth Exhaustion Functions).
Every smooth manifold with or without boundary admits a smooth positive exhaustion

function.

Proof. Consider a smooth manifold M, which may or may not have a boundary. Let’s
denote {V}};’il as any countable open cover of M by precompact open subsets, and {¢;}

as a smooth partition of unity subordinate to this cover.

Now, we define a function f belonging to the set of smooth functions on M as follows:

flp) = Zj@/}j(p)

Firstly, to establish the smoothness of f, note that for any point p in M, only finitely
many terms in the summation are non-zero in any given neighborhood around p. Hence,

f is indeed smooth.

Furthermore, f is positive. This is evident since f(p) is greater than or equal to > i ¥i(p) =

1, as each 1;(p) is non-negative, ensuring the positivity of f.

Now, let’s examine why f is an exhaustion function. Take any arbitrary real number c,
and select a positive integer N greater than c. If a point p does not belong to the closure
of the union of the first N sets in the cover, i.e., p ¢ Ujvzl V;, then for each j from 1 to

N, ¢,(p) = 0. Consequently,

fo)= > 3wip) = D0 Nujlp) = N3 v5(p) = N >

This inequality holds as 1;(p) is non-negative, and each term in the summation is mul-

tiplied by 7, which is always greater than or equal to V.
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Conversely, if f(p) < ¢, then p must belong to the closure of the union of the first N sets
in the cover, i.e., p € Uj\;l V;. Hence, f~1((—o00,¢]) is a closed subset of the compact set
U;.V:l VJ and is therefore compact. This completes the demonstration that f is indeed an

exhaustion function on M. O]

Theorem 3.11 (de Rham Theorem).
For every smooth manifold M and nonnegative integer p, the de Rham homomorphism

(: Hix (M) — HP(M;R) is an isomorphism.

Sketch. We will prove this in six steps. Before that we need to define some terminology.

de Rham Manifold:-A smooth manifold M is a de Rham manifold if the homomor-

phism ¢ : Hi (M) — H?(M;R) is an isomorphism for each p.

de Rham Cover:-If M is any smooth manifold, an open cover {U;} of M is a de Rham

cover if each subset U; is a de Rham manifold, and every finite intersection U;, N---NU;,
is also de Rham.

de Rham Basis:-A de Rham cover that is also a basis for the topology of M is called a

de Rham basis for M.

Now as ¢ commutes with the cohomology maps induced by smooth maps so any manifold
diffeomorphic to a de Rham Manifold is also de Rham [Using 3.9 (a)].

Step 1:- By Proposition 3.1 and Proposition 3.4 (b) both de Rham and Singular Coho-
mology the inclusions ¢; : M; — [] ; M; induce isomorphisms between the cohomology
groups of the disjoint union and the direct product of the cohomology groups of the man-
ifolds M;. By Theorem 3.9, ¢ commutes with these isomorphisms.

Step 2:- We will try to prove every convex subset of R" is de Rham. Now if U CR" then
it is homotopy equivalent to a one-point space.

So by poincare lemma HY,(U) = 0 when p # 0 & also H,(U) = 0 when p # 0 [we
know this by properties of singular homology]

Now for p = 0 case HJ5(U) is 1-dim sphere consisting of constant functions & H°(U;R) =
H,, (Hy(U),R) is also 1-dim because. Hy(U) is generated by any 0 -simplex.

Now if 0 : Ag — M is a singular 0— simplex, ¢ is smooth as 0-manifold is smooth and f
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3 De-Rham Cohomology

is the constant function equal to 1 , then

Wol = [ o f = oo =1

so ¢ : H}(U) — H°(U, R) is not the zero map so £ is an isomorphism.

Step 3:-Now our goal is to prove If M has a finite de Rham Cover then M is de Rham.
Suppose M = U U; and Uj, ieAﬁg [k}Ui is de Rham. We will use induction on k to prove
this now for two sets we will try to show this first this way induction will follow.

Now we will write the Mayer- Vietoris LES of de Rham Cohomology and Singular Co-
homology sequentially in two lines and then we will get the commutative diagram by

Theorem 3.9.

Hi (U) @ Hi (V) —— Hi ' (UNV) —— Hig (M) —— Hip (U) © Hiy (V) —— Hiz(UN V)

= :Assumption]l = [Assumptian]l ~[5— Lemma]l = [Assumption]l = [Assumption]l

H? Y(U;R) @ HP {(V;R) — HP Y(U N V;R) — HP(M;R) — H?(U;R) ® H?(V;R) — HP(U N V;R)

Assuming that the claim holds true for smooth manifolds that admit a de Rham cover
with at least k > 2 sets. Now, consider a de Rham cover {Uy, ..., U1} of the manifold
M. We define two sets: U = Uy U---UU, and V = Ugy;. The hypothesis assures us
that both U and V' are de Rham sets. Additionally, the intersection U NV inherits this
property since it can be covered by k sets, namely {U; N Uyyq, ..., Ux N U1}, each of
which is de Rham.

With these considerations, we conclude that M can be expressed as the union of U and
V,ie, M = U UYV. By the argument presented above, M is also de Rham. Step 4:-
This step aims to establish the assertion that if a manifold M has a de Rham basis, then
M itself is de Rham.

Let’s delve into the argument:

Firstly, consider {U,} as a de Rham basis for M. An "exhaustion function” f: M — R

is introduced, satisfying the conditions specified in Proposition 3.10.

Now, for every integer m, we define subsets A,, and A/ of M as follows:
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3 De-Rham Cohomology

Ap={geM:m< f(q) <m+1},

1
A;n:{qEM:m—§<f(q)<m+g}.

Next, it’s observed that {U,|q € U;, U; C A/ } forms an open cover of A,,. Since A, is
compact and f is an exhaustion function, this cover admits a finite subcover. Denote the

union of these finite sets as B,, = UF_,U;.

Utilizing the argument from Step 3, it’s noted that B,, is de Rham, and moreover,

B, C A

Here’s a visual representation of the setup:

We can infer that B,, can only intersect non-trivially with Bz when m = m — 1,m, or

m + 1.

With this insight, we define:

U= |J Bn V= J Bn

m odd m even
Both U and V are disjoint unions of de Rham manifolds, hence they are themselves de
Rham by Step 1. Furthermore, U NV is de Rham since it’s the disjoint union of sets
B,, N B,,41 for m € Z. Each of these sets has a finite de Rham cover, as illustrated,

establishing that M = U UV is de Rham by the reasoning provided in Step 3.
Step 5:- This step asserts that every open subset of R™ is de Rham.

Consider an open subset U C R"™. Such a subset possesses a basis comprising Euclidean

balls. Since each ball is convex, it is de Rham. Moreover, any finite intersection of balls
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3 De-Rham Cohomology

remains convex, ensuring that these intersections are also de Rham. Consequently, U has

a de Rham basis, making it de Rham by the argument presented in Step 4.
Step 6:- This step concludes that every smooth manifold is de Rham.

Any smooth manifold can be endowed with a basis consisting of smooth coordinate do-
mains. Given that each smooth coordinate domain is diffeomorphic to an open subset
of R™, and considering their finite intersections, this constitutes a de Rham basis. Thus,

the claim follows from Step 4. m
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Chapter 4

Basic Morse Theory

4.1 Morse functions

Let’s consider M to be a smooth manifold of dimension m. If ¢(x) = (z1,...,2,) is a

. o . . 8 a . o
local coordinate system near critical point p, then a_x1|P7"'7E|P is a basis for T, M.

Definition 4.1 (Critical point).

A critical point of a smooth function f: M — R is a point p at which the differential

dfp : TpM — Tf(,p)R ~ R

A(fop™ ") | A(fop~?
Pyee

vanishes, i.e., all the partial derivatives. )| vanishes.
) ) oz OTm, p

kdf, doesn’t depend on the basis, so this is well defined.

Definition 4.2 (Hessian).

The Hessian of f at p is the bilinear map:
Hy(f) = T,M x T,M — Hy(f)(V,W) = V,(W(]))

W is a vector field extension of W & T, M locally

The matrix of H,(f) with respect to this basis is expressed by the m x m matrix of second

R )

partial derivatives:

*x% Using a suitable bump function defined inside a local chart of p € M, we can show

that 3 a vector field W for W € T,M such that W(p) = W.
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4 Basic Morse Theory

Proposition 4.3.

Hessian is a well-defined, bilinear, and symmetric map

Proof. First, we will try to show that it is symmetric.
Hy(f)(V.W) = Hy(f)(W, V) = V,(W() = Wp(V(f)) = [V, W], = df, [V, W] = 0

The last term is 0 because p is a critical point of f.So, it is symmetric. Looking again at
the Definition 4.2,

Hy(f)(V. W) = V,(W([))
it is obvious that this does not depend on the extension V that we choose for V, as the
expression only depends on W(p) = W regardless of the extension. As we just proved,
H,(f)(V,IW) = Hy(f)(W,V), so, applying a similar argument, the Hessian does not
depend on the chosen extension for WW. This shows that the Hessian is well-defined.

Finally, the Hessian is bilinear because
Hy(f)(V + BUW) = (aV + BU), (W (f)) = aV,(W(f)) + BU, (W (f))

So, Hy(f)(aV + U, W) = aHy(f)(V, W) + BH,(f)(U, W)

Definition 4.4.

Let p be a critical point of a smooth function f: M — R
1. The number of negative eigenvalues of H,(f) is called the index denoted by A,.

2. The critical point p is said to be non-degenerate if and only if the determinant

of H,(f) is non-zero.

3. A Morse function on a smooth manifold is a smooth function whose critical points

are all non-degenerate.

***The nondegeneracy and the index of a function f at a critical point p does not depend

on the choice of local coordinates. We can see this by applying Sylvester’s law, which
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4 Basic Morse Theory

says that the number of negative eigenvalues of the Hessian is independent of how it is
diagonalized. Since diagonalization of a matrix corresponds to changing the basis of the
given vector space so that the basis vectors are the eigenvectors of the matrix, this means
that. The number of negative eigenvalues of the Hessian is invariant under coordinate
transformation. If we change the basis then Hessian H;f’ with respect to new basis will
be JtH}‘fJ where J is a symmetric matrix, i.e. Jacobian of ¥ o ¢!

We can see this in a different way than above.

Proposition 4.5.
When p is a critical point for f : M — R, the Hessian at p is independent of the

coordinate chart.

Proof. Now suppose we had a different coordinate chart around p, (V,4 : V — R"), with
P(p) = 0. Write ¥ as (y1,...,%n). Then Q = o ¢! R — R" is a diffeomorphism,
and dQ (e;) = > 7, gzl e; (where ey, ..., e, is the standard basis in R" ), then the Hessian

defined for this new coordinate chart is

"0 0
() = 3 5 (o)) vy
" Oxy, O [0z, O
- Z Dy O (0% Tl ) o

B " Ox, O [Or,\ O Oxy Ox,, O*
N Z (8% ) 8:cm fviw; + Z 0y; 0y; 0x0zy, (Fviw;

_ - Oz 0 0T, 0 o2
= Z 8% O < ay] > ox,, (f)inj + HZZI m(f)d@(@)kdcg(w)m

Now note that the first term is zero when p is a critical point, so the Hessian is well-defined

as a bilinear form on T, M. O]

4.2 Morse Lemma

Now we will try to see the Morse Lemma, which is a gateway theorem of Morse Theory
and allows us to directly analyze the neighborhood of a non-degenerate critical point

on a manifold in a valuable and intuitive manner, akin to the slopes around a hole in
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4 Basic Morse Theory

m-dimensional space.

Proposition 4.6.
Let f : U — R be a C* function on a convex neighborhood U of 0 € R™ such that
f(0) = 0. Then there exist functions g; with ¢;(0) = 2L(0) and f(x1,...,2n) =

ox;

Z?ll Zig; (mla cee 7mm)~

Proof. We have,

Hence, setting

9i (21, Tm) Olgg];(tm)dt
we get
)= 1) 50) = [ S fteaa
- / 1§;xi§—£(m)dt
and g;(0) = [ 2L(0)dt = £L(0). a 0

Remark 4.7.

If ;(0) = 0 then we can apply the Proposition 4.6 to g;, and we have
g; (131, Ce ,ZEm> = ijhij (I’l, Ce 7ZEm)
j=1

where the h,;; are C* functions with h;;(0) = 29(0) = _1_(0)). We have

T Oy T Ox0x;

f (1’1, e ,Im) = Zl'l (Z Ijhij (131, e ,Im)>
i=1 j=1
= inxjhij (131, e ,I’m)
1,7

=25,z
1
where x = : and S, = (s;;(2)) is the symmetric matrix with entries
Tm
1
sij(2) = 5 (hj(2) + hyi())
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4 Basic Morse Theory

The expression f(z) = ‘xS,z is a Taylor formula of order 2 for the function f: U — R.

Proposition 4.8.
Let A = diag (a1, as,...,an,) be a diagonal matrix with diagonal entries a; = £1 for all
j =1,...,m. Then there is a neighborhood U of A in the vector space of symmetric

matrices (&~ R™™D/2) and a C* map P : U — GL,(R) that satisfies
1. P(A) = Lyxm

2. If P(S) = Q, then Q'SQ = A.

Proof. We embark on a proof by induction concerning the dimensionality denoted by m.
Initially, let’s consider the base case when m = 1, and we have A = (a) with a = £1.
If S = (s)is any 1 x 1 matrix sufficiently close to A, it necessarily follows that s will

be non-zero with the same sign as a. To proceed, we define a transformation P(S) as

P(S) = Q= (%)

Now, let’s extend our consideration to the case where A is a diagonal matrix represented as

follows:

diag (ay, ag, . .., an), with each a; being 1 for j = 1,...,m. For the induction step, let’s
assume the existence of a neighborhood U; of A; = diag (as, ..., a,) in the vector space
of (m—1) x (m—1) symmetric matrices. Within this neighborhood, for every S; € Uy, we
assert the existence of a smooth mapping P; : Uy — GL,,_1(R). This mapping satisfies
Py (A1) = Im—1)x(m-1) and Q1S1Q1 = Ay, where Q1 = P, (S1) € GL,,—1(R).

Now, let S = (s;;) be a symmetric mxm matrix sufficiently close to A = diag (ai, ag, . .., @)
such that s1; is non-zero and has the same sign as a;. This matrix S defines a symmetric

bilinear form B : R™ x R™ — R given by B(z,y) = 2'Sy for all z,y € R™.

Following the initial step in the Gram-Schmidt orthogonalization process, we transition

from the standard basis ey, ..., e, of R™ to a new basis vy, ..., v,, defined as:
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4 Basic Morse Theory

€1
V1 =
Vsl
and
S1j
vj =e; — B(vi,v1) B (v1,€;) v1 = ¢ — 8—61
11

for all 7 =2,...,m. The corresponding change of basis matrix C' € GL,,(R) is given by:

_s%12 ..., _Sim
s11 s11

where I denotes the (m—1) x (m—1) identity matrix. This new basis satisfies B (v1, v;) =

0 for all j = 2,...,m. Consequently, it can be observed that:

a |0 -+ 0

C'SC =

. Sl

0
where S; is an (m — 1) X (m — 1) symmetric matrix that varies smoothly with S. If
S is sufficiently close to A, then S; € U, enabling the application of the induction
hypothesis. This implies the existence of @)1 € GL,,_1(R), dependent smoothly on Sj,

such that Q}S51Q, = A; = diag (az, ..., an).

Finally, define P(S) = @ = CR where:

Q1

This yields Q'SQ = A, where P(S) = Q € GL,,(R), depending smoothly on S, and
P(A) = Lxm. O
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4 Basic Morse Theory

We will now use this proposition to prove the Morse lemma.

Theorem 4.9 (Morse Lemma).
Let p € M be a non-degenerate critical point of a smooth function f : M — R of index
k. There exists a smooth chart ¢ : U — R™, where U is an open neighborhood of p,

with ¢(p) = 0 such that if ¢(z) = (21, ..., x,,) for z € U, then

(fod™ ) (@1, ym) = f(p) — 2 — 23 — . — XF + T4y + Ty + oo + 25,

Proof. As this is a local property let the function f is defined on a convex neighborhood
of the origin 0 in R™, with certain properties: p =0, f(0) = 0, df(0) = 0, and the second

partial derivatives of f at 0 form a diagonal matrix A with entries +1 on the diagonal.

Remark 4.7 provides an important insight: it expresses f(x) in terms of a symmetric
matrix S, which varies smoothly with z, leading to f(z) = ‘xS,z. This matrix S,

satisfies Sy = <8i28];j (0)> = A.

This implies the existence of a neighborhood Uy of 0 such that for z in Uy, S, also lies in
a neighborhood U (as per Proposition 4.8). If we denote the mapping in Proposition 4.8
as P, then P(S,) = Q, satisfies 'Q,S,Q, = A, and Qo = L,;xm.

Now, consider the mapping ¢ : U — R™ defined by ¢(z) = Q. 'z. It’s evident that
#(0) = Qy*(0) = 0, and for any v € R™, we can analyze its derivative:

_ o 9(t) = ¢(0)
() (0) = timg )
= lim o(tv)

t—0 v

Q&l,) (tv)

= lim

Thus, d¢q is the identity map, and by the Inverse Function Theorem, we conclude that

¢, when restricted to a smaller neighborhood, serves as a coordinate system near 0.
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4 Basic Morse Theory

Now, let y = ¢(z) = Q,'(x). We can manipulate f(z) using y:

T

> ay! ="yAy
=1
= Q') A(Q, ' x)
=1 tQ;I [thSzQa:]Q;lx

='25,x
= f().
O
Corollary 4.10.
The non-degenerate critical points of a Morse function f are isolated.
Proof. In some neighborhood around p, we have f(z) = f(p)—ai— - -—a3+a3, ,+ - +22,
Thus%z?xi,andsogjzoiffxlzxgz---:a:n:(). O

Corollary 4.11.
On a closed (compact) manifold M, a Morse function has only finitely many critical

points.

Proof. Let there be an infinite number of critical points. Then, by Corollary 4.10, they
are all isolated so we can get {U;},.,. @; € U; is critical point & U; C M so from this
are can get {U;};p U{M\ Ujea U;} an infinite cover of M but M is compact so 3 a finite

cover {U;};_, of M so 3j € A such that ¢ # j but z; € U; but that is a contradiction. [

4.3 Existence of Morse functions

Showing that there exist Morse functions on all manifolds is more challenging, but it is
true. We will try to show that on a compact manifold, there exist many (in a precise
sense) Morse functions (in fact, we will show this for any manifold that embeds as a

submanifold into R™ for some n).
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Proposition 4.12.

Let V' C R" be a submanifold. For almost every point p of R", the function
Hh:V—R
x> ||z —pl|*

is a Morse function.

Proof. Firstly, consider a smooth function f, defined on a smooth manifold V' and a point
p in this manifold. The differential of f, at a point = in V' is given by T}, f,(§) = 2(x—p)-&,

where ¢ is a tangent vector at x.

We establish that x is a critical point of f, if and only if the vector (z — p) is orthogonal

to the tangent space T,V at x.

To analyze this further, let’s introduce local coordinates (uy, ..., uq) for the manifold V,

such that = can be parametrized as x(uq, ..., uq).

In these local coordinates, the partial derivatives of f, with respect to u; are given by

8 e
aﬁf =2(x —p)- adfi-

Similarly, the second partial derivatives of f, with respect to u; and u; are expressed as

82fp _ oz oz 92z

Thus, we conclude that x is a non-degenerate critical point if and only if the vector z — p
is orthogonal to T, V', and the matrix formed by the second partial derivatives has full

rank d.

To establish that f, is a Morse function for almost all p, it is sufficient to demonstrate
that the p values not satisfying the aforementioned condition are the critical values of a

smooth map, and then invoke Sard’s theorem.

We then focus on the "normal fiber bundle” of V' in R", denoted by N, defined as the
set {(z,v) € V. x R" | v L T,V}. Additionally, consider the map E : N — R" defined

by E(x,v) =x + v.
The proposition mentioned is a consequence of the following lemma O
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Lemma 4.13.
The normal vector bundle N is a submanifold of V' x R™. The point p=x+v € R"is a

critical value of F if and only if the matrix

0 f _2(8:6 Ox 8%)

Guiauj 8_u] . 8uz v 8u28u]

is not invertible.

Proof. Since V' is a submanifold of R", there is a (local) chart that sends R™ onto an
open subset of R”, and R? onto an open subset of V. The tangent map of the chart
sends the canonical basis of R™ onto a basis of vectors tangent to V' followed by vectors
generating a complement. It then suffices to make this basis orthonormal in order to

obtain n — d vectors vy,...,v,_4 that at every point of V' form an orthonormal basis of

(T,V)". The map

(wg, .. ug, by, o ty_g) — (q: Uty ..y U Ztvl ul,...,und)>

is then a local parametrization of N, which is therefore a submanifold of V' x R". In

these coordinates, the partial derivatives of E are

0B _
8tj UJ

aE'_ ov
{% +Zk 1tk -

Computing the inner products of these n vectors with the n independent vectors

ox ox

a_ula"wa_udavla'--avn—d

gives a matrix that has the same rank as the Jacobian of F and that is of the form
(g—@- D g - x) (Zk ol )
0 Id

Now vy, is orthogonal to dz/du;, so

0 Ox ov, Oz N 0%z 0
Vg =— | = c— U - =0.
(‘9ui b 8Uj 6uz 8Uj k 8u28u]
This completes the proof of the lemma m

71
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4.4 Examples

Example 4.14 (The height function on n-Sphere).

Let the n-Sphere be

S = {(21,...,2041) ER" |22+ ... +22,, =1}. The chart is only the projection
onto the first n coordinates. We are taking only two charts of two hemispheres as we
will only get all our critical points in these two charts. Now define f : s — R by
f(x1,...,2ps1) = 1 This function is a smooth Morse function on S™ with only two
critical points, the northpole N = (0,...,0,+1) (the maximum) and the south pole
S =(0,...,—1) (the minimum)

(570 gt o fi)) =0

1-22, 1-2 12z,
:>(_ 2 12z, x)zo

’ ) 9 n
2 Tpy1 2 Tpg 2 Tpq1

=x;,=0 Vié€]|n]

f(x):an:\/1—(x%+x§+...+x%)

So x, 11 = £1 so it has two critical points. now

~ X nr)
N |
—2 1 0
1 x% T1T2 T1Tn
Tnt1 $3L/+21 35711/431 “3?1/431
_ 1 il
Tnt1 wi/fl
Mp(f) -
T1Tn —1 IL"%
/2 e e _I_H + W
Tt " Tt nxn
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-1 0 0
—1
My(f) =
0 0 -1/
So, the index is n.
10 0
1
Ms(f) =
0 0 L)

So, the index is 0.

Example 4.15 (A function with non-degenerate critical points).
The function ¢ = f2 : S — [0,1] is not Morse function because it has infinitely many
critical points by polar coordinate we get p = (sin ¢ cos 6, sin ¢ sin 0, cos @)

6 (—m,m),p € (0,27)

Now f%(p) = r? cos® p.
<6%7‘2 cos? p, %7’2 cos? cp) =0=(0,—2r%cospsing) =0s0 p =m/2,—7/2 or p =0
so for ¢ = 0, the whole equator is a critical point, so it is not a Morse function by

Corollary 4.10. & ¢ = 7/2,—m/2 it is maxima these are the points we get from the

2-dimensional version of the Example 4.14.
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4 Basic Morse Theory

Example 4.16 (The height function on T?).

If we parameterize Torus, we get (choosing 1 > ¢ > 0):
O(0, ) = (sin(0 —€), (24 cos(0 — €))sin(¢p — €), (24 cos(0 — €))cos(p —¢€)) ;0 € (0,27), ¢ € (0, 2m)

¢l P Tdex 2 13

q)/\@ﬁi;) .(1’ 'S_Y\o‘c)(, ] i

(?"(mt,ﬂi) ’r

Index |

o' (e 1 g Tndexo

(f 0 ®)(6,6) = (2 + cos(8 — €))cos(é — ¢)

o .
(0 ®)(6,0) = —sin(0 — )cos(6 —

8 .
5 (F 2 ©)(6.6) = ~(2 + cos(6 — )sin(6 — )

So the critical points we get by taking both the partial derivatives 0 are (e, €), (7 +

e, €),(m+em+e€),(e,m+¢€)
Ho(f) = —cos(0 — €)cos(¢p — €) sin(0 — €)sin(¢ — €) lea = -1 0
b sin(0 — €)sin(¢p — €)  —(2 + cos(f — €))cos(¢ — ¢) |19 0 -3
So index of p is 2.
Ho(f) = —cos( — €)cos(¢p — €) sin(0 — €)sin(¢ — €) | _ (1 0
e sin(0 — €)sin(¢p —€)  —(2+ cos(f — €))cos(¢p —€) )T 0 —1
So index of ¢ is 1.
Ho(f) = —cos(0 — €)cos(¢ — ¢) sin(0 — €)sin(¢p — €) | _ (-1 0
" sin(0 — €)sin(¢p —€)  —(2+ cos(f — €))cos(¢p — €) ) TFTT) 0 1
So index of r is 1.
0
3

[ —cos(8 — €)cos(¢p — €) sin(0 — €)sin(¢ — €) B
Hy(f) = sin(0 — €)sin(p —€)  —(2+ cos(0 — €))cos(¢p — €) ltemre) = <

So, the index of s is 0.

1
0

Example 4.17 (Bott’s perfect Morse functions).

4



4 Basic Morse Theory

Consider
" 2
S = (20,0, 20) €CTHDY | =1

k=0

and define f: S?"*1 — R by
n
2
fz) = K|z
k=1

where z = (2g, . .., z,). This function is invariant under the natural action of S* on S§?"*!

given by s -z = (sz9, 821, ...,82,). Hence, it descends to the quotient S?"*!/S1 = CP™.
We will still denote by f the induced function f : CP™ — R. The projective space CP"

is covered by the n + 1 open sets

Uj:{[20>"'7zn]’zj7é0}

which are the domains of the charts ¢; : U; — R*" given by

¢j([205---7zn]) = (-1'07-“7/'%\]'7"'7$n7y05--'7g}7"'7yn)

where |z;| 2 = x; + iy, and 7; and g; denote deleted coordinates. Clearly we have
J
|zu|> = 22 4+ 32 for k # j and

i (S) 1 (S

kg ki

Example 4.18 (Morse function on RP? and generalization).
Charts of RP? are the equivalence class of charts of Example 4.14 as the northern hemi-
sphere is in the same equivalence class as the southern hemisphere and so on, so it has
n + 1 charts

RP? = §?/{&1} af +a5+a25=1

[RP? R f([r1, 22, 73]) = 122 + agz3 + azx3  a; < az < a3
7:8% = RP? 7(xy, 29, 23) = [21, 79, 3] Now, we can use the charts from Example 4.14

to calculate this. Case U; : [af ﬁ] =0

Oz’ Oz3

= s {an (1 -2 — 23) + asah + azai} o {ar (1 — a3 — 23) + asr® + azaz3} | =0
833'2 891:3

= [225 (ag — a1),2x53 (a3 — ay1)] =0

5
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Soxs =0 & x3=0.
So critical point is [1,0,0].

Index:- as a1 < as < as

o Qa2 —
Mpf_2< a3—a1)

so the index is 0.

Case Uy : [8—f ﬁ] —0

Ox1’ Oxs

= {aiwl {ag (1 — x% — x%) + alx% + agxg} ) aixg {ag (1 — m% - x%) + alx% + CL3I’§} =0.
= [221 (a1 — ag), 223 (a3 — az)] =0

sor; =0 & x3=0.

so critical point is [0, 1, 0].

Index:- as a1 < as < as

_ a1 — a2
Mpf—Z( a3—a2)

so index is 1.

Case Us : [8f ﬁ] =0

Oy Do
éi{a(1—2—2 2 o 0 22 2 2| _
3 x7 — 3) + aai + aai ), {as (1 — 2} — 23) + a2 + aga3}| =0
&cl 81'2
= [21‘1 (Cll — Clg) , 229 (a2 — ag)] =0
sox; =0 & x5 =0 So critical point is [0, 0, 1].

Index:- as a1 < as < as

. a1 — as
Mpf_2< GQ—CL3>

so index is 2.
For RP™ Critical points are [1,...,0],[0,1,...0],...,[0,...0,1] with indices 0,1,2,3,...,n+1

for U;
a; — a;
M,f =2 a; — a;
Untl =45/ () (m)

i#j i€ln
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Example 4.19 (Morse function on SL(2,R)).

SL(2,R) = {( i; 2; > | T — T1aT01 = 1} Uij = {( 21 22 ) | @y # O}

¢ 11 Ti12 i (CE1 & $22)
1,J - 1" 5dbggy """
o1 T22

SothebasisoprUlis{i--- o_ ... 5’}

o0x11? ) Oz’ Oxa2

Now our function is cx1; +dryy 0<c<d

CaseUy o : —

0 0
(axl (61‘11 + dﬁgg) s % (C$11 + dl‘gg) (CZL’H + d$22)) =0= (C, 0, d) =0
1 1

’ 029

as 0 < ¢ < d so there is no critical point in Uy 5.

Case Uy ; : — Similar to Case U .
Case Uy 1 —
0 1 0 1 0 1
{ c( + X12T91 +dx22) c( +$12$21) 4 o, C( +$12$22) +dx22} —0
019 T2 091 L22 029 T2
1
Y T RIES 0
To2 T22 T

So o1 = O,ZL‘12 =0 &

dIgQ — C(l + ZL‘lgfL‘Ql) =0

= das, —c=0

c
= Tog = + E
\/E 0 —, /4 0
so critical points are p; = ¢ P2 = ¢ Index
0 V3 0 -3
c cr d
0 5 -on 0 /i oo
Muf=| 5 0 =S =100 o
_% _% C(1+zézw22)~ 0 0 2dv/d

B

Now, we need to find the eigenvalues.

7
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Eigenvalues

=

Y £
0 0 M)
e[ (B )] - [ ()
:>—>\3+L\/\_?>\2+C—CZA—2; CEZ:
= — )\ /\—QC\Z/?]Jrg[A—Zd\/\?}:O
= [—A2+CEZ] A— 2)\‘/\?] =

So index is 1.

0 — %l has eigenvalues
Similarly we can show M, f =1 —\/d/2 0 0 d
0 0 _ 2dVd A=7F -
Je

So index is 2.

Similarly critical points on U, is ps =

VR
o
[WIsH
o
g
~—
S
Ny
[l
VR
|
o&y
o1
|
o
g
~—

This two are in fact p&ps

So f on SL(2, R) has two critical points.

Example 4.20 (Morse function on Klein’s Bottle).
¢ is the coordinate chart on Torus and P is the covering map (double cover) of Klein’s
bottle, and f([z,w]) = Im(z)* + Im(w)? is the Morse function on Klein’s bottle. As
Torus can be covered using four charts, Klein’s bottle can be covered using two charts.
Now for x € [0, %]
F(P (¢ (z,y))) = sin®(47z) + sin®(2my)
| PP ) =0
=[8m sin(4rx)(cos 4rx), 4m(sin 27y) cos(2my)] = 0

=[87 sin(87x), 4w sin(47y)] = 0

78



4 Basic Morse Theory

So87m::(),7r:>x:0,%

47Ty:0,7r:>y20,i

for z € [%, 1]
f (P (go_l(x, y))) = sin2(27r(2x —-1))+ sin2(27r(1 —vy))

Similarly
[8msin(4n (22 — 1)), —4msin(4n(1 —y))] =0

So

So critical points are (%, 1) , %, %) , (g, 1) , (g, 3) ,(0,0), (0, }L) , (é,O) , (%7 %) So actually

the points are (1, 1), (1,14), (i, 1

N

—~
~.
o~

S~—

Index:-

[ 647*(cos 8mx) 0
H,(f) = ( 0 1672 cos(4my) )

Haf ( 6407T2 1607T2 ) Index —0
Huf ( 6407T2 _1%7T2 ) Index —1
Hinf = ( _6617T2 1607'('2 ) Index —1
Hianf = ( _65”2 —l%wz ) Index — 2

Example 4.21 (Morse function on S' x S?).

We are taking the function to be f: S' x S* = R f(z,y,2,u,v) = z + v we take the
charts to be the Cartesian product of the charts of S! and the charts of S?. So we need
only to look up the charts (Northern hemisphere x Southern hemisphere of S?, Northern
hemisphere x Northern hemisphere of S?, Southern hemisphere x Southern hemisphere

of 52, Southern hemisphere x Northern hemisphere of S?).
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Charts which contain critical points are

= (z,y,/1— 22 —y2,u, V1 — u?

= (z,y,/1— 22 —y2,u, V1 — u?

Uy ={(x,y,z,u,v) | z>0,v>0},<p1 (z,y,u

Uy ={(x,y,z,u,v) | z>0,v<0},<,02 (z,y,u

N— N N

ng{(w7yvzauav)|Z<07v>0}7803 T,Yy,u (ZL’ 1—$2_y27U;\/1—U2

U4:{(at,y,z,u,v)|z<0,v<0},<,04 T, Y, u T y,\/l—l‘Q—y u, \/1—U2

So fog; (z,y,u) =+/1—22—y2+/1—u2 iel[4].
Now [ag?ai aﬁ} <\/1—x2—y2+\/1—u2>:0

= 7 Y ¢ _)=o0
\/1—x2—y2’\/1—x2—y2’\/1—u2

=z=0 &y=0 &u=0

so critical points are (0,0,1,0,1), (0,0,—1,0,1),(0,0,1,0,—1),(0,0,—1,0,—1)

2

_ _ x A
Vieai—y?  (1—a2—y2)3 (1-22—y2)3 ) !
—xy —1 _ )
Mpf = (171271/2)% \/17127y2 (lfony)% 0
0 0 -1 u?
V1-u? (1 u2)%
-1 0 0
M(o,o,l,o,l)f = 0 -1 0
0o 0 -1

so the index is 3

1 00
Moo-10-nf=1( 0 1 0
0 0 1

So the index is 0

1 0 0
M(o,o,—l,o,l)f = 01 0
0 0 -1
So the index is 1
-1 0 0
M(O,O,l,O,fl)f = 0 -1 0
0 0 1

So the index is 2 This way, we can get a generalized version of this product space of S™,

which we have mentioned below.

So the summary of the calculated examples are:-
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Manifolds Morse Function Critical Points;,gex
Sn flzo, ..., ) = Ty 2 (0, .., —=1n41)0, (0, .., L1 )
cP" [ (20, 2n) = S [0, -y 1, v, Onga a1y
- Jj€[n+1]
RP™ f(l’l,...,l‘n_H) = %gjl—k((zik)f [0,...,1j,..,0n+1]j_1
- j € [n+1]
S"x S™ f([lf(), ceey xn—i—m—i—l) = (0, . _1n+m+1)m7
Tn + Tpgpm1 (0, 1 ns s Lntmt1 )mans
(0, ... 1n,..,—1n+m+1)0,
0, ey =1y oy Lyttt m

K?(Klein’s Bottle)

flz,w) = Im(2)*+Im(w)?

s (L, )1, (4, D), (4,4)2

T?(vertical Torus)

flz,y,2) ==

(1,1)
(

(0,0, — )1,00 —3)o

0
0 07 )27(0 O 1)17

SL(2, R)

i1 T2 .
(o))

cx11 + dzos

0
<d>
Ogl
)
0_\/52

4.5 Gradient Flow

Let’s delve into key points regarding Riemannian Metric:

1. Symmetric Bilinear Inner Product:- The Riemannian Metric, denoted as (-, ) :

V x V — R, is characterized by being a symmetric bilinear function, meaning (v, w) =

(w,v) for all vectors v,w € V.

2. Positive Definiteness:- If the inner product (v,v) is strictly greater than zero for

all nonzero vectors v € V, the metric is termed positive definite.

3. Non-Degeneracy:- A metric is considered non-degenerate if for every nonzero vector

v, there exists another nonzero vector w such that their inner product (v,w) is nonzero.

4. Tangent Bundle:- The tangent bundle T'M over a smooth manifold M is a smooth

vector bundle. Its fiber at each point x € M is the tangent space T, M.

5. Vector Bundle Structure:- A vector bundle of rank k is a tuple (M,V,x, -, +)

where:

e M and V are smooth manifolds,
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e 7m:V — M is a smooth map,

e - RxV = Vand + :V x3; V — V are maps satisfying certain conditions,

ensuring compatibility with the manifold structure.
e Locally, the bundle resembles the product manifold U x R* via diffeomorphisms.
. moh=mon V|, &

2. The map hly, : V, — x x R* is an isomorphism of vector spaces for all x € U.

V, — 5 U xRk

wl / {U;, h;} is a local Trivialization.

xGUiM

6. Riemannian Metric Function:- A Riemannian metric g on T, M is a smooth func-

tion assigning to each point x € M a positive definite inner product (-, ), on the tangent

space T, M.

7. Isomorphism with Cotangent Bundle:- A non-degenerate inner product on a

vector space induces an isomorphism between the vector space and its dual. Similarly, a
Riemannian metric g on a smooth manifold M establishes an isomorphism g : T,M —

T* M between the tangent and cotangent bundles.

8. Action on Vector Fields:- For any vector field w, g(w) is a unique 1-form defined

such that for any vector field V,

Definition 4.22.
If f: M — R is asmooth function on a Riemannian manifold (M, g), then the gradient
vector field of f with respect to the metric g is the unique smooth vector field V f such

that
gVEV)=df(V)=V-f

for all smooth vector fields V on M, i.e. Vf = g~'(df). In particular,

(V) f=9(VEVH=VI?
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Let ¢, : M — M be the local 1-parameter group of diffeomorphisms generated by —V f
(the negative gradient), i.e.

Ca) = ~(V5) (eu(x))
wo(z) = .

The integral curve v, : (a,b) — M given by

V2(t) = @)

is called a gradient flow line.

Now, we will see some important results from this definition.

Proposition 4.23.
Every smooth function f : M — R on a finite-dimensional smooth Riemannian manifold

(M, g) decreases along its gradient flow lines.

Proof
L out) = 5 (f 0 pu(a)
= dfeu(x) © %wt(x)
= Aoy (<) (2e(2)))

= — (V) (pul2))I" < 0

Proposition 4.24.

Let f: M — R be a Morse function on a finite-dimensional compact smooth Riemannian
manifold (M, g). Then every gradient flow line of f begins and ends at a critical point,
i.e., for any = € M, limy, . 7,.(t) and lim,, . 7,(f) exist, and they are both critical

points of f.

Proof. We start by considering a smooth manifold M and a smooth function f: M — R

on M. Given x € M, we define ~,(t) as the gradient flow line through x, governed by
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the equation:

d

E’Yx(t) = —Vf(’)/x(t)),

where V f denotes the gradient vector field of f.

Now, due to the compactness of M, by Proposition 4.23, the gradient flow line 7, (¢) is
well-defined for all £ € R. Furthermore, since f is continuous and M is compact, the

image of f o~y,, denoted as (f ov,;)(R), is bounded in R.

Thus, according to Proposition 4.23, we have:

d
Jim = f((8) = Jim —[|Vf(ei())]* = 0.

Consider a sequence t,, € R such that lim,,_,, t, = —00. Then, {7,(¢,)} forms an infinite
set of points in the compact manifold M, implying it has an accumulation point, denoted

as q.

Since ||V f(7.(tn))|| — 0 as n — oo, point ¢ is a critical point of f. By Corollary 4.10,

we can select a closed neighborhood U of ¢, where ¢ is the only critical point in U.

If limy o 72(t) # g, then there exists an open neighborhood V' C U of ¢, and a sequence
t, € R such that lim, ,ot, = —oco0 and v,(t,) € U — V. Consequently, the sequence
{7.(t,)} has an accumulation point in the compact set U — V, which, by the argument

above, must be a critical point of f. This contradicts the choice of U.

Therefore, we conclude that lim;,_ 7,(t) = ¢. Similarly, a similar argument shows that

limy o0 72 (t) = p € M for some critical point p. O

4.6 First Fundamental Theorem of Classical Morse
Theory and Reeb’s theorem

Theorem 4.25 (First Fundamental Theorem of Classical Morse Theory).
Let f : M — R be a smooth function on a finite-dimensional smooth manifold with

boundaries. For all a € R, let

M* = f7H((=00,a]) = {z € M|f(x) < a}
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Let a < b and assume that f~'([a,b]) is compact and contains no critical points of f.
Then M? is diffeomorphic to M?, and M is a deformation retract of M°.Moreover, there

is a smooth diffeomorphism F : f~'(a) x [a,b] — f~*([a, b]) such that the diagram

f7Ha) x [a,b] =— £ ([a, b))

e |

[a, ]

commutes. In particular, all the level surfaces of f between a and b are diffeomorphic.

Proof. We start with W C M, the open set comprising non-critical points of the function
f, and we assume a Riemannian metric g on M. Our objective is to utilize this metric to
construct a vector field, enabling the formulation of a suitable flow crucial for our desired

diffeomorphism.

We define X = Wv f, a vector field on W, and let v : I — M be a maximal integral

curve of X. From the definitions, it follows that:

& 1) = dr () - (1
= d(+(1) - X (1(1)
= 9V (1)), X(+(1))
VIOV I60)

T IVIG®)]
=1.

Thus, assuming 0 € I, we deduce that f(y(t)) = f(7(0)) +¢. Now, let K = f~([a,b]) C
W, which, by hypothesis, is compact. We initiate the integral curve at v(0) € f~'(a).

Two scenarios emerge:

1. If v(t) € K for all t > 0, then the solution remains confined within a compact set,
ensuring its definition for all positive time, i.e., [0,+00) C I. Specifically, the solution

exists within [0,b — a].

2. If there exists s € I, s > 0, such that v(s) ¢ K, then b < f(v(s)) = f(7(0))+s = a+s,

implying s > b — a. Consequently, [0,b —a] C 1.
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Moreover, we extend X to the entire manifold without sacrificing the established prop-

erties. Utilizing a bump function ¢ : M — R with certain properties:

1. Y|g = 1.
2. Its support is contained in W.

We construct the vector field Y on the entire manifold as follows:

v V()X (z) ifzeW
o otherwise -

This extension retains the characteristics of X within K. Let ¢ represent the flow of Y.
If necessary, we adjust the support of 1) to ensure the flow is defined up to b — a time,

thus ¢?¢ serves as a well-defined diffeomorphism on M mapping M, onto M,.

Moving on to the proof that M, is a deformation retract of M,, we introduce the collection

of maps:

TIMbX [0,1] —)Mb
defined by:

L if f(z) <a
r(z,t) = {th(af(x))(g;) ifa < f(z)<b

This definition yields the desired retraction.

For the second part of the theorem, we define F' : f~'(a) x [a,0] — f~'([a,b]) by
F(z,t) = ¢'=%(z). It’s observed that for any = € f~!([a,b]), p*~ 7@ (z) € f~*(a). Thus,
F(e* 1@ (2), f(x)) = x, and F is surjective. Since f increases along its gradient flow
lines, I’ also increases along the flow lines of X. Hence, I is injective. Moreover, F' is
an immersion since gradient lines are transverse to level sets. Thus, F' is a diffeomor-

phism. O

Corollary 4.26.
Let M be a compact, smooth manifold with boundary OM = AU B,i.e.,, AN B = ¢.
Suppose there exists a C* function f : M — [0, 1] with no critical points such that

f(A) =0 and f(B)=1. Then M is diffeomorphic to A x [0,1] ~ B x [0, 1].

86



4 Basic Morse Theory

Proof. This follows from the second part of the First Fundamental Theorem of Morse

Theory since f~1([0,1]) = M

O

Remark 4.27. e f~([a,b]) is compact and contains no critical point. So from the

figure, we can easily verify that M@ is the region colored with black and M? is the

region colored blue.

o M®C M

e Now the First Fundamental Theorem of Morse Theory says that M? is diffeomorphic

to M and M? is the deformation retract of M?.

e Also it says that all the level surfaces of f between a and b are diffeomorphic.

Here f~'(a) is a disjoint union of two circles. In this case, now, we can easily see that

f~Ya) x [a,b] is a disjoint union of two cylinders and f~!([a,b]) is also a disjoint union

of two cylinders. So, we can vaguely see that there is a diffeomorphism for which the

diagram commutes. So, the final statement is also true.

Theorem 4.28 (Reeb’s Theorem).

(NORIHY

[ (i)

If M is a compact smooth manifold without boundary of dimension m admitting a Morse

function f : M — R with only two critical points, then M is homeomorphic to the

m-sphere S™.
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Proof. M has only two critical points and is compact so that it will attain maximum and
minimumminimum at some pointpoint.

Let n be maximum and s be minimum, and the critical values be f(n) = p and f(s) = q.

" 1r
b
ST T
S

Now by Morse Lemma There exists an open neighbourhood U and coordinates (uy, ..., ty,)

around n on which f(u) = p —u? —u3 — ... — w2, and an open neighbourhood V' and

m

coordinates (vy, ...v,,) around s on which f(v) = ¢+ v} +v3 + ... + V2.

We can get a disk D,, around n inside U such that f(0D,) = b and we can write

D, = {(u1, ug, ..., up)|u? +ui + ... + u?, < p— b} similarly we get D, around s such that

f(0Ds) = a. They both are diffeomorphic to D™.

Now by Corollary 4.26 f~!([a,b]) is diffeomorphic to S™! x [0, 1].

Let B4 be a disjoint neighborhood of ¢4, i.e., north and south poles of S™. So S™ =

ByUB_UC, Where C' = S™— (B_UB,)°~ 5™ x[0,1].

We can first consider the diffeomorphism from D,, to B from Morse Lemma. Then, after

restricting it to the boundary, if we extend that to the cylinder we, we, wecylinder, we

get an extension of the previous map again again. Again, after restricting the new map
0 z =0

on the boundary, if we take an extension radially g(z) = [ (-2 40 Where h"
x =) T

Il

is a restriction of homeomorphism & : D™ U f~!([a,b]) — By U C onto dD,.Then, our

map extends to a homeomorphism from M to S™. We can see this using another figure.
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4.7 Second Fundamental Theorem of Morse Theory

Theorem 4.29 (Second Fundamental Theorem of Morse Theory).

Let f: M — R be a smooth function. Suppose that for a < b, f~!([a,b]) is compact
and inside f~'([a,b]) there is exactly one critical point. Assume that this critical point
is non-degenerate and of index k. Then M? has the homotopy type of M® with one
k-cell attached. In fact, there exists a set ¥ C M? diffeomorphic to the closed k-disk

Dy = {z € R¥| ||z|| < 1} such that M® U e* C M? is a deformation retract of M°.

Proof. Let p € (f~*([a,b]))° be the unique critical point of index &k and let ¢ = f(p). So
from Morse Lemma we get a smooth chart ¢ : U — R™ around p where ¢(p) = 0 and
if ¢(x) = (z1, 22, ..., Tm), then (f o ¢~ 1) (@1, 22, ..., 2) = c—af — a3 — .. — a7 + 2 +
TRy + ..+ a2

Choose 0 < € < 1 small enough so that f([c —¢€, ¢+ €]) is compact and ¢(U) contains the

closed ball of radius 2e, i.e.
{(1, s Tm) € B(U) |23 + 23 + ... + 22, < 2¢}
By First Fundamental Theorem of Classical Morse Theory, M* and M ¢ have
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the same homotopy type, and the same is true for M® and M¢*¢. Thus, to prove the
theorem, we need only show that M¢*¢ has the same homotopy type as M€ U e¥. We
may do this working inside f~!([c — ¢, ¢+ €]) N U since First Fundamental Theorem

of Classical Morse Theory implies that the homotopy type of M!— U is the same for

.
b <

all a <t <b.

Denoting local coordinates of x € U by ¢(z) = (x1, 23, ..., Z,,) and denoting &% = z3 +

34 . Fak, P =ah + 3, + ..+ 22, We get
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flzy, 20, .. 20) = c— 2+ 1P
M NU ={z €Ul - & < ¢}
MU ={z € Ulg* — 1 2 ¢}

" = {2z € U|¢* < e and n* = 0}

Now let pr : R — R be a smooth function such that p(0 u =0 for r > 2¢, and

U
—1 < p/(r) <0. Define a new function F' : M — R by: F(x /() ¢
fl@)—p(E+2n*) z€U
We can observe some points here:-
(1) F(p) = f(p) = p(0) = ¢ = u(0) < c —e.
(2) Notice that F' and f coincide outside of the region E := {£? 4+ n* < 2¢} so it sufficies

to show that F~'(—o0,c+¢) N E = Mt N E. But notice that if ¢ € F,
Flg) < fla)=c—&+n’ <c+ 5 +nt=ct g (5 +2) <cte

so E C F7Y(—o0,c+¢€) and F~1(—00,c+€) C M€ the other side is trivial so we can
say that F'~(—o0,c+€) = M.

(3) F and f has same critical points as DF = 0 if dé? = dn? = 0 because DF =
852 OF q¢? + g@ dn? and from the properties of i we can say that ggl-; =—1—pu(&+2) <
0, 55 =1—24 (€ +2p°) > 1.

(4) F Y ([c—€,c+¢€]) = F71((—o00,c+¢€]) — F71((—00,c —€])

€ MeH — F4((—00,e — )by (1] € Me¥ — f4(~00,c— ) € (e — ec 4 €)).

So from this we can say that F~'([c — €, ¢ + €]) has no critical point so by using First

Fundamental Theorem of Classical Morse Theory we can say that F~!(—o0,c—¢)

is a deformation retract of F~!(—o0,c+¢€) = M and we can define:

H = F~1(—00,c — €) — M¢< In the variables (£2,71?) the disk e* in M can be expressed
as e = {qg € U | €(q) < € and n(q) = 0}. We claim that e C H. First of all,

ek € F7((—o0,c — ¢]). This can be seen because if ¢ € eF,
F(q) =c—&(q) — n(&(q) Sc—p(0) <c—e.

In the first inequality, we used the fact that & > 0 and that p is a decreasing function.

We used that 1(0) > ¢ in the second inequality.
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On the other hand, f(q) = ¢ — &% > ¢ — ¢, with an equality only when £? = ¢, this means,

at Oe*. Therefore, as we claimed, e C H.

Now we can construct a retraction of M,_. U H onto M._. Ue*. Let us call it ;. Let r

be the identity outside of U for all ¢, and separate U N (M._. U H) in three regions:
Cr={q| &(q) <¢},
Co={qle <& (q) <n’(q) +¢},

Cy={q|n*(q) +c<&(q) & flg) <c—e}
We will construct r; separately on these three regions and prove that it is the desired

retraction.

e 1, on C;. We define

Te (Upy ooy Uk, U1y v ey Up) = (U, e ooy Upey B, - - LU

or, equivalently, (€2, n?) = (&2, t*n%). Tt is clear that r; is the identity and rq is a

projection onto €*. Moreover, F' (r;(q)) < ¢ — €, because g—f; > 0.

o 1, on Cy. We define

Te(Upy ooy Upn) = (Uny ooy Uy SgUktty - - - 5 Stlly)
or, as before, r;(£2,n?) = (€2, s?n*). We define

g e
n” o

St — t+ (1 - t)
It is clear that ry is the identity. On the other hand, notice that

fo(@) =f (& s5n)c—E+sgp =c =+ —e=c—¢,
so rg maps all of C5 onto the boundary of M, _..
e On Cs, we let r, = Id for all . When £2—¢ = 7?2, it coincides with the last definition.

We need to check that r; is continuous. In particular, we need to check it when £7¢ and

n? — 0. First of all, notice that
o when 2 =¢,5, = t,
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e when £ —e =n?, 5, = 1.

Thus, the only points where it is unclear if r; is continuous are those such that £? = ¢
and n? = 0. In particular, we are to check the continuity in the region C,. In this case,
however, we have that.

2 —ec<n?’=0<

<1

Y

£ —¢
2
so s; stays bounded in the whole C5. Moreover, for each ¢ > k, the coordinate u; is

mapped as u; — s;u;. In addition, |u;| < n?. Taking all of this into account, we deduce

that
0 < |seug]| < sim? —— 0,
n?—0,62—e
S0, in particular, s;u; ﬁ 0, as we wanted to see. Thus, 7; is continuous, so it is a
retraction from M,_. U H onto M,_. U e*. This concludes the proof Ul

***We have taken an example of y, which nearly follows the conditions to check how the

proof works using desmos.

72g2

y27x2§1

_\'2—)7221

+
®
Z@ y={-l<x<1:0}
(]
e

¥+ 2_)/’2 <2

0 (o)

™ Label p
7

® .o 222> {x 12 <1.-02}
8
-
9

N

y=-x

—0.6x+1.2

Remark 4.30.
If there are j critical points, pi,...,p; in the level set f~'(c) with indices A, ..., \; re-
spectively, then a similar proof like the proof of Second Fundamental Theorem of

Classical Morse Theory shows that for some collection of attaching maps fi,..., f;.

Mete ~ pfe—e Ufl D)‘1 Uf2 Ufj D>\j
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Remark 4.31.

An easy modification of the above proof shows that M¢ is a deformation retract of M¢*<.
Indeed, F~!((—o0,¢]) is a deformation retract of F~!((—oco,c + €]) = M by First
Fundamental Theorem of Morse Theory , and M€ is a deformation retract of

F~ (=00, c]). The following diagram illustrates a deformation retraction of F~!((—o0, c])

to M¢.

Now, we will see the proof of two results, which will help us to reach our final and most

important outcome of this chapter.

Lemma 4.32 (J.H.C. Whitehead).
Let X be a topological space, and suppose that fy : S¥! — X and f; : S¥!' — X are

homotopic. Then, the identity map of X extends to a homotopy equivalence

h: X Uy D* — X Uy, D"

Proof. Denote the characteristic maps by fo : D¥ — X Uy, D* and f, : D* — X Uy, D*,
and let f; : [0,1] x S*¥~! — X be a homotopy from fy : S*1 — X to f; : S¥1 — X.
Define hg : X Uy, D¥ — X Uy, D* by ho(x) = x if 2 € X and for all u € S*¥~!

2ru if0<2r<i1
po (fo(rag) = ¢ 12 1O = 20 2
foror(u) if 1 <2r <2
and define hy : X Uy, D¥ — X Uy, D¥ by hy(z) = z if x € X and for all u € S*!

fo(2ru) f0<2r<1
f2r_1(u) if 1 S 2r S 2.

hi (f1(ru)) = {
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It is easy to verify that hy and h; are single-valued and hence continuous. We have for

all u e Sk1

(ho o h1) (fo(ru)) = {h1 (foor(w)) if1<2r <2,

Since hy(x) = x for all z € X it follows that for all v € S*~!

foldru) if0<4r <1
(h() ) ]’Ll) (fo(TU)) = f47«_1<u> lf 1 S 47” S 2
fg_gr(u) if 1 S 2r S 2.
Let & : X Uy, D¥ — X Uy, D* be the homotopy which is defined by & (z) = x for all

x € X and for all u € SF1

fo((4=3tyru) if0<r< A5
& (fo(ru)) = § fa-spr-1(u) if A <r<2FL
fra—spa—n(w) if 2L <r<1.

It is easy to verify that & is single-valued and hence continuous, £y = hy o hg, and & = 1.
A homotopy n; : X Uy, D¥ — X Uy, D* such that ng = hg o hy and n; = 1 is defined by
replacing fo with f; and g, with g;_ in the above expression for { where A = (4—3t)r—1
or (4—3t)(1—r)/2. O

Lemma 4.33 (P. Hilton).

Let X be a topological space, and let
fosFt o X

be an attached map. Any homotopy equivalence h : X — Y extends to a homotopy

equivalence

H: X U; DF Y Uy DF.

Proof. Define H : X Uy D¥ =Y Upoy DF by

H(z) h(z) ifzeX
gj =
x if z € DF.

Let g : Y — X be a homotopy inverse of h and define
G 1Y Upoy D¥ — X Ugopoy DF
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ifreY
G(y)z{g(y) . i
Y it x € D".

Since g o h o f is homotopic to f, it follows from Lemma 4.32 that there is a homotopy

equivalence.

F: X Ugopos DF — X Uy D,
We will first prove that the composition.
FoGoH:XU;DF — X u; DF

is homotopic to the identity. Let h; be a homotopy between g o h and the identity. Using

the specific definitions of F, G, and H, we see that

(FoGoH)a) = (goh)(a) for 7 € X,
(FoGoH)(tu) = 2tu forogtgé, u € dD"

(FoGoH)(tu) = (ha—at o f) (u) for%ﬁtgl, u € OD".

The required homotopy ¢, : X Uy D* — X Uy D* is now defined by the formula

¢-(x) = h, () forx € X
1
qT(tu)zlJthu for()gtg%, u € OD"

1
T <4 <1, uedD"

¢-(tu) = (ha—gtyr o f) (u) for

Therefore, H has a left homotopy inverse, namely F'o G : Y U DF » X U f DF, and a
similar proof shows that GG also has a left homotopy inverse.

We can now complete the proof of the lemma as follows. Since
Fo(GoH) ~ identity ,

And F is known to have a left homotopy inverse (by Lemma 4.32), it follows that.
(Go H)o F ~ identity.

Similarly,
G o (H o F) ~ identity
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The fact that G has a left homotopy inverse implies that.
(H o F) oG ~ identity.

Thus, H o (FoG) ~ identity and F oG is also a right homotopy inverse for H. Therefore,

H is a homotopy equivalence. O

Theorem 4.34 (Handle Decomposition Theorem).
Let f : M — R be a Morse function on a smooth manifold M. Suppose that M! is
compact for all £ € R Then M has the homotopy type of a CW-complex X with one cell

of dimension k for each critical point of index k.

Proof. We will prove this by induction.

Let ¢g < ¢4 < ¢g < ... be the critical values of f : M — R. Sequence {¢;} has no
accumulation point since M! is compact for all ¢.For the base case M! is vacuous for
all t < ¢y , and M™ is homotopic to a discrete set of points for all ¢y < tg < ¢, i.e
Xo=A{peCr(f)lf(p) = co}-

Let’s assume that ¢; ; < t;_; < ¢; for some ¢ € N and there is a homotopy equivalence
hi—i : Mt-t — X, | where X;_; is some CW-complex.

Now by Remark 4.30 and 4.31 de > 0 such that
MeFe o0 MUy, DM Uy, ... Uy, DY

where pi, ..., p; are the critical points with indices A1,...,\; in f~!(¢;) and fi, ..., f; are
attaching maps.

By First Fundamental Theorem of Classical Morse Theory we get a homotopy
equivalence g; : M%~¢ — M -1 Now by Theorem 2.68 the map h;_10¢;_10f : S™¥ 1 —
X,_1 homotopic to a map ¥ : S 1 — XM~ Where X! is a A\g — 1 skeleton of
X 1.

Using Lemma 4.33 we can say that Mct¢ ~ Xid:efXZ-,l Ug, DM Ug, ... Uy, D% By Remark
4.30, it follows that M?® has the homotopy type of a CW-complex for all ¢ € R.

If M is compact, this completes the proof. If M is not compact, but all the critical points
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lie in M, for some ¢t € R then a proof similar to that of First Fundamental Theorem
of Classical Morse Theory shows that M, is a deformation retract of M, so the proof

is again complete. O]

Example 4.35.

13 So Mz Aonusis
cueve ve
¥
.

»

R (
e

6°§
Now Ale lop e s not atloched.
widh ¢°
1.3 Ly usiny nesutt [1]
i e Codnod Me detled Aine e,

we asill get oun A+ seedddon Cw-Goplen,
5*Mdu’\€’ o'r TZ

Example 4.36.

Different Morse functions give rise to different CW-complex structures of the same Man-
ifoldManifoldManifold, but the following example gives us the intuition that they are
always homeomorphic[M ~ S?]. This says about an aspect of topological invariant prop-

erty of Morse Theory.

e
. 9y (1_>
4/ '\ N P C’L)
\ ‘ /V\ X:@”Uelu etyet ——_
““‘ >< - eo Uel
\ \ / 2
‘ \ L'[')// C,\: 5
NSm| - .
- —p—
C° e 0 )
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Chapter 5

Morse Inequality

Let’s delve into the interplay between Morse theory and algebraic topology. Consider
a compact smooth manifold M and a field F. The homology group Hy(M; F) over F'
is finite-dimensional, defining the k-th Betti number of M, denoted as by (F'), which is
simply the dimension of Hy(M; F'). When F' = Z, Hy(M;Z) modulo its torsion subgroup
forms a finitely generated free Z-module. In this case, by (Z) represents the rank of this

module. For simplicity, we often denote b, instead of by(F') when the context implies F'.

Now, let’s introduce a Morse function f : M — R on M. The quantity v, denotes the
count of critical points of f with index k, where k = 0,...,m, with m being the dimension

of M. Thanks to the CW-Homology Theorem and Theorem 4.34, we obtain the ”weak

Morse inequalities”:

These inequalities arise from the fact that v, equals the rank of the chain module
CL(M; F), and Hi(M;F) is a quotient of this module. Notably, these relations hold

regardless of the choice of field F'.

In particular, the weak Morse inequalities imply a compelling observation: the total count

of critical points of f is at least as large as the sum of the Betti numbers:

This observation serves as the foundational motivation behind the Arnold Conjecture.

It’s worth noting that while v, depends on the specific Morse function f (without reliance

on F), by (F') is contingent upon the topology of M and the field F' (with no reliance on
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5 Morse Inequality

the choice of Morse function). Now, let’s explore the ”strong Morse inequalities”, which

provide further insights into the relationships between vy and by (F).

Theorem 5.1 (Euler-Poincare Theorem).
Let (C,,d,) be a finitely generated chain complex, and assume that C', = 0 for all & > m.

Let ¢, = rank C}, and by, = rank Hy (C,) for all k =0,...,m. Then,

D (e =) (=1)Fby

k=0 k=0
Proof. The exact sequence
0= kerd, — Co(X;F) 25 imd, — 0
shows that ¢, = rank ker 9, + rankim 9, for all £k =0,...,m. Similarly,
0—imd,, , = ker0, — Hp(X;F) =0
shows that rank ker 0, = rankim 9, , + by, and hence
rank ker 0, = ¢, — rankim 9, = rankim 0, | + by,

for all K =0,...,m. Thus,

Z(—l)k (¢, — rankim9,) = Z(—l)k (rankim 0, + by)
k=0 k=0
which implies that
> (=1 =Y (—1)fby
k=0 k=0

Theorem 5.2 (Morse Inequalities).

For any Morse function f : M — R on a compact smooth manifold M of dimension m
we have the following.

(a) Dopo(=D)Frmy > S0 (1M (F)  for every n=0,...,m.

(b) Yokio(=1) v = 35 (= 1) 0(F).
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Proof. Part (b) of Theorem is The Euler-Poincaré Theorem (Theorem 5.1) applied to the

chain complex (C,(X; F),d,). To prove part (a) let n < m and consider the truncated

) =
) =

chain complex (Qi”) (X F) (9*) given by

Cu(X:F) ifk<n

(X F) = {0 if k> n

By The Euler-Poincaré Theorem we have

(~1)" S (1) rank X F) = (~1 Y (-1 rank A, (€Y F))
k=0 k=0

Since v, = rankQ,(gn)(X;F) for all kK = 0,...,n,b, = rank H, <Q£”)(X;F)> for all k =
0,...,n—1and H, (C,(X;F)) is a quotient of H, (Q(")(X; F)), we have

Up—Vp1+ -+ (=1D)"vg > by — by + -+ (—1)"bg

Remark 5.3.

Part (b) of the preceeding theorem shows that the Euler characteristic, X (M) = > (—1)*bi (F),
is independent of the field F'. If F'is a field of characteristic zero or F' = Z, then the same

is true for the Betti numbers. This can be seen as a corollary to the Universal Coefficient

Theorem for Homology.

Definition 5.4.

The Poincaré polynomial of M is defined to be

P = 3 be(F)
k=0

and the Morse polynomial of f is defined to be

My(f) = vyt*
k=0

Theorem 5.5 (Polynomial Morse Inequalities).

For any Morse function f : M — R on a smooth manifold M we have
M(f) = P(M) + (1 +1)R(?)
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where R(t) is a polynomial with non-negative integer coefficients. That is, R(t) =

Zk 0 rktk where r, € Z satisfies rp, > 0 for all k=10,...,m — 1.

Proof. Let 2z, = rankker 0, for all k = 0,...,m. As in the proof of Theorem 5.1 ;| the
exact sequence

0—kerd, — CL(X; F) Q—’“Hka — 0

implies that v, = 2z, +rankim 9, for all £ =0,...,m, and

0—im0,,,; = ker9, — Hy(X;F) =0

implies that by = 2, — rankim 0, for all k = 0,...,m. Hence,
M(f) — R(M) = Zthk - Zbktk
k=0 k=0
= Z (2 +rankim 9, )t Z 2z, — rankim 9y, ) t*
k=0 k=0

[
NE

(rank im 0, + rankim Qk+1) tk

el
I
o

(Vi — 21 + Vg1 — 241 £

[
NE

el
I

0

( vp — 2) 1 + Z (Vi1 — 2zeg1) £

I
TTMS

k=0
=1t (Vg — 2) th1 —i—Z (Ve — 2z) t°71 (‘since vy = 2)
k=1 k=1
=+ (— )t
k=1
Therefore, M,(f) = P.(M) + (1 + t)R(t) where R(t) = 7 (ver1— zrs1)t". Note
that vy 1 — 21 > 0 for all k = 0,...,m — 1 because z;; is the rank of a subgroup of
Cr (X3 F) and vy =rank C) (X F). O

Remark 5.6.
Theorem 5.5 occasionally suffers from misinterpretations in the literature. Two common
errors include asserting that the polynomial R(t) is invariably positive and claiming that

the Morse polynomial consistently surpasses the Poincaré polynomial for all ¢ € R. While
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these assertions hold true for t > 0, they do not universally apply when ¢ < 0. Below,
we present an illustrative example that serves as a counterexample to both of these

misconceptions.

Example 5.7 (Wiener-Dog Counterexample).

Consider the function f defined by projection onto the z axis in the following picture.

The critical points p, g, 7, and s have indices 0, 1,2, and 2 respectively. Hence, M;(f) =

2t +t + 1, and since P; (S?) = t? + 1, we see that
M(f)=22+t+1=8+1+ (1+t)t = B,(M) + (1 + t)R(t)

Thus, R(t) = t, and we see that R(t) < 0 for all £ < 0. Moreover, it is easy to check that

M (f) < P(f) for =1 <t <0.

Lemma 5.8.

Theorem 5.2 is equivalent to Theorem 5.5

Proof. By utilizing part (b) of Theorem 5.2, we can express M_;(f) as follows:

(=1)*0(F) = P_y(M)

m m
k=0

M) =S (-1 =

k=0
Consequently, M;(f)— P;(M) is divisible by 1+t, and we can represent M, (f) as P,(M)+
(1 +t)R(t), where R(t) = 3" r,t". It’s evident that r,, € Z for all n = 0,...,m — 1,
as both M;(f) and P,(M) possess integer coefficients. Our task is to demonstrate that

r, > 0 foralln=0,...,m— 1. We will establish the equivalence of these inequalities

with those stated in part (a) of Theorem 5.2.
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To illustrate, let’s start with M,(f) = P,(M) + (1 + t)R(t), which implies:
vo =bo(F) + 1o
Additionally, vy = by (F) 4+ r1 + ro, yielding vy = b1 (F) 4+ r1 + vy — bo(F'), thus:
vy — vy =b1(F) —bo(F) +rq
Continuing in this manner, we observe that:
Up = Vpa+ -+ (=1)"vg = b, (F) = bp1(F)+ -+ (=1)"bo(F) + 1

for allm = 0,...,m—1. Consequently, the inequalities articulated in part (a) of Theorem
5.2 imply 7, > 0 for alln = 0,...,m — 1. Furthermore, by setting ¢t = —1 in the equation
M,(f) = P(M)+(1+t)R(t), we readily recover part (b) of Theorem 5.2. Hence, Theorem

5.5 effectively implies Theorem 5.2. O]

Definition 5.9.
If f: M — Risa Morse function such that M;(f) = P,(M), then f is called a perfect

Morse function.

Note that if a manifold admits a perfect Morse function, then its homology doesn’t have

any torsion.

Theorem 5.10 (Morse’s Lacunary Principle).

If M;(f) has no consecutive powers of ¢, then
Mi(f) = Bi(M)

In fact, vy = by, and R(t) is identically zero.

Proof. This is a direct consequence of Theorem 5.5 O

Example 5.11 (Bott’s perfect Morse function).

Using the result from Example 4.17 and considering f : CP™ — R as the same Morse
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function defined in Exaple 4.17 we have
M(f) =1+t +-- +t"
and the preceeding theorem implies that

P (CP") =1+t +--+t*"

Now we will try to see an easy approach to an important result by previous results.

Theorem 5.12.
Let M be a compact manifold of odd dimension, then the Euler characteristic is zero, i.e.

X(M) = 0.

Proof. Let f: M — R be a Morse function, and assume that the dimension m of the

manifold M is odd. Since vi(f) = vp—r(—f) we have the following.

X(M) =) (=Dfu(f)

Hence, X(M) = 0 if m is odd. O
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Chapter 6

Stable/Unstable Manifold Theorem

Let f : M — R be a smooth function on a finite dimensional compact smooth Riemannian
manifold (M, g). Recall from Definition 4.22 that the gradient vector field of f with

respect to the metric g is the unique smooth vector field V f such that

g\ VEV)=df(V) =V - f

for all smooth vector fields V' on M. The gradient vector field determines a smooth flow
¢ :Rx M — M by ¢(z) = 7,(t) where L,(t) = — VIl and 72(0) = z. Since M is

compact, the flow ¢, satisfies the following.

1. ¢, : M — M is a diffeomorphism for all ¢ € R.

2. @1, O, = P14, for any tq,t; € R.

That is, y; is a 1-parameter group of diffeomorphisms defined on R x M

Definition 6.1.
Let p € M be a non-degenerate critical point of f.

1. The stable manifold of p is defined to be
W (p) = {w € M| Jim pi(x) = p}.
2. The unstable manifold of p is defined to be

W) = {a € M | lim_ei(o) =]

Now we will try to understand an important theorem as we can refer the proof details

from Morse Homology by Audin.

Theorem 6.2 (Stable/Unstable Manifold Theorem for a Morse Function).

Let f: M — R be a Morse function on a compact smooth Riemannian manifold (M, g)
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6 Stable/Unstable Manifold Theorem

of dimension m < co. If p € M is a critical point of f, then the tangent space at p splits
as

T,M=T;M&T;M
where the Hessian is positive definite on T7M and negative definite on Ty M. Moreover,
the stable and unstable manifolds are surjective images of smooth embeddings
B ToM — Wo(p) € M
B TM — W' (p) € M
Hence, W*(p) is a smoothly embedded open disk of dimension m — \A,, and W*(p) is a
smoothly embedded open disk of dimension \,, where )\, is the index of the critical point

p.

Now we will try to calculate the Stable/Unstable Manifold for some Morse function.

Example 6.3.
Let’s consider a function on D C R? where D is a closed disc around origin

f:D—=R

fla,y) =a"—y*

Now Vf = (2z,—2y) So critical points is only origin (0,0) & M) f is non-degenerate

1 0
M(O,U)f = ( 0 -1 )

for (a,b) € D ¢ : (—00,00) = D, ¢(t) = (p1(t), pa(t)) where ¢(0) = (a,b)[D is com-

so it is a Morse function

Now index at (0,0) is 1.

pact]

Now the negative gradient flow is

d
- Vf|<p(t) = E@(t)

=[2¢1(t), 2¢2(t)] = [£} (1), ¥5(t)]
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50 (1) = =21 (1)

t 7 t
= QDl(t)dt:/ —2
0 Spl(t) 0

= In|py(t)]]y = —2¢

= |or(t)] = lale™

2 —2t

= o1(t) = ae ™ or = pi(t) = —ae

Putting ‘0’ in place of ¢ we get second one is not valid
s0 ¢1(t) = ae 2.
Similarly ¢o(t) = be*

So flow lines are (ae™2, be*!)
W(0.0)) = {z € D im ¢u(x) = (0.0)}
for lim be* # 0
t—00
So if we take points from z-axis then

lim (ae™*,0) = (0,0)

t—o00

So
W#((0,0)) ={(z,0) € D |z € R}

Similarly we can say that

>

N

X\

f%

WV
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6 Stable/Unstable Manifold Theorem

Example 6.4 (Sphere).
Let’s define f: R® — R f(x,y,z) =z

V/=1(0,01)

Now let’s Consider f: S* = R f(x,y,2) =
From the calculation in Example 4.14 we can see that it is a Morse function with critical

points (0,0, 1)&(0,0, —1) with index 2,0 respectively

Now 52 C R? is an embedded submanifold. so Vf(z) projects orthogonally onto V f(x)

as we are looking the orthogonal projection of T,,R™ onto T},,5? Where m € S?

So now .

Vf (ﬁ,y,Z)

Th/ . N1 'r7y72
[

= (Oa O’ 1) - (va <Y, 22)

= (—zx, —zy, 1 — 22)
(z,9,2) € $* = ||(z,y,2)] =1

Vf=Vf-

For (a,b,c) € S? define flow ¢ : (—o0, 00) — S?[S? is Compact]

@, (t) = (p1(t), p2(t), p3(t))

@(0) = (CL, b, C)
So now p
(V) = (D)
= [e1(0)ps(t), pa(O)@s(t), 3(t) — 1] = [£1 (1), (1), @3(1)]
So Q(t) .
:>/ ) /0 dt
(t _y
- 2
p3(t) — ‘ c—11 4
3(t) + c+1
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putting ¢ = 0 and checking the sign we get

- T m

i)

=
= wg(t) t1l= W
_ G-t
=  @3(t) = W
Now @1 (t)es(t) = ¢ (t)
( ) ( )

C _ 1 t t
:>/ c+1 dt:/ (pl(>dt
C+1 +1 o ©1(t)
1—c\ o4 ¢
— e+ 1|+t
c+1
Using similar argument we get

1—c 2
:>—hl |:<c—|——1> €2t+1:| —|—t—|—ln (H——l) :hupl(t)—lna
1—c 2t
+1
:>111[<C+1 )gpl( )] — ¢t

= In |y ()] — Inal
0

= — [ln

2
a ()
2a it
(i+1) e +1
Similarly we get
2b ¢
palt) = it —
<c+1) e + 1

2a et 2b et 1—c et —
So flow lines are ( (&) () fi> 1) for any (a,b,c) € S?

lim p(t) = (0,0,—1) & lim ¢(t) = (0,0,1)

t—o00 t——o00

So
W*((0,0,1)) = S*\{(0,0,=1)}  W*((0,0,1)) = {(0,0,1)}

Wu((07 0, _1)) = {(07 0, _1)} Ws((ov 0, _1)> = 52\{(0’ 0, 1>}

We have tried to plot it using Matlab.
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6 Stable/Unstable Manifold Theorem

Example 6.5.

p:R? = T
©(t,s) = (sint, (2 + cost)sin s, (2 4 cost) cos s)
f:T?> =R
fl@,y,2) =
From Example 4.16 we can see that f o ¢ is a Morse function

So —V(f o) = (sintcoss, (2+ cost)sins) [using flat metric|

for (a,b) € R* ~:(—o00,00) = T? [T?s compact.]

So y

- Vf- 90|«,(c) = d—V(C)

=[sin(t(c)) cos(s(c)), (2 + cos(t(c))) sin(s(c))] = [t'(c), s'(c)]
So §'(¢) = (2 + cost(c))sin(s(c))

Solving this ODE we get tan (%) = ec(2eos(t(9) tan (%)

c—>o00  s(e) >
c— -0 s(c)—=0

} (1)
So t'(c) = sin(t(c)) cos(s(c))

Solving this ODE we get tan (@) = ¢¢3((9)) tan (g) and using (1) we get the following
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6 Stable/Unstable Manifold Theorem

result.

c—o0 tle)—0 ()
c— —oo t(e) =0
All of these happens when t £ 0,71 & s#0,7
We know critical points are from Example 4.16 (0, 0, 3), (0,0, —3), (0,0, 2), (0,0, —2) for (s,t) =
(0,0); (0, ), (,0), (m, )

for t = 0 our flow line will be (O, 2tan ! (62C tan (%))

0
¢ — oo this will go to (0, 7)
¢ — —oo this will go to (0, 0)
for s = 0 our flow line will be (2tan™" (e~“tan (%)) = &, 0)
¢ — oo this will go to (7, 0)
¢ — —oo this will go to  (0,0)
W#((0,0,2)) = {(sint(k),0,(2 4 cost(k))}\{(0,0,1)}
for ¢ = 7 our flow line will be (m,2tan" (e**tan (%)) = k)
¢ — oo this will go to (7, 7)
¢ — —oo this will go to (7, 0)

W*((0,0,2)) = {(0,sin s(k),cos s(k))}\{(0,0,—2)}

W#((0,0,-2)) = {(0,sin s(k), cos s(k)) }\{(0,0,2)}

for s = 7 our flow line will be (2tan! (e “tan (%)) = k, )
¢ — oo this will go to (0, 7)
¢ — —oo this will go to ()

W*((0,0,-2)) = {(sint(k),0, —(2 + cost(k))}\{(0,0,—-3)}

By taking cases we get stable and unstable manifold for ré&s
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6 Stable/Unstable Manifold Theorem

q,(o)0)3> i

So we have calculated all the stable unstable manifold of 7
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Chapter 7

Intersection Number

First We will discuss some results and definition to define the intersection number prop-

erly.

Definition 7.1 (Transversality).
Let f : M — N and g : Z — N be smooth maps where M, N, and Z are smooth
manifolds. We say that f is transverse to g, f M g, if and only if whenever f(z) = g(2) =y

we have

df, (T:M) + dg, (1.2) = T,N

If ZC N and g: Z — N is the inclusion map, then we will denote f g by f M Z.

We will try to realize this via some example.

e Firstly we will give an example where dim7, X + dim7,Z = dimT,Y but X and
Z do not meet transversally. Let X = Z be the z-axis, Y = R% Both X and Z are

1-dimensional, but the span of T, X and 7,7 is also 1-dimensional.

e Secondly we will give an example where X and Z do not meet transversally and
X N Z is not a submanifold of Y. Let Y = R2 Z be the z-axis, and let X be a
curve that intersects Z over both an interval and a point outside of the interval.

The (disjoint) union of the interval and the point is not a manifold.

e Thirdly we will try to give an example of X, Z,Y, Y’ where X is transverse to Z as
submanifolds in Y but not as submanifolds in Y. Let Y = R?, Y’ = R?, X be the
x-axis, Z be the y-axis. The span of T, X and T, 7 is equal to T,Y, a 2-dimensional

subspace of T,Y".
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7 Intersection Number

e Consider a hyperboloid X and a sphere of radius a < 1 given by
X ={(z,y,2) eR’ | 2* + ¢y — 2" =1}
Zy={(z,y,2) eR* | 2” + y* 4+ 2* = a}
Now we will try to find out for what values of a < 1 do X and Z, meet transversally

in Y = R3.
V4

\

Let f:R3 5 R, (z,y,2) —» 22 +y*—2% and let g : R® = R, (x,y, 2) — 2® +y? + 22
Then X = f71(1), Z, = g~ '(a). We need to check whether 1 and a are regular values
of f and g respectively. By calculating the Jacobian, df, , .y = ( 2v 2y —2z ) and

Adg(zy.2) = ( 2 2y 2z ) Both of these are surjective as long as (z,y, z) # (0,0, 0).

Since T, X = kerdf(, ) and T(,, . Z, = kerdg(,,,,-), the intersection is trans-
verse if ker df ;. .) + ker dg(y ) = R® for every (z,y,2) € X N Z,. If a < 1, then
X N Z, is empty. Hence X meets Z, transversally by definition. If a = 1, then
X N Z, is all points where 2% + y* — 22 = 2% + ¢y + 22, that is, when z = 0.
Therefore df 0y = ( 2z 2y O ) = dg(a,,0)- Both kernels are the z-axis, hence

the intersection is not transverse.

Theorem 7.2 (Inverse Image Theorem).
Let Z C N be an immersed submanifold and f: M — N a smooth map. If f M Z, then
f~YZ) is a submanifold of M whose codimension in M is the same as the codimension
of Zin N, i.e.

dim M — dim f~'(Z) = dim N — dim Z
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7 Intersection Number

Moreover, the normal bundle of Z in N pulls back to the normal bundle of f~'(Z) in M,

ie. vfU(Z) = f*(vZ).

Proof. See Introduction to Smooth Manifold by Lee. O

Corollary 7.3.
If M and Z are immersed submanifolds of N of dimension m, z, and n respectively and

M th Z, then M N Z is an immersed submanifold of N of dimension m + z —n

Proof. Applying previous theorem to the inclusion i : M — N we get m —dim(M NZ) =

n—z. O

Definition 7.4 (smooth homotopy).
Let fo, fi : M — N be smooth maps between smooth manifolds M and N. The maps
fo and f; are said to be smoothly homotopic if and only if there exists a smooth map

H : M x[0,1] — N such that
H(z,0) = fo(z)

H(Qﬁ, 1) = fl(x>
for all z € X. The map H is called a smooth homotopy from fy to f.

Definition 7.5.

We will call a property of a class of smooth maps f : M — N locally stable provided that
for every « € M there is a neighborhood U C M of  such that whenever f|,: U — N
possesses the property and H : U x [0,1] — N is a smooth homotopy of f|,;, then for
some ¢ > 0 each f; = H(-,t) : U — N with t < ¢ also possesses the property. We will

call the property globally stable if the above condition holds for U = M.

Theorem 7.6 (stability theorem).
If M and N are smooth manifolds, then following classes of smooth maps f: M — N

are locally stable:
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1. immersions
2. submersions
3. local diffeomorphisms

4. maps transverse to a specified closed submanifold Z C N. If M is compact, then

the preceeding classes are globally stable.

Proof. See Lectures on Morse Homology by Banyaga and Hurtubise. O

Theorem 7.7 (Homotopy Transversality Theorem for Smooth Maps).
Let f: M — N and g : Z — N be smooth maps where M, N, and Z are smooth
manifolds. Then there is an arbitrarily small smooth homotopy ¢; of ¢ such that gy = ¢

and g; M f.

Theorem 7.8.

(Homotopy Transversality Theorem for Embeddings) Let M, N, and Z be smooth man-
ifolds, and assume that Z is compact. Let f : M — N be smooth and let ¢ : Z — N
be a smooth embedding. Then there is an arbitrarily small smooth homotopy ¢; of g to
a smooth embedding g; : Z — N such that go = g and g; h f. Moreover, the smooth
homotopy can be chosen such that ¢; : Z — N an embedding for all £, i.e. gq is isotopic

to g;.

As the proof require some extra tools the proof can be referred from Topology and Ge-

ometry by Bredon.
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7.1 Orientation

Let V be a real vector space of finite dimension m > 0. On the set of ordered bases of V

define a relation R by

vRw
if and only if the change of basis matrix C = (¢;) from v = (vy,...,v,) to w =
(W1, ..., Wy), le. w, = Z;n:l ¢ijvj, has positive determinant. The relation R is an

equivalence relation, and there are exactly two equivalence classes.

Definition 7.9.

An orientation of a real vector space V is a choice of one of the equivalence classes 6
of the relation R, which we call the positive orientation. The couple (V,0) is called an
oriented vector space. If dim V' = 0, then an orientation is an assignment of +1 or -1
to the point V' = {0}. If (V,0) and (V',0’) are two oriented vector spaces of the same
positive dimension and L : V — V"’ a linear isomorphism, then L is said to be orientation
preserving if and only iffor all v = (vy,...,v,) € 0 we have (L (v1),...,L(vy,)) € 0.A

linear isomorphism that is not orientation preserving is said to be orientation reversing.

Definition 7.10.

An orientation of a differentiable manifold with boundary M of dimension m is a choice
of orientation #, for each tangent space T, M that satisfies the following compatability
requirement: Around every point in M there is a coordinate chart ¢ : U — R™ (or
¢ : U — R ) which is orientation preserving, i.e. for every point # € U the linear
isomorphism

db, : T,M — R™

is orientation preserving where R™ is given its standard orientation. A differentiable

manifold M that possesses an orientation is called orientable.

Theorem 7.11.
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Let M be a differentiable manifold with boundary of dimension m. Then the following

are equivalent.
1. M is orientable.

2. There is a collection ® = {(U, ¢)} of coordinate systems on M such that
M= | Uand det(d, (¢;0¢;")) >0 on ¢ (U;) N, (U;)
U,p)ed

whenever (U;, ¢;) and (Uj, ¢;) belong to ®.

3. There is a no-where vanishing m-form on M.

Proof. Refer to Introduction to Smooth Manifold by Lee. O

Remark 7.12.

If V =Wea&W, where W and W' are oriented vector spaces with orientations 6y

and 6, respectively, then a unique orientation  can be determined on V as follows: If
(wi,...,w) € Oy and w' = (w’l, o ,w;n_l) € 0}, then the vector v = (wl, Co W W ,w;n_l)

belongs to the orientation 6.

Similarly, if (V,0) is an oriented vector space and (W, fy,) is an oriented subspace, then
any complementary subspace W', satisfying V = W @ W', can be endowed with an
orientation 6, such that for w = (wy,...,w;) € Oy and v’ = (w’l, R 71 ) € 0y, the

» Ym—l

vector v = (wl, Ce WL WY ,w;n_l) lies in the orientation 6.

Moreover, if M is an oriented differentiable manifold with boundary and N is an oriented
differentiable manifold, then an induced orientation exists on the manifold with boundary

M x N.

In the case where M is a finite-dimensional smooth manifold with boundary, the Collaring
Theorem asserts the existence of an embedding f : [0,1) x 9M — M onto a neighborhood
of OM in M, satisfying f(x) = x for all z € OM. This embedding is termed a ”collar”
on OM, and OM is said to be ”collared” in M”.
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7.2 Intersection Number

When considering two immersed submanifolds M and Z within a smooth manifold N
that intersect transversally, denoted as M M Z, their intersection M N Z forms another

immersed submanifold of N. The dimension of this intersection is given by the formula:
dim(M N Z) =dim(M) + dim(Z) — dim(V)

by Corollary 7.3 this intersection is non-empty only if its dimension is non-negative,
implying:
dim(M) + dim(Z) > dim(N)

If dim(M) + dim(Z) < dim(N) and M N Z is still non-empty, it means M and Z do not
intersect transversally. However, by the Homotopy Transversality Theorem, it’s possible
to smoothly perturb M such that it becomes transverse to Z. This means there exists
a smooth homotopy ¢; : M — N from the inclusion i : M — N toamap ¢g; : M — N
that intersects Z transversally. But, if dim(M) 4 dim(Z) < dim(V), the dimension of
g7 '(Z) becomes negative, implying it’s empty. Consequently, gi(M) N Z is also empty,
indicating that by perturbing M, it can be made disjoint from Z. Thus, there’s no

meaningful ”intersection theory” for such M and Z.

Now, when dim(M) + dim(Z) = dim(N), the intersection M N Z consists of points. If
both M and Z are closed submanifolds of N, and at least one of them is compact, then
M N Z is a finite collection of points. Similarly, if f : M — N is a smooth map transverse
to Z, and dim(M) + dim(Z) = dim(N), then f~!(Z) is a submanifold of M of dimension

zero, implying it’s also a finite collection of points provided Z is closed and M is compact.

Assuming M, N, and Z are oriented, with Z being closed and M compact, and dim(M )+
dim(Z) = dim(N), and considering a smooth map f : M — N transverse to Z, we can
assign signs to the points z € f~1(Z) based on the orientation of the bases of the involved
vector spaces. If the transition matrix between the bases has a positive determinant, we

assign a positive sign to the point, denoted as sign(x) = +1. Otherwise, if the determinant
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7 Intersection Number

is negative, we assign a negative sign, denoted as sign(x) = —1. This sign assignment

helps capture the orientation information of the intersection points.
Definition 7.13 (Intersection Number).
The oriented intersection number, I(f, Z) € Z, is defined to be

I(f,Z)= Y sign(z)

zef~1(2)

Remark 7.14.

The summation in question is guaranteed to be finite due to the compactness of f~1(2),
which is a consequence of it being a closed subset of a compact space, as per Theorem
3.5.2 from the book Topology by Munkres. It’s worth noting that when Z reduces to
a point, the condition f M Z indicates that this point serves as a regular value of the

function f.

If the point Z possesses an orientation of +1, then upon transformation to the new basis
v, = df,(v;), the sign assigned to z is determined by whether the linear transformation

df, preserves orientation or not. Consequently, the sign of z is either +1 or —1.

Furthermore, it’s important to observe that if the preimage of Z, denoted as f~1(2), is

empty, the contribution of Z to the intersection index, denoted as I(f, Z), is zero.

Theorem 7.15.
Let f,g : M — N be two smooth maps which are both transverse to Z C N. If f is

homotopic to g, then, then I(f, Z) = 1(g, Z).

Proof. Given that f and g are smooth maps homotopic as continuous maps, they are
also smoothly homotopic, as per Corollary I11.2.6 from Differential Manifold by Kosinski.
Let F' : [0,1] x M — N be a smooth homotopy from f to g. Since both f M Z and
g M Z, we can select F' such that F' h Z, a consequence of a slightly stronger version of

Homotopy Transversality Theorem for Smooth maps (This is in details in the book by
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Differential Topology by Guillemin, Pollack). Considering F' h Z and OF M Z, it follows
that F~1(Z) is an immersed submanifold of [0,1] x M. By a version of Inverse Image

theorem applicable to manifolds with boundary, we have:
1 +dim(M) — dim(F~(2)) = dim(N) — dim(2)

This results in dim(F~(Z)) = 1, as dim(M) + dim(Z) = dim(N). Furthermore, any
compact 1-dimensional manifold is orientable, with the sum of orientation numbers at the
boundary points equating to zero, as established in in details in the book by Differential
Topology by Guillemin, Pollack. We have:
Z sign(z) =0

z€dF-1(Z)
Given that OF~1(Z) = f~Y(Z) U —¢g~'(Z), with the orientation on OF'(Z) chosen
appropriately and the negative sign indicating the reversal of orientation on g=!(Z), we

can deduce:

Z sign(z) = Z sign(x)

zef~1(Z) z€g—1(Z)

Remark 7.16.

Remark 7.12 suggests that if Z is an oriented immersed submanifold within an oriented
smooth manifold N, it induces an orientation on the normal bundle of Z in N. Conse-
quently, when f : M — N is transverse to Z, Inverse Image Theorem ensures an induced
orientation on the normal bundle of f~'(Z). Moreover, if M is oriented, Remark 7.12
implies an induced orientation on f~'(Z). These principles extend to cases where M

is an oriented manifold with boundary. In the context of these induced orientations,

OF1(Z) = f~YZ)U—g'(Z), as established in the proof of the preceding theorem.

With these considerations, we can define an intersection number I(f, Z) for any smooth
map f : M — N and any closed submanifold Z. This definition does not assume Z to

be transverse to f, but it still requires all the other previously stated assumptions.
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Definition 7.17.

Assume that M, N, and Z are oriented smooth manifolds, Z is a closed submanifold of
N, M is compact, and dim(M) + dim(Z) = dim(N). For any smooth map f: M — N,
the Homotopy Transversality Theorem (Theorem 7.7) implies that there is a smooth map
f1 transverse to Z and homotopic to f, and we define the oriented intersection number
I(f,Z) to be I (f1,Z). This number is well define because I (f, Z) is independent of the
choice of f; by Theorem 7.15.

Remark 7.18.
Every continuous map f : M — N between smooth manifolds M and N is homotopic
to a smooth map. Hence, the preceeding definition of the oriented intersection number

I(f, Z) also applies to a continuous map f: M — N.

Example 7.19.

f : Sl — SQ f(x,y) - (Z’,y,O)
g:S'— 5 g(z,y) = (2,0,y)
f(1,0) = (1,0,0) = ¢(1,0)
f(=1,0) = (-1,0,0) = g(—1,0)
W
. coes\)
9 /21.0,0) G)°)
vo L /(( \ Y\ORMQL
N, = (-1)0,3) @19
n)_ = ( ()0)0)
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So it has only 2 intersection point (1,0,0), (—1,0,0)
TupS' =((0,1)
df(1,0) (T(1,0)51> = ((0,1,0)) = (v)
dg(1,0) (T(l,O)Sl) =((0,0,1)) = (w)
0 1
det (v,w,ny) =10 0
1 0
So sign((1,0)) =1
T10)8" = (0, -1))
df-10) (T-105") = ((0,—1,0))

g0y (T-105") = {(0,0,-1))

0 -1 0
det (v,w,ny)=] 0 0 —1|=-1

-1 0 0

So sign((—1,0)) = —1
If g (S') = Z then I(f,Z) = > sign(z) = sign((1,0)) + sing((—1,0))

zef~1Z)
=1-1
=0
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Chapter 8

Morse-Smale function

Definition 8.1.
A Morse function f : M — R on a finite dimensional smooth Riemannian manifold (M, g)
is said to satisfy the Morse-Smale transversality condition if and only if the stable and

unstable manifolds of f intersect transversally, i.e.
W*(q) m W=*(p)

for all p,g € Cr(f). A Morse function that satisfies the Morse-Smale transversality

condition is called a Morse-Smale function.

The Morse-Smale transversality condition yields the following immediate consequence.

Proposition 8.2.
Let f : M — R be a Morse-Smale function on a finite dimensional compact smooth
Riemannian manifold (M, g). If p and q are critical points of f such that W*(q)NW*(p) #

0, then W*(q) N W*(p) is an embedded submanifold of M of dimension A\, — A,.

Proof. According to Theorem 6.2, W"(q) and W#(p) emerge as smooth embedded sub-
manifolds of M, with dimensions A, and m — A, respectively. Utilizing Theorem 6.2
and Corollary 7.3, we determine that W*(q) N W#(p) constitutes a smooth embedded

submanifold whose dimension is calculated as:

dimW*(q) +dimW?(p) —m =X A+ (m — X)) —m =X, — A,

Corollary 8.3.

If f: M — R is a Morse-Smale function on a finite dimensional compact smooth Rie-
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8 Morse-Smale function

mannian manifold (M, g), then the index of the critical points is strictly decreasing along
gradient flow lines. That is, if p and ¢ are critical points of f with W(q,p) # 0, then
Ag > Ap.

Proof. When W (q,p) # 0, it implies that there is at least one flow line from ¢ to p
contained within W(q, p). Since a gradient flow line is one-dimensional, we conclude that

dim W(q,p) > 1. O

Example 8.4 (Tilted Torus).

The torus T positioned vertically on the plane z = 0 within R3, with the standard height
function f : 7% — R as discussed in Example 4.16 and Example 6.5, does not qualify as
a Morse-Smale function. This conclusion arises from Corollary 8.3, as the gradient flow
lines of the standard height function f : 7% — R originate at the critical point r of index
1 and terminate at the critical point ¢ of the same index. Nevertheless, Kupka-Smale
Theorem (Theorem 8.5) suggests that, there exists an infinitesimally small perturbation
of the standard height function on 72 that does satisfy the Morse-Smale condition. One
plausible approach to conceptualize such a perturbation involves tilting the torus slightly
and observing the resultant gradient flow lines. So if we take the function f : T? — R as
f(z,y,2) = = + z instead of f(x,y,2) = z then we can see that this is an example of a
Morse-Smale function. Here dy, co are flow lines from index 2 critical points to index 1

and ds, ¢, are flow lines from index 1 critical points to index 0
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Theorem 8.5 (Kupka-Smale Theorem).
If (M, g) is a finite dimensional compact smooth Riemannian manifold, then the set of
Morse-Smale gradient vector fields of class C" is a generic subset of the set of all gradient

vector fields on M of class C" for all 1 < r < o0.

Proof. Refer to Lectures on Morse Homology by Banyaga & Hurtubise. m

Now we will discuss about some corollaries of A-Lemma. To get more details on the proof
of the A-Lemma and the corollaries refer to Lectures on Morse Homology by Banyaga &

Hurtubise.

Corollary 8.6 (Transitivity for Gradient Flows).
Let p,q, and r be critical points of a Morse-Smale function f: M — R. If W(r,q) # 0

and W(q,p) # 0, then W (r,p) # (). Moreover,

W(r,p) 2 W(r,q) UW(q,p) U{p,q,7}.

The preceeding corollary allows us to define a partial ordering on the critical points of a
Morse-Smale function f : M — R on a finite dimensional compact smooth Riemannian

manifold (M, g) as follows.

Definition 8.7.

Let p and ¢ be critical points of f : M — R. We say that ¢ is succeeded by p,q = p, if
and only if W(q,p) = W*(q) N W*(p) # 0,i.e. there exists a gradient flow line from ¢ to
p. The set of critical points of f, Cr(f), together with the partial ordering > is called

the phase diagram of f.

Corollary 8.8.

If p and ¢ are critical points of relative index one, i.e. if \,— A, =1, then

W(g,p) = W(g,p) U{p,q}
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Moreover, W(q, p) has finitely many components, i.e. the number of gradient flow lines

from ¢ to p is finite.

Proof. W(q,p)U{p,q} is closed due to Corollary 8.3, which indicates the absence of any
intermediate critical points between ¢ and p in the phase diagram of f. Consequently,

W(q,p) U{p,q} € M is compact, being a closed subset of a compact space.

The gradient flow lines originating from ¢ and terminating at p constitute an open cover
of W(q,p). This cover can be expanded to cover W(q,p) U {p, ¢} by incorporating small

open sets in W(q,p) U {p, ¢} surrounding p and ¢ along with each gradient flow line.

As every open cover of a compact space possesses a finite subcover, it follows that the

number of gradient flow lines from ¢ to p must be finite. O
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Chapter 9

Morse Homology Theorem

Let (M, g) denote a finite-dimensional compact smooth oriented Riemannian manifold,
and let f: M — R be a Morse-Smale function. In this context, ”Morse-Smale” implies
that for all critical points p and ¢ of f, the unstable manifold W*(q) and the stable
manifold W#(p) intersect transversally. We denote the intersection as W (g, p) = W*(q)N
W#(p). This intersection is either empty or a smooth manifold of dimension A\, — A, by
Proposition 8.2, where A\, represents the index of ¢ and )\, denotes the index of p. In cases
where W (q,p) is not empty, we write ¢ = p. We define Cr(f) as the set of all critical

points of f, and Cry(f) represents those critical points ¢ with A\, = k.

9.1 Orientation Conventions

For each p € Cr(f), we select a basis By of T;*M = T,W*(p) to establish the orientation
of T,W*"(p). This orientation of T M subsequently determines an orientation of 7°M =
T,W*(p), as T,M = T;M @ Ty M. Consequently, the embedded submanifolds W*(p) and
W*(p) possess orientations that align with the orientation of M at p. These orientations
extend to determine orientations of T, Ty M ~TM forall v € TyM, and T,T;M ~ T3 M
for all v € TSM. Thus, an orientation is established on T,W*"(p) for all z € W*"(p)
through the embedding £ : T)M — W"(p) as defined by the Stable/Unstable Manifold
Theorem (Theorem 6.2). Similarly, an orientation is determined on 7, W?*(p) for all

x € W?(p) through the embedding E£° : T5M — W*(p).

9.2 Counting Flow Lines with Sign - The two Defi-
nitions of n(q, p)

Consider two critical points p, ¢ of indices A\, = k—1 and A\, = k respectively, with ¢ = p.

Let v : R — M denote a gradient flow line from ¢ to p:
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S = ~(VNOM), im0 =g, Jm () =

t—o00

At any point z € y(R) € W(q,p), we can complete —(V f)(x) to form a positive basis
(—(Vf)(x),B;f) of T,W*"(q), thereby establishing the orientation of W"(q) at x. If
we select any positive basis BS of T,W*(p), it determines the orientation of W*(p) at
x. Consequently, (ch, B;«;) forms a basis for T, M. Assigning +1 or -1 to the flow ~
depends on whether <Bj,, B;;) forms a positive orientation for T, M. As the orientations
on W¥(q) and W*(p) are defined to ensure that E* and E" are orientation preserving,

this assignment remains consistent across = € y(R).

If A\, — A, = 1, then W(q,p) U {q,p} constitutes a compact 1-dimensional manifold
(Corollary 8.8), where the flow is directed for time ¢ € R. Consequently, M(q,p) =
W(q,p)/R forms a compact zero-dimensional manifold, i.e., it comprises a finite number
of elements, and the count of elements in M(q, p) equals the number of flows « from ¢ to
p. To each flow v from ¢ to p, we assign a number +1 or -1 using the orientations. The

integer n(q,p) € Z is defined as the sum of these numbers.

Remark 9.1.

Assigning +1 or -1 to a gradient flow line involves several choices. For example, we could
complete —(V f)(x) to form a positive basis (Z%;, —(Vf)(w)) instead of (—(Vf)(x), B};)
Similarly, we could use (BZ;, f?;) instead of (B;, E;) as the basis for T, M. It is evident
that altering one of these conventions merely changes the sign of n(q, p), thereby affecting

only the sign of the Morse-Smale-Witten boundary operator.

An Alternate Definition of n(q, p) Using Intersection Numbers:-

Let ¢ be a regular value in the open interval (a,b) where f(p) = a and f(q) = b. We

consider the unstable sphere of ¢:

S*(q) =W"(q) N f(e)
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9 Morse Homology Theorem

and the stable sphere of p:

S*(p) = W?(p) N f(e)

inside the level set f~'(c). By the preimage theorem, f~1(c) is an (m — 1)-dimensional
manifold oriented such that for any € f~!(c), a basis vy, ..., v, of T,f~*(c) is posi-
tive if and only if —(V f)(x),v1,..., vy, forms a positive basis for T,,M. Additionally,
Corollary 7.3 asserts that S%(q) is a (k— 1)-dimensional manifold and S*(p) is an (m —k)-

dimensional manifold, with orientations following the same convention as f~1(c).

Since the manifolds S“(q) and S*(p) intersect transversally in the submanifold f~1(c),
Corollary 7.13 implies that S*(q) N S*(p) is a 0-dimensional manifold, where each point
corresponds to a connecting orbit in W (g, p), i.e., S*(q) N S*(p) =~ M(q,p). As this set
is finite (Corollary 8.8), the integer n(q,p) € Z can also be defined as the intersection

number of the oriented manifolds S“(¢q) and S*(p) inside the oriented manifold f~!(c).

Definition 9.2 (Morse-Smale-Witten Chain Complex).

Let f: M — R be a Morse-Smale function on a compact smooth oriented Riemannian
manifold M of dimension m < oo, and assume that orientations for the unstable manifolds
of f have been chosen. Let Cy(f) be the free abelian group generated by the critical points

of index k, and let
C.(f) = P )
k=0

The homomorphism 0y : Ci(f) = Cr_1(f) defined by

@)= >, nlapp

p€CTr_1(f)

is called the Morse-Smale-Witten boundary operator, and the pair (C.(f), ;) is called

the Morse-Smale-Witten chain complex of f.

Remark 9.3.
The integer n(q, p) € Z in the preceeding definition is well defined by Corollary 8.8 of the

A-Lemma.
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9 Morse Homology Theorem

9.3 Morse Homology Calculation

Theorem 9.4 (Morse Homology Theorem).
The pair (C4(f),0s) is a chain complex, and its homology is isomorphic to the singular

homology H,.(M;Z).

Proof. Refer to Lectures on Morse Homology by Banyaga & Hurtubise. [Also we can say

that this theorem proves the well-definedness of the Morse Homology] O]

This can be also shown using the de-Rham Cohomology. But here they have used the
concept of the filtered Conley index pair; then we can use the similar proof technique
as CW-Homology theorem to get the desired result. Now we will try to calculate some

examples using the concepts of n(p, q).

Example 9.5 (S1).

f is the height function on this M = S*,

e

4 i 7 T: M

f Yl
«— I

= \\’/ T M

® %/\Mberd 1(1060/0 ne

Here we have choosen the orientation from left to right for the manifold and for all
the unstable manifold. So T, M, T,(W"(q)), has the same orientation. Now from the
orientation of the manifold the orientation of stable manifolds induced as T,,(WW*(p)) from
right to left. Now if z is in the left flow line from ¢ to p —V(f)(z) can’t be completed as

a positive basis of T, M so n(q,p) = —1.

Now if z is in the right flow line from ¢ to p —V(f)(z) can be completed as a positive
basis of T, M and B,(z) is null and B*(z) = —V(f)(x) so (B*(z), Bu(z)) = (=V(f)(z))

and it matches with the orientation of T, M So n(q,p) = 1.
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9 Morse Homology Theorem

Ci(f) =<q>,Co(f) =<p>,0i(q) =p—p=0. So all the boundary operators will be

0. So we have
7 ifk=0,1

0  otherwise

Hy ((Cu(f),05)) = {

Example 9.6 (Deformed S*).

f is the height function on this manifold.

f P,
7 7 ® W“(&)
%
j_ O Wk
e ondend ofhen unsiable manifld
s .
7;(» on Hhe onievtalion of M
3( Ps Pc

Here we have choosen the orientation from left to right for the manifold and for all
the unstable manifold. So T, M, T,,M, T,,M, T,,(W"(p1)), T,,,(W*"(p2)), Ty, (W*(ps3))
has the same orientation. Now from the orientation of the manifold the orientation of
stable manifolds induced as T}, (W?*(p4)) from left to right, T, (W*(ps)), right to left,
T (W*(pg)) right to left. Now if z is in the flow line from p; to ps —V(f)(x) can’t be

completed as a positive basis of T, M so n(py, ps) = —1 similarly we can say n(ps,ps) =
—1,n(ps,ps) = —1.

Now if z is in the flow line from ps to ps —V(f)(x) can be completed as a positive basis
of T,M and B,(x) is null and B*(z) = —V(f)(z) so (Bs(x),éu(a:)) = (=V(f)(z)) and
it matches with the orientation of T, M So n(py, ps) = 1 similarly we can say n(pi, ps) =
17n(p37p5) = 1.

Ci(f) =< p1,p2p3 >, Co(f) =< pa,ps,pe >, O1(p1) = pa — ps, O1(p2) = Ps — Pa,

O1(ps) = ps — pe- 1t is easy to see that Hy ((Ci(f),0y)) = ker 01 =< p1 + pa + ps >~ Z

since
O1 (p1+p2+p3) = (ps —ps) + (P —pa) + (p5s —ps) =0

and ker 0y =< py, p5, ps >~ ZDZDZ. The image of 0; is the free abelian group generated
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by 01 (p1) = pa — ps, 01 (p2) = ps — pa, and 01 (p3) = ps — ps. Hence,
Ho ((C4(f), 04)) = ker 9y/ im 0y
N< PayP5,Pe > | < Pa— D5, P6 — Pay Ps — Po >
~< P4,DP5,P65P4 = P5 = P6 >
~7Z

and we have
Z ifk=0,1

0  otherwise

as expected.

Example 9.7 (5" n > 1).
Here we will get two critical point of index [Refer Example 4.14] 0, n so all the boundary

operators are all 0 so H;(S™) = Z if j = 0,n otherwise it will be 0.

Example 9.8 (Deformed S?).

f is the height function on this manifold.

Here we have taken the same orientation fixing outward normal for the manifold. So
T,M, T,M, T,M and T,W"(q), T,W"(p), T,(W"(r) have the same orientation. This
implies T,,W*(q), T,W"(p) has also the same orientation. We get the orientation of

stable manifold around r from the orientation of the manifold that is from right to left.
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9 Morse Homology Theorem

So B*(w) = V(f)(w),B*(u) = =V (f)(u)

Now to complete —V(f)(u) to a positively oriented basis of T,/W*(p) we need to take
B, (u) which is inward facing similarly we need to take B,(w) which is outward facing.
Now we can see that (B*(u), Z%u(u)) is a positively oriented basis of T,,M So n(p,r) =1
and (B*(w), B,(w)) is a negatively oriented basis of T,,M So n(q,r) = —1. Now If
we get orientation of Ty(W?*(s)) from front to back induced by orientation on T, M.
Then —V(f)(b) can be completed to a positive basis of Tp,(W*(r)) where B, (b)) is from
left to right. (B*(b), B,(b)) is a negatively oriented basis of T,M as B*(b) = V(f)(b).
n(r,s) = —1. Now—V/(f)(b) can be completed to a positive basis of T,(W"(r)) where
B, (b)) is from right to left. (B*(a), B,(a)) is a positively oriented basis of T,M as

B*(a) = —=V(f)(a). So the sign is negative. So n(r,s) = +1

So we get C1(f) = (r); Ca(f) = (p,q), Co(f) = (s) now 0i(r) = 0;02(p) = r,02(q) = —7.
% Cof) 2 i) 2 Colf)

Ho((C. ) = ﬁf—%
H(Cof) = gt = W =0
H2 ((C*7f)) = I;;igj - <T<—(|J_>8> ~ 7

Example 9.9 (5™ x S™).

Whenm #n # 1 |m—mn| # 1 then Here will get four critical point of index 0, n, m, m+n
so all the boundary operators are all 0 so H;(S™ x S™) = Z if j = 0, m,n, m+n otherwise
it will be 0.

Now when either m =1 orn=1 |m —n| # 1 then we will get the gradient calculation
will be similar for index 1 to index 0 as Example 6.14 [Refer to example 4.21] so the

boundary operators will be 0 as calculated in Example 9.5.

If |m — n| = 1 then if one of them is 1 we can get the boundary operator from previous
example now after that we can see that we can deal with it similarly as the half part will
be constant through out the calculation. [Refer to 6.14,4.21]. So the boundary operators

will be 0 as calculated in Example 9.5.
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9 Morse Homology Theorem

Example 9.10 (T?).
As the previous height function is not Morse-Smale we are defining new function which

is Morse-Smale and easy to calculate.

¢ IINeY; M v ?ﬂéﬁgj 7%&}

(=07 |
A PR O Bco £

’ upy & To M
B J/lf © osuentation of W PA e
$ S/
(=) onuenlation waLwi
R O;‘“dil@d »f,wmo{mznﬁz\hoﬂ of mofeld

Torus is diffeomorphic to the quotient manifold [0,1] x [0,1]/ ~ [(x,1) ~ (x,0)] and
[(0,y) ~ (1,y)]. Now we define Morse function from M to R.f(x,y) = cos(2mzx) +
cos(2my). So Vf(x,y) = —2n(sin(27z),sin27y). and critical points are P = (0,0) =
(0,1) = (1,0) = (L.1) g = (0,5) = (L,3) r= (3:1) = (3:0) s = (5:3)

Index calculated as A\, = 2, A\, = 1, A\, = 1, A\; = 0 Now we will calculate the gradient flow

lines. [M is compact] v : R — M is a flow line through (z,y)
1) = (n(),72(1)) and 71 (0) = ,7%(0) =y

=V f(y(t) = (7(1),75(1))

After calculating this we get (y1(t),72(x)) = <tan_lec(x)t, tan_lec(y)t> c(z)&c(y) is a con-

™ ™

stant depending on x and y. Now

t— (t) — L1y
oo Y 2,2 =S

[when = # 0,1 or y # 0, 1]

t— —oo ~(t)— p=1(0,0),(1,1),(1,0),(0,1)

for point (P, K), (k, P) when P € {O, 1, %} we get [ low line (P, tan ec(k)t) , (tan_l e , P)

U U

ck)>0 YO<k<iandc(k)<0 Vi<k<l

Now we choose orientation by choosing normal outward direction. Our goal is now to cal-

culate sign for fly(t), flo(t) others will follow similarly we give orientation to T, (W*(p))
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same as manifold. Now we get induced orientation for T, (W#(q)) and T, (W?*(r)) now
—V(f)(x), =V (f)(y) completes the positive oriented basis using B,(z) & B.(y). Now
from the stable manifold we get B*(z)&B*(y). After getting this we can check that
<Bs(a:), Bu(az)> is positively oriented but (Bs(y), l%u(y)> is negatively oriented basis of

T, M and T,M so n(p,r) = —1 and n(p, q) = 1 for this x € fl,(t),y € fla(t).

This way we get. o(p) =q—q+r—1r=20,01(q) =s—s=0, 01(r) = s— s = 0; so every

boundary operator is * 0 .

0 J>2
~ 7 =
so H; (T2) = H;(M) = §p> . J
q,7) = j=
(s) ~Z j=
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Chapter 10

Morse Homology of Grassmannian

10.1 Morse Theory on the adjoint orbit of a Lie group

Definition 10.1.

A Lie group is a smooth manifold G that is also a group in the algebraic sense, with the
property that the multiplication map m : G x G — G and inversion map i : G — G,
given by

m(gvh) :gh7 Z(Q) :gilu

are both smooth.
1. A Lie group is, in particular, a topological group.

2. It is traditional to denote the identity element of an arbitrary Lie group by the

symbol e.

A Lie algebra g over R consists of a real vector space g equipped with a bilinear operator

] : gxg — g, called the Lie bracket. It satisfies the following properties for all X,Y, Z € g:
1. Antisymmetry: [X,Y] = —[Y, X]

2. Jacobi Identity: [ X, Y], Z]+[[Y,Z],X]|+[[Z,X],Y] =0

If G is a compact Lie group, then its tangent space at the identity 7,G can be identified

with the set of left-invariant vector fields on (G. Under this identification, T.,G = g forms

a Lie algebra with the Lie bracket operation on vector fields.

The smooth representation of a Lie group G on its Lie algebra g is called the adjoint

representation:

Ad: G — Aut(g)
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10 Morse Homology of Grassmannian

The differential at the identity of G gives a smooth map:
ad : g — End(g)

This makes the following diagram commute:

g — 5 End(g)
exp exp

G —2% 5 Aut(g)

Here, exp(X) is defined as the value at 1 of the unique 1-parameter subgroup « : R —
G whose tangent vector at zero is X € g. Furthermore, for any X,Y € g, we have

ad(X)(Y) = [X,Y].

Given zg € g, let G,, denote the isotropy group of the adjoint representation at z,
defined as:
Gy ={9 € G| Ad(g)(x0) =20} C G

and let GG - x¢ denote the orbit of the adjoint representation at x(, defined as:

G- xo={Ad(g)(z0) g€ G} C g

The homogeneous space G/G,, and the orbit G-z inherit smooth structures, and the map
h:G/Gy, — G-x given by h([g]) = Ad(g)(zo) is a G-equivariant diffeomorphism.|Refer

to Foundations of Differentiable Manifolds and Lie Groups by Warner.]

Definition 10.2.
Let z¢ € g, where g is the Lie algebra of a compact Lie group G. For any A € g we define

the function f4: G- x9g — R by
fA($) =< ZE’,A >

for all x € G - xg, where <, >: g x g — R is an inner product on g.

The function f4 depends on the choice of the inner product on the real vector space g.
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10 Morse Homology of Grassmannian

Definition 10.3.
A bilinear form B : g x g — R on a Lie algebra g is said to be associative if and only if

it satisfies

B([X,Y],Z) = B(X,[Y, Z])

for all XY, Z € g, where [,] denotes the Lie bracket on g.

Now we for any matrix group we will see some definition and results.
Ad(g)(X) = gXg™'
ad(X)(V)=[X,Y]=XY -YX
— X _ -
exp(X) =e* = Z o
k=0
det eX _ 6trace(X)
for all g € GG and for all X,Y € g. Moreover, using the properties of the trace it is easy

to show that the trace form

B(X,Y) ¥ Retrace(XY)

is an associative bilinear form, i.e.

Retrace([X,Y]Z) = Retrace((XY — Y X)Z) = Retrace(XYZ - Y XZ)
= Retrace(XY Z) — Retrace(Y X 7)
= Retrace(XY Z) — Retrace(XZY)
= Retrace(X(YZ — ZY))

= Retrace(X[Y, Z])

for all X,Y, Z € g, that is symmetric and invariant under the adjoint representation.

Lemma 10.4.
Suppose that G is a matrix group with Lie algebra g that satisfies the following condition:
if X € g, then 'X € g. Then the trace form is nondegenerate on g. Moreover, if

G =U(n),SU(n), or SO(n), then the trace form is negative definite on the Lie algebra
g.
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10 Morse Homology of Grassmannian

Proof. Suppose that X € g satisfies B(X,Y) =0 for all Y € g. Then taking Y =*X we

have

0=B(X,'X)
= Retrace (XtX)
= RGZ Xinij
1,3
= 1Xy/7
tj
and we see that X = 0. For G = U(n),SU(n), or SO(n), we have X = —'X for any

X € g, and hence,
B(X,X) == |X;/°
tj

Hence, for G = U(n), SU(n), and SO(n), the negative of the trace form is an associative

inner product on the Lie algebra g. O

From now on we will assume that the Lie algebra g has an associative inner product. Our
next step is to describe the tangent and normal spaces of the orbit GG - xy in terms of the

Lie algebra structure.

Lemma 10.5.
Let n: G x M — M be a transitive smooth action of a compact Lie group G on a smooth

manifold M, and let x € M. For all X € T, M there exists a Y € g such that

d

— tYy =X

Z(exp(tY). ) .

Proof. Let’s define n, : G — M as n,(g9) = n(g,x) for all ¢ € G. Then, the following

diagram commutes:

G

G/G, — M
Here, (3 is a diffeomorphism and 7 is a submersion. Hence, 7, is a submersion [Refer
to Foundations of Differentiable Manifolds and Lie Groups by Warner|. In particular,

dns|, : 9 — T, M is surjective, where e is the identity of G.
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Given X € T, M, we can choose a Y € g such that dn,(Y) = X. Then,

%n(exp(tY),x) o = %nx(exp(tY))

t=0

=X
The second equality follows, for instance, from Remark 3.36 of Foundations of Differen-

tiable Manifolds and Lie Groups by Warner. [

Lemma 10.6.

The tangent space at x € G - xg is given by

T, (G - x) = [g,2] = [, 0]

Proof. We will prove this for only matrix group. In the preceding lemma, if we consider

X €T, (G- xg), it implies the existence of a Y € g such that

< (Ad(exp(11)) () =X

d d 1
G @)| = Gl etesr) )|
= (et alen(-)|

= {((Y exp(tY))z(exp(tY)) ") — ((exp(tY))z(Y exp(tY)) ")} ,_,

={YIzl —I2YI} =Yz —2Y =[Y, 1]

Therefore, we have T, (G - xy) C [g, x]. Conversely, for any Y € g, the equality

,a] = S (Ad(exp(tY))(0))

t=0
shows that [V, x] represents the derivative of a path in G - zy passing through z at ¢ = 0.

Consequently, [g, 2] C T, (G - zo). Thus, we have
T: (G- xo) = [g,2] = [z, 9]

where the second equality arises from the skew-symmetry property of a Lie bracket. [
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10 Morse Homology of Grassmannian

Lemma 10.7.
The normal space at z € G - ¢y C g with respect to an associative inner product on g is
given by

No (G -20) ={Z €g|[Za] =0}

Proof. The vector Z € g is orthogonal to the tangent space at x € G - xq if and only if

one (and hence all) of the following equivalent conditions hold:

<Z,X>=0 forall X €T, (G- x)
&< Zx,Y]>=0 forall Yeg
& < [Z,z],Y >=0 forall Yeg

<[Z,2] =0

The second equivalence follows from associativity, and the last equivalence follows from

the fact that an inner product is nondegenerate. O

Lemma 10.8.
For any « € G-z and for any X € T, (G - z) the directional derivative of f4 : G-z9 — R

in the direction of X is

Dxfs=<X A>.

Proof. First, observe that the function f4 : G - 2y — R naturally extends to f4 : g — R.
Furthermore, along any tangent direction to G - ¢, the directional derivatives of f4 and

fa coincide. Therefore, we can compute the partial derivative of f, in the direction

X €T, (G- xg) as follows.
Dy fa =Tlim~ [fale +X) — fa(w)
XA_tl—%t A(m B A(w]
1
=lm-[<z+tX,A>— <z, A>]
t—0 ¢
1
=lim-[t < X, A >|
t—0 t

=< X,A >
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Lemma 10.9.

A point p € G - xq is a critical point of fs : G- zy — R if and only if

p, A] = 0.

Proof. The point p € G - zq is a critical point of f4 if and only if one (and hence all) of

the following equivalent conditions hold:

Dxfa=0 foral X € T,(G-x)

& (X,A)=0 foral X €T, (G- x)
< ([Z,p],A) =0 for all Z € g

< (Z,p,Al) =0 for all Z € g

< [p,Al=0

Here, the third equivalence follows from associativity, and the last equivalence follows

from the fact that an inner product is nondegenerate. O

10.2 A Morse Function on an adjoint orbit of the
unitary group

Let’s now specialize to the scenario where G = U(n+k) = {A € Mnikyx(ntk)(C) ‘t AA = ]an}
and the associated Lie algebra g = u(n + k) = {A € Mntk)x(n+k) (C)’t A= —A}, where

the inner product (-, -) is defined as the negative of the trace form. In other words,
(A, B) = —trace(AB)

for all A, B € u(n + k). Additionally, we designate a specific point and

To = ( Zé::: 8::: > € u(n + k) We denote the adjoint action of U(n + k) on u(n + k)
by g-x = Ad(g)(z) = grg™', where g € U(n + k) and =z € u(n + k). Later, we'll
demonstrate that with these definitions, the orbit U(n + k) - x is diffeomorphic to
Grnntk(C), the complex Grassmann manifold comprising n-dimensional complex planes
in C"™*. This will be achieved by establishing the diffeomorphism of both G, ,,11(C)
and U(n+ k) -zo to U(n+k)/(U(n) x U(k)), a smooth manifold of real dimension 2nk.

dim(U(n + k) /(U(n) x U(k))) = 2 x (Lt@htl) ol MEED — 9y
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Lemma 10.10.

The function f4 : U(n+ k) - 2o — R given by fa(z) = (x, A > satisfies

1

fa(e) = =3 (ga(a) - ©)

def

for some constant C' € R where ga(z) = |z — A|* for all z € U(n + k) - x9. Hence, the

functions f4 and g4 have the same critical points, and a critical point p is degenerate for
fa if and only if it is degenerate for g4. Moreover, a non-degenerate critical p of index A,

for the function f4 is a non-degenerate critical point of index 2nk — A, for the function

ga.

Proof. Given that the trace form is invariant under the adjoint representation, we have
< g-x0,9- 1o >=< grog ', grog~ ' >= Retrace(grog'grog"!) = Retrace(grorog™') =
Retrace(zozog~'g) = Retrace(zorg) =< g, x9 > for all g € U(n + k). Thus, ||z|* =
|zo||* holds for every & € U(n + k) - zy, meaning the orbit U(n + k) - xy resides within

the sphere of radius ||zo|| in u(n + k). Consequently,
ga(z) = |z — All*
=<z—Azr—A>
=<zr,r>-2<1r,A>4+<AA>
=-2<z,A>+C

for all z € U(n + k) - g, where C' = ||xo||* + || Al O

Let M be a manifold embedded in some Euclidean space R". Define a function £ : N —

R" by E(z,v) = x + U where N is the total space of the normal bundle of M in R", i.e.
N ={(z,V) e R" xR" |z € M and ¥ € N, (M)}

Definition 10.11 (Focal point).

A point e € R" is called a focal point of x € M with multiplicity p if and only if

E(z,v) = e for some ¢ with (z,?) € N and the Jacobian of F : N — R" at (z,7) has

nullity g > 0.
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Now we will discuss an Example of focal point of S*.

Center as a focal point of S!

Tangent at (cost, sint) will be (—sint, cost) so Normal at (cost, sint) will be (— cost, — sint)
Ng1 = {(cost,sint,zcost,zsint) | t € (0,27),z € R}
E: Ngi — R* E(cost,sint,zcost,rsint) = (z + 1)(cost,sint)

¢ :R? = Ngip(t,0) = (cost,sint, xcost,zsint)

—(x+1)sint cost

(z+1)cost sint | —(@+1)

Now |JEO<,0| =
s0 |Jg.,| = 0 iff x = —1 s0 (0,0) is the one and only focal point.

Definition 10.12.
Let uy,...,u, be local coordinates on M. The inclusion of M into R" determines r
smooth functions

Ty (Upy ooy U)oy @y (U, e Upy)
given by projecting onto the axes in R”. We will denote & (u1, ..., uy) = (z1,...,2,). The
first fundamental form associated to this coordinate system is the following symmetric

m X m matrix of real valued functions:

o) — (PF 0%
Yid) = 8UZ auj

The second fundamental form is the symmetric m x m matrix of vector valued functions

<€:J) where

- def aZf
¢;; = mnormal component of .
J Guzauj

Lemma 10.13.
The nullity of the Jacobian of E at (p,tv) € N equals the nullity of an r X r matrix of
the form

ox
Ou;
p

.9z
Ouj

— 7 - 0 0

* [(rrvm)x(rfm)

where I(;_m)x(r—m) denotes the (r —m) x (r —m) identity matrix. Hence, p+ v is a focal
point of p € M with multiplicity p if and only if the upper left m x m minor of the above

matrix is singular with nullity .
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Proof. Locally, we select r — m orthonormal vector fields

Wy (Ugy ey U)o ey Wy (U, ey Upy)
spanning the normal bundle of M C R". We introduce local coordinates (w1, . .., Upm,t1, .., tr_m)
on the total space of the normal bundle N as follows: Let (uy, ..., Upn,t1,. .., ) cOI-

respond to the point

(QZ Upy ..., U tha Uy ..., U ))GN

In these coordinates, the function £ : N — R” becomes

(UL, oy Uy by ey trm) :f(ul,...,uk)+Ztau7a(u1,...,um)

and its partial derivatives are
oe  0x n ) mt OW,
8ui Gul o ¢ 8uz

o
Ot

By multiplying the Jacobian of € on the left by the r x r nonsingular matrix whose
rows consist of the linearly independent vectors 88’” e, aan, Wi, ..., W,_m, we obtain an
r x r matrix whose nullity equals the nullity of the Jacobian of E. This matrix has the

following form:

oz We
<8ui ' 8u, + Z taau, au]> 0
OWq,
(Lt - @) Lr—myx (r-m)

Using the identity

0=

0 (5 0T\ _o@, or %
8ui “ auj 8uz (9Uj ¢ 8’&18'&]

we deduce that the upper left m x m minor of the matrix is

oF 07 . . =

a=

where > ! """ 4, is some vector ¥ that is normal to M. O

Lemma 10.14.

The point p € M C R" is a critical point of ga(z) = ||z — A||* if and only if A —p is
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normal to M at p. Moreover, if ¥ = A — p is normal to M at p, then the Hessian of gx

at the critical point p satisfies

ox
0 U;

or

p Quj

—

— 70

H, (QA) =2

p
Proof. In line with Definition 10.12, let’s denote
ga (F(ug, ... up)) = |- AP =2-7-2F-A+A- A

This gives us
89A or
=2 (F—A

Observing this, we note that g4 reaches a critical point at p if and only if p — A (or
equivalently A — p) is perpendicular to M at p. The second partial derivatives of g4 are

02g. o 0r %%
=2 L (F—A

8ui8uj
Thus, if ¥ = A — p is perpendicular to M at p, then p is a critical point of g4, and the

Hessian of g4 at p is represented by

—

— 70

or

b 0| of
p 8uj

=2
p (gA) auz

p

Lemma 10.15.
A point p € M is a degenerate critical point of the function g4 : M — R given by
ga(r) = ||z — A||* if and only if A is a focal point of p € M. The nullity of p as a critical

point of g4 of is equal to the multiplicity of A as a focal point of p € M.

Proof. If p represents a critical point of ga(z) = ||z — AJ|?, then according to Lemma
10.14, ¥ = A — p is perpendicular to M at p. Hence, E(p,¥) = A where (p,¥) € N.
Furthermore, Lemmas 10.14 and 10.13 affirm that the nullity of the Hessian H, (g4) and

the nullity of the Jacobian of E at (p,v) are equivalent. O
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Lemma 10.16.
The index of g4 = ||z — A||? at a non-degenerate critical point p € M is equal to the
number of focal points of p € M that lie on the line segment from p to A; each focal

point being counted with multiplicity.

Proof. The index of the matrix

—

or .
— 7l

8ui

or

p (9uj

H, (9a) =2

p

equals the count of its negative eigenvalues. By choosing local coordinates such that

T
Oou;
p P

values of (U . EZ) that exceed 1.

. oF
Ou;

> becomes the identity matrix, this count equates to the number of eigen-

For each eigenvalue A > 1, according to Lemma 10.13, the point p + %17 stands as a focal
point of p € M. Furthermore, the multiplicity of the focal point p + %17 matches the
multiplicity of A\ as an eigenvalue. Similarly, if p + tv represents a focal point of p € M
with multiplicity g where 0 < ¢t < 1, Lemma 10.13 suggests that % > 1 emerges as an

eigenvalue of (17 . %) with multiplicity pu. m
‘J | -0

As the focal point of St is the center of the S denoted as f here.and if we choose any
point inside the circle as A then we can see that the previous theorem is true as only
critical point is p, ¢ the diagonally opposite point of the circle where the diagonal passes

through A. As line joining between A,p passes through f with nullity of Jg as 1 so
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A, = 1. As line joining between A, ¢ doesn’t passes through f(only focal point of S') so
Ay = 0.

Remark 10.17.

When o serves as a unit vector normal to M at p, the matrix (17 . %) earns the title of
the second fundamental form of M at p in the direction of v. The eigenvalues of this
matrix are recognized as the principal curvatures of M at p in the normal direction of v,

while the reciprocals of these eigenvalues are termed the principal radii of curvature.

We will now utilize the preceding results for the manifold M = U(n+k) - o C u(n+ k).

It’s worth noting that according to Proposition 10.7,
N={(z,Z)ceuln+k)xuln+k)|zeUn+k) xyand [Z, 2] =0}

To determine the Jacobian of £ : N — u(n + k), we'll require a basis for the tangent

space of N.

Lemma 10.18.

Let N C g x g be the total space of the normal bundle of G - g, let x € G - xg, and let
Z € N, (G-x). If [Y1,2],...,[Yonk, x] is a basis for T, (G - zo) and Zopgyi1,-- -, Zz(n;—k)
is a basis for N, (U(n + k) - o), then

Xl = ([Yl,:l?],[Yi,Z])
Xonk = ([Yan_vf] ) [Y%k? Z])
Xonk1 = ( 0 >Z2nk+1)
: : L
Xyegny = (T Zyom))-

is a basis for T, z)N.

Proof. For j =1,...,2nk, let’s define paths 7, : R = U(n+k)-x¢ by v;(t) = (exptY;)- .

These paths through z satisfy 7;(0) = [V}, 2] for all j = 1,...,2nk. We assert that
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Vi (t) = (exptY)) - Z € Ny, y(U(n+ k) - x) for all j = 1,...,2nk. To comprehend this,

observe that:
[%(8),75 (5)] = [(exptY)) - z, (exptY;) - Z]

= (exptYj) - [z, Z]
= (exptY;) -0

=0
Thus, p;(t) = (v;(t),7;(t)) € N for all t € R and p;(0) = («,Z). Consequently,

P;(0) = ([Yj, 2], Y}, Z]) € Tia,z)N for all j =1,... 2nk.

Now, let’s define p;(t) = (v, Z +tZ;) for all j =2nk+1,..., 2((";]“)). Clearly, p;(t) € N
for all t € R and p;(0) = (v, Z). Therefore, the derivative p;(0) = (6), Zj> € Ty z)N for
all j =2nk+1,... ,2((";”“)). The linear independence stems evidently from the selection

of Y;’s and Zj’s. O

Lemma 10.19.

Let (x,Z) € N. For all j =1,...,2nk we have,
DXjE’(x,Z) = [}/3737] + [Y}vZ]v

and for all j =2nk +1,... ,2((”J2rk)) we have,

DXjE‘(:E,Z) - Zj'

Proof. First we need to extend E to whole u(n + k) x u(n + k).
For any 7 =1,...,2nk we have,
1
DBl ) =l § (B (0, 2) +1X,) — B, 2)
1
1
zlgré;(x+t[ig,x]+Z+t[iﬁ,Z]—m—Z)

= [}/3733] + [Y}vZ]'
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For any j =2nk +1,..., 2((”‘2%)) we have,

1
D, B|, 5 =lim~ (E ((z, 2) +1X;) - B(x, Z))

t—0

zlim%(E(x,Z—Fth) —(x+2))

t—0

1
:hmg(a:—{—BthZj—x—B)

t—0

- 7.

je

Theorem 10.20.
If A € u(n+ k) has distinct eigenvalues, then the function fs : U(n + k) -y — R given

by fa(z) =< x, A > is Morse function.

Proof. Let A € u(n + k) be a matrix with distinct eigenvalues, and p € U(n + k) - ¢ be
a critical point of f4. Given that p € U(n + k) - x¢, there exists g € U(n + k) such that
g-p = xg. Since the inner product <, > is invariant under the adjoint representation, we
can express fa(r) =< x,A > as fa(z) =< g-x,9-A >= foa(g-x) forall z € U(n+k)- .
Consequently, p is a non-degenerate critical point of f, if and only if z( is a non-degenerate

1

critical point of the function f,4. As A and g- A = gAg~" share the same eigenvalues,

it suffices to prove the theorem in the case where the critical point p = x,.

According to Proposition 10.9, xq is a critical point of f4 if and only if [z, A] = 0, or
equivalently, if and only if 5 commutes with A. Since x5 and A commute, there exists
g € U(n + k) such that both gzgg~! and gAg~! are diagonal. Successive conjugations
by permutation matrices can bring gzog~! back to zy while maintaining gAg~! diagonal.
Hence, there exists a g € U(n + k) such that g - xy = zg and g - A is diagonal. By the

same reasoning, we can assume that A is diagonal.

As per Lemma 10.10, z( is a non-degenerate critical point for the function fa(x) =<
x, A > if and only if it is a non-degenerate critical point for the function ga(z) = ||z — AJ|%.
Therefore, by Lemma 10.15, xy is a non-degenerate critical point of f4 if and only if the

Jacobian of E': N — u(n + k) is non-singular at (xg, A — x¢) € N.
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The computation of the partial derivatives of £ was accomplished in Lemma 10.19. To
conclude the proof, we need to select specific matrices Y7, . .., Yaux such that [Y1, 2], . . ., [Yank, o]
forms a basis for Ty, (U(n + k) - zo) and verify that [Y1, A], ..., [Yonk, Al , Zonkg1s - - - s Z(ntk)2

are linearly independent. (Note that [Y}, zo] + [Y;, A — zo] = [}, A].)

The following selections demonstrate linear independence clearly. For j =1,...,2nk, we

Anxn ank
Ckxn Dkxk

zeros elsewhere. For j = 2nk+1,..., (n+k)?, we select Z; = ( Ansn Bu ) by either

choose Y; = ( ) and C' =' B by assigning a 1 or i in some entry of B with

Crxn  Drxk
placing a basis element of u(n) in A zeros elsewhere or by placing a basis element of u(k)

in D with zeros elsewhere. O

10.3 Calculating Gradient

Lemma 10.21.
Define J(X) = [X,z] for all X € T, (U(n+k)-xp). Then J is an almost complex

structure on U(n + k) - xg, i.e. J? = —1.

Proof. According to Lemma 10.6, X € T, (U(n+ k) - x¢) if and only if X = [Y,z] for
some Y € u(n + k). Since g [Y,z] = [g-Y,g-z] for all g € U(n + k), we only need to

verify that [[[Y, xo], zo], xo] = — [V, @0 for all Y € u(n + k).

The matrix [Y, xo] takes the form:

Y, ol = ( z% _éB )

where the upper left block of zeroes is n x n and the lower right block of zeroes is k x k.

[[Y, zo] , 0] = ( —(2']0 @5 )

we observe that [[[Y, xo], xo] , zo] = — [V, o). O

Since

Lemma 10.22.
For all A € u(n+ k) and € U(n + k) - xy the projection of A onto T, (U(n + k) - zo) is
_[[Aa 513'], iL’]
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Proof. Consider A € u(n+ k) and x € U(n + k) - z9 C u(n + k). The projection of
A onto T, (U(n+ k) - xp) is defined as the unique vector X € T, (U(n + k) - zg) such

that A— X € N, (U(n+k)-xp). As per Lemma 10.7, this condition is equivalent to

[A— X,z] =0, or [A,z] = [X,z]. Thus, the lemma asserts that [A, 2| = —[[[4, z], 2], ],
implying that [—, z| serves as an almost complex structure on U(n + k) - zo. This fact
was demonstrated in Lemma 10.21. ]

Theorem 10.23.
The gradient vector field of fa is (Vfa) () = —[[A, z], z].

Proof. The vector (V f4) (x) is the unique element of T, (U(n + k) - x9) which satisfies
< (Vfa) (@), X >= Dx fa
for all X € T, (U(n + k) - o). So by Lemma 10.8,
<(Vfa)(2), X >=< A, X >

forall X € T, (U(n+ k) - xo). That is, (Vfa) (x) is the projection of A onto the tangent

space T, (U(n + k) - zp). The result now follows from the previous lemma. O

Remark 10.24.
For any x € U(n + k) - xo, the path 0,(t) = exp(t[4, z]) - = satisfies 0/,(0) = =V (fa) (z).
However, o, is not a gradient flow line. To see this we compute o, (ty) as follows. Define
G.(t) = 0, (t + o).

o, (to) = 6,,(0)

= oxp ((t+to)[A z]) -2

t=0

= %exp(t[A, x]) - (exp (to[A, 7]) - x)

= [[A, x], exp (to[A, z]) - ]

7 [[4, 04 (to)], 02 (to)]

The correct formula for the gradient flow lines of f4 are given in later; We will describe

t=0

the gradient flow lines in terms of the action of GL,.;(C) on the complex Grassmann

manifold Gy, 41 (C).
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10.4 The critical point of f4:U(n+k)-zp — R

Now, we'll select a particular Morse function defined on the orbit U(n + k) - xy and
determine its critical points and indices. Consider the matrix:

i 0
21

0 | (n+ k)i

Proposition 10.25.
The function fa : U(n + k) - 19 — R is a Morse function whose critical points are the
diagonal matrices in u(n + k) which have exactly n entries equal to ¢ and k entries equal

to 0 along the diagonal.

Proof. According to Lemma 10.9, a point p € U(n+k) -z becomes a critical point of the
function f, if and only if it commutes with the matrix A. Given that A is diagonal with
distinct eigenvalues, this criterion implies that p must also be diagonal. Since conjugation
by an element of U(n + k) preserves the eigenvalues of a matrix, p must have exactly n
entries equal to ¢ and k entries equal to 0 along its diagonal. Furthermore, by conjugating
xo with permutation matrices, it’s evident that all such diagonal matrices fall within the

orbit U(n + k) - x. O

To compute the indices of the critical points of f4, we will employ Lemmas 10.10 and
10.16. Before delving into the computation, let’s introduce some additional notation.
Consider an n-tuple o = (7, ..., r,) comprising integers from 1 to n+k, where r; < ry <
-+ < rp. This tuple, termed a Schubert symbol, encapsulates vital information for our
analysis. For any Schubert symbol o, we denote z, as the diagonal matrix in u(n + k)
with an ¢ in rows 7, ..., 7, and zeros elsewhere. Thus, o effectively specifies the critical

point x, under consideration.

To determine the index of z,, we need to identify specific matrices Y7, ..., Ya,, such that

Y1, 2], ..., [Yonk, ©o] form a basis for T, (U(n+k)-xy). To this end, we define the matrix
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Y, s(2) as follows: it takes the value z in the (r,s) entry, —Z in the (s,r) entry, and zeros

elsewhere. This leads us to the following proposition, which is self-evident.

Proposition 10.26.

If D € u(n+ k) is diagonal with entries (dy,...,d,1) along the diagonal then,
[Y,5(2), D] =Y, s (2 (ds — d,))

for all z € C.

Theorem 10.27.
The index of z, is twice the number of rows above each ¢ which consist entirely of zeros.

That is,

index of z, = 22 (r; —j) =2 <er> —n(n+1).
=1 j=1

Proof. According to Lemma 10.16, to determine the index of z, as a critical point of the
function ga(x) = ||z — A||?, we count the points B (taking multiplicities into account)
along the line segment between x, and A where the Jacobian of the function £ : N —
u(n + k) given by E(x,¥) = z + ¥ is singular at (z,, B — x,) in N. The multiplicity of B
corresponds to the dimension of the kernel of the Jacobian of E at (z,, B — x,). Since
x, also serves as a critical point of f4, its index as a critical point of f4 is 2nk minus its

index as a critical point of g4, as per Lemma 10.10.

Now, let’s delve into the computation by introducing matrices Y, (1) and Y, (i) in
u(n + k), where 1 < r < s < n+ k, with either r or s belonging to {ry,...,r,},
but not both. As [V, (1), x,] = £Y, (i) and [V, (i), z,] = £V, (1), it’s evident that
{lY, (1), z5], [Yrs(7), 25]} forms a basis for T, (U(n + k) - xy). We select the obvious
matrices Zopki1s- - -5 Z(nik)2 as a basis for N, (U(n + k) - 29), which possess only two
non-zero entries either 1, —1, or i in the position (r, s) where r, s either they both belong

to o or don’t.

Lemma 10.16 provides insight into the Jacobian of F at (z,,t(A — x,)) in N, where

0 <t < 1. We obtain the columns of this Jacobian by computing the commutators,
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leveraging Proposition 8.31:

) Y(it(s+1—r)—4) ifre{r,...,m}
D/T,S(D,Ia +t(A - xa)] - {Yrs(@ — zt(r—f— 1-— S)) if s € {Tl, .. ,Tn}

. YA —ts+1—=7)) ifre{r,. .., r}
D/T,S(Z);xa +t(A - 170)] - { 7S(t(7’ +1-— S) — 1) if s € {7’1, ce ,T’n}

Analyzing these commutators, it’s evident that the Jacobian has a non-trivial kernel if
and only if one or more of them are identically zero. The dimension of the kernel at such
a point is determined by counting the number of zero commutators. Thus, to compute
the index of x,, we count the number of commutators for which there exists a t such
that 0 < ¢ < 1 making the commutator zero. Since r < s, such a t exists if and only if
r belongs to {ry,...,r,}. For a fixed r in {ry,...,r,}, the number of allowed s values
equals the number of rows below row r in x, that consist entirely of zeros. Since both
Y, s(1), 25 +t(A—12,)] and [Y; (i), 2, + t(A — x,)] become zero for t = 1/(s+1—r), the
index of z, as a critical point of g4 is twice the sum of these numbers. Considering there
are r; — j rows of zeros above row 7;, and since there are k rows of zeros in the matrix,
there are k — (r; — j) rows of zeros below row r; for all j = 1,...,n. Consequently, the

index of z, as a critical point of g4 is given by:

2 Z — 7)) = 2nk — 2 Z
and the index of x, as a critical point of fa is 2377, (r; — ). O

Example 10.28.
Now to understand the technique of the proof we will calculate the index of a critical
point of Gry 4.

Now we know that the critical point of f4 on G.xy. is a diagonal matrix of dimension

0 0 0
. ) o 102 0 O
4 x4 withtwo’ i’ &two’ 0. A= 00 3 0
0 0 0 4
So the critical points are x (1 2), T(1,3), T(1,4), T(2,3)> T(2,4), T(3,2) LThe indices are 0,2,4,4,6,8

consecutively.

Now we will try to calculate index of one of the critical point then others will follow
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similarly.

Now first we need to calculate the index of this critical point as a critical point of the

function g4(z) = ||z — A|*

Now if we join x(24) with A by a line segment then. index will be sum of nullity of each

focal point on the line segment.

Now let’s consider the 4 x 4 matrices from u(n + k)

A5:

We can see that they are linearly independent and T,

By =

0

OO OO O oo

0 0

-1
0

SO OO O O

SO OO0 O o

o O O O

SO O OO OO

o O O

0
0
0
0

7A6:

7BIO:

00 00 0i 00 010
00 10 i 00 0 —-1 0 0
0 -1 0 0 As = 0000 Ay = 00 0
00 00 0000 000
00 0 0 00 0 i 0 00
00 0 0 0000 0 00
00 0 1 Ar = 0000 A = 0 00
00 —1 0 i 00 0 ~1 0 0
2,4) (U(4) ) IO) = <Ai>i6[8}
0034 0 0000 0 0
0000 000 i 0 0
i o000 |'P"=looo0o0 P20 0
0000 0i 00 0 —1

Similarly they are also linearly independent and Ny, , (U(4),20) = (B;)cpo159 Now for

O<t<xl

Columns are

SO O O o oo

0

SO OO OO oo

0

o O O

1

o O O

(@), (A= 20)) € Na(2,4)
Jr has columns [Ai,x(gA)—i-t(A—x(M))} Vi € [8] and B; Vi € [0,12].

00 i 0 0000 0 0 00
0000 000 i 0 0 01
i 000 loooo|'fo o 0o
0000 0 i 00 0 -1 00
—i(2t — 1) 000 i(2t — 1) 0
0 0 0 i(2t—1) 0 1
0 | 00 o0 0 | o
0 000 0 0
0000 000 —1 0 0
0000 000 0 0 0
0004|000 0 | 0 0
00 i 0 100 0 i(2t+1) 0

As 0 <t < 1soonlyfort=

ga and this implies 8 — 2 = 6 index in f4.
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10.5 A Morse function on the complex Grassman-
nian

We’ve established the existence of a Morse function on a specific orbit of the adjoint
representation of U(n + k) on its Lie algebra u(n + k). Now, let’s connect this function

to a Morse function on the complex Grassmann manifold G, ,11(C).

Consider Gy, ;,+£(C), the complex Grassmann manifold comprising n-dimensional complex
planes in C"**, and let C* C C"** be the subspace spanned by the first n standard basis

vectors. There’s a transitive action
Un+k) X Gnpir(C) = Grnii(C)

defined by mapping C" € G,, ,,+1(C) to its image under the linear transformation deter-

mined by a matrix in U(n + k). Clearly, the stabilizer of C™ consists of all matrices of

U, 0
0 U

where U,, € U(n) and Uy € U(k). Thus, we obtain a diffeomorphism

the form

U1 Grnk(C) > U(n+ k) /(U(n) x U(k))

Leveraging this diffeomorphism, we can embed G, ,,4++(C) into the Lie algebra u(n + k)
as follows: Define a map ¢y : U(n+k)/(U(n) x U(k)) = u(n+ k) by ¥o([U]) =U -z =
UxoU™L, where [U] denotes the coset represented by U € U(n + k). A lemma confirms

that 1), is a diffeomorphism, thereby establishing

Uy 00 2 Guna(©) 2 Uln 4+ k)/(U(n) x U(K) 2 Uln + k) - 2o

as a diffecomorphism. With this, we define a Morse function fa : Gy ik (C) — R by
Fa(@) = (0(z), 4) = — trace((z) )
where 1(x)A represents matrix multiplication.

Lemma 10.29.

The map 1), is a well defined diffeomorphism onto the orbit U(n + k) - o C u(n + k).

159



10 Morse Homology of Grassmannian

Proof. When a compact Lie group G smoothly acts on a manifold M, the quotient space
G /G, is diffeomorphic to the orbit G - x for all # € M (Theorem 3.62 of Foundations
of Differentiable Manifolds and Lie Groups by Warner). Hence, we only need to confirm

that U(n) x U(k) acts as the stabilizer of zy. Let’s identify U(n) x U(k) C u(n+ k) with

U, 0
0 Uk
where U,, € U(n) and Uy € U(k). For any U € U(n) x U(k), we have:
4 (U, 0 (i, ©
Unol™ = ( 0 Ug)\0 0
_ (iU, 0\ (U, 0
L0 0 0 ‘U,
_ (iUU, 0
N 0 0

= Zg.

matrices of the form

This demonstrates that U(n) x U(k) C U(n+ k),,. Now, assume U € U(n + k) satisfies

A, B
7= (¢ 5)

where A, is an n x n complex matrix and Dy, is a k X k complex matrix. Then,

UxoU™' = zy. Let

xo = Uxo'U

(A, 0\ ['A, C
““\c o)\ *B D,
(AJA, AT
"\ cta, cc )

In particular, this says that A,'A, = I,,, and hence, A, € U(n). So, all the columns and

rows of A, have unit length, and hence, B = C' = 0. Thus, U'U = I, implies that
Dy € U(k), and hence, U € U(n) x U(k).

Now we will see an explicit example of Morse function on Grassmannian.
Lemma 10.30.

IfU = < f(l;? 5 ) € U(n+ k) where A, is some n x n complex matrix and Dy, is some
k
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k x k complex matrix, then f4 (U - ) is given by,

n k
— Z]‘ (length of ™ row of An)Q - Z(] +n) ( length of j* row of 0)2 .

j=1 j=1

Proof. As in the proof of the preceding lemma we have,
A, B il, 0 A, 'C
-1 _ n n n ~
= (€ 5 ) (v o) (5 5)
(A, 0 t4, 'C
Lo oo tBt Dy
, ( AtA, AC )

=1

CtA, COtC
Hence,

fa(U-xg) =< UzoU ™, A >

_ _ 1 0
 trace | A MO
= race | Ot/_ln th 7 .
0 n+k
n n k n
==Y 3 Maal> =Y G+ lleql?
=1 =1 j=1 i=1

]

10.6 Stable & Unstable Manifold and Morse-Smale
function

Now, let’s delve into describing the gradient flow lines of fa : G, pnk(C) — R. This
description will be articulated in terms of the action of GL,1,(C) on G, ,,+x(C), which
represents the set of n-dimensional complex planes in C"**. This action is defined as
follows: for any G € GL,4(C) and any plane P € G, n4x(C), the product G - P is
defined to be G(P), the image of the plane P under the linear transformation determined

by G.
To embark on this, we introduce the following general lemma.

Lemma 10.31.
Let n: G x M — M be a smooth action of a compact Lie group G on a smooth manifold

M. Let x € M and let 0, : G — M be induced from 7. Then T, (G,) C ker dn,(e) where
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e € G is the identity and G, is the stabilizer of x. Moreover, T, (Gy.,) = Ad, (1% (G,))

for all g € G.

Proof. Consider a path v(t) in G, with v(0) = e. Since ~(¢) lies entirely within G,, the
function 7, ((¢)) is constant along this path. Therefore, its derivative with respect to ¢
evaluated at ¢ = 0 is zero, i.e., %nx(’y(t))’tzo = dn.(e) (7/(0)) = 0. This demonstrates

that T, (G,) C kerdn,(e).

1

To prove the second statement, let’s recall that Gy, = gG,¢9~" and then consider paths

of the form go(t)g~t, where o(t) € G, and o(0) = e. O

Lemma 10.32.
Let P € Gy +x(C). The gradient flow of the Morse function fa : Gy, 4k (C) — R through
P is given by vp(t) = exp(itA)(P).

Proof. Consider C* C C"**, the subspace spanned by the first n standard basis elements
of C***. Let U € U(n + k) be a unitary matrix such that U (C*) = P, and define z =
UzoU™' € u(n + k). In Remark 10.24, we observed that the path o, (t) = exp(t[A, z]) - =
in u(n + k) satisfies o/,(0) = [[A, z],z], which is minus the gradient vector of f, at x.
Under the diffeomorphism U(n + k) - 9 = G, n4x(C), this path corresponds to 7,(t) =
exp(t[A, z])(P). Since vp (t 4 to) = p(t) for some P € G, nx(C), it’s sufficient to prove
that 75 (0) = &7.(0). Define 1 : GL,,11(C) X Gy, n+£(C) = G, n44(C) as the smooth action
of GL,11(C) on Gy, 11(C) and let np : GLyk(C) = Gy gk (C) be induced from 7. In this
notation, yp(t) = np(exp(itA)) and 7,(t) = np(exp(t[4, z])). By the chain rule, we have
vp(0) = dnp (Inyx) (1A) and 6..(0) = dnp (I4x) ([A, x]) where 1,4k is the (n+k) x (n+k)
identity matrix. Thus, it suffices to show dnp (I,+) (1A — [A, z]) = 0. To demonstrate

that iA — [A, x| € kerdnp (I,,+x), we apply the previous lemma and show that,
1A — [A, SL’] - TIn+k (GLnJrk(C)P) =U (T1n+k (GLnJrk(C)(Cn)) U'i1

The stabilizer of C* € G, ,,+x(C) consists of matrices in GL,1,(C) whose lower left

k x n block is zero. Since GL,1(C) is open in C(”+k)2, the tangent space at I, of the
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stabilizer of C" consists of matrices in the tangent space whose lower left k x n block is

zero. Therefore, we express iA — [A, x] as such a matrix conjugated with U:
iA—[Az] =iA— [A UzoU™]
=iA—U [UAU, 20| U™
=U (iUAU — [UAU, 0] ) U !
Letting Y = U™ AU, it’s clear that 1Y — [Y, 2] has its lower left k x n block equal to

Zero. ]

Remark 10.33.
In Remark 10.24, it was demonstrated that &, (t) differs from —V(f) (6.(t)) for t # 0.
It’s natural to question why the preceding proof applies to the path yp(t) = exp(itA)(P)

but not to 7,(t) = exp(t[A, x])(P), given that both paths satisfy

1p(0) = ,(0) = =V (fa) (P).

The fundamental distinction lies in the fact that ¢A remains constant with respect to the
point P, whereas [A, x| does not. Consequently, while the path vp(t) fulfills vp (t + ) =

v5(t) for some P € Gy i (C), the same does not hold for the path &,(t).

It’s crucial to note that the matrix exp(itA) € GL,, ,4+x(C) is not unitary. Therefore,
the aforementioned description of gradient flow lines does not straightforwardly extend

to adjoint orbits U(n + k) - o C u(n + k).

Our objective now is to delineate the unstable manifolds W* (z,) of f4. We begin by re-
visiting the concept of Schubert cells associated with a Schubert symbol o = (r1,...,7,).
The associated Schubert cell e(0) C Gy, ,11(C) encompasses all planes P in Gy, ,44(C)
such that dim (PNC") = j and dim (PNC% ') = j—1 for j = 1,...,n. Here,

CJ C C"** represents the subspace spanned by the first j standard basis elements.

Recall that G, ,+1(C) is topologized as a quotient of the Stiefel manifold V,, ,1x(C) C

C™("+k) " This implies the existence of a map 7 : V;, 1 x(C) — Gy (C), which sends an
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n-tuple of linearly independent vectors in C"** to the n-plane they span. An open set

U C Gpnyk(C) if and only if 771(U) is open in V,, ,,(C) C CMnHR).,

For any Schubert symbol o, let P, be the plane spanned by the standard basis elements
€rys- - - €. Since P, corresponds to z, under the diffeomorphism ¢ : G, ,+(C) — U(n+

k) - xo, Theorem 10.20 asserts that P, serves as a critical point of f4 : G, n4k(C) = R.

Theorem 10.34.

For any Schubert symbol o = (ry,...,1,),

Proof. Let 0 = (ry,...,r,) denote any Schubert symbol, and consider P € e(o). To
demonstrate that P € W" (P,), we aim to show that for any open neighborhood U C
Gpnntk(C) containing P,, there exists 7' < 0 such that for all ¢ < T, we have vyp(t) =
exp(itA)(P) e U.

Given that P € e(o), we can select a basis vy, ...,v, of P such that for all j =1,...,n,
v; has a 1 in the r§h entry and zeros in entries 7; + 1,...,n + k. It’s worth noting
that exp(itA) is essentially a diagonal matrix with entries e, =2, ... e~ ("} along the

diagonal. Moreover, the vectors:
e exp(itA) (v1),...,em exp(itA) (v,)

span the plane exp(itA)(P). For j = 1,...,n, them™ entry of the vector e" exp(itA) (v;)

1s:

zemmtifm <1y — 1
1 itm=r;
0 ifm=r;+1,....n+k

Considering 4p(t) = (e"" exp(itA) (v1),..., e exp(itA) (v,)) as a path in V,, 4 (C), we
have 7 (7p(t)) = vp(t) for all ¢ € R. Since (e,,,...,e,,) € 7+ (U), where 7~ (U) is open
in V,, +%(C), and lim; o p(t) = (€4, ..., €r,), we can select T < 0 such that for all

t < T, we have p(t) € 7~ 1(U). This implies that yp(t) € U for all t < T

Having shown e(o) C W" (P,), we now consider P € W*" (P,). Since the Schubert cells

partition G, ,+1(C), there exists a Schubert symbol & such that P € e(d). Consequently,
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P € W*(P5) by the argument presented in the preceding paragraph. Since the unstable

manifolds are disjoint, this implies that & = o, and hence P € ¢e(0). O

To express the corresponding result for the stable manifolds W* (P,) of f4, we introduce
some notation. If e, ..., e,41 denotes the standard basis for C"**, we define the ”inverse

standard basis” as €; = epq,—j41 for j = 1,...,n+k. This leads to the "inverse filtration”
of C"** as follows:

C0'cC'cC*c---cC
where €7 denotes the subspace spanned by the first j inverse standard basis elements.
For a Schubert symbol ¢ = (rq,...,r,), we define the ”inverse Schubert cell” é(o) by

stipulating that P € é(p) if and only if for all 7 = 1,... n, the following conditions hold:
1) dim (P N C"+k+1—’"a‘> =n+1—j

2) dim (P N @M—W) —n—j.

An essential observation about the inverse Schubert cell é(o) is that P € é(o) if and only
if one can select a basis vy,...,v, for p where v; has a zero in entries 1,...,r; — 1 and

a 1 in the T;-h entry for all j = 1,...,n. The proof of the forthcoming theorem parallels

that of the previous one.

Theorem 10.35.

For any Schubert symbol o = (rq,...,7,) we have

The preceeding two theorems give us the following description of the intersections of the

stable and unstable manifolds of f4.

Corollary 10.36.
If o =(ry,...,rn) and & = (74, ...,7,) are Schubert cells, then W" (P,) N W* (P;) # 0 if

and only if ; > 7 forall j =1,... n.
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Proof. A plane P belongs to W* (F,) if and only if we can select a basis vy, ..., v, for P

such that v; has a 1 in the r;h entry and zeros in entries 7; + 1,...,n + k. Conversely, a
plane P belongs to W* (ps) if and only if we can choose a basis 01, ..., 7, for P where ¥,
has zeros in entries 1,...,7; —1 and a 1 in the f;h entry for all j =1,...,n.

If r; > 7; for all j =1,...,n, then the vectors wy, ..., w, where w; has a 1 in entries r;

and 7; and zeros elsewhere will form a basis for a plane in W* (P,) N W?# (P5). However,
if r; < 7; for some 1 < j < n, then a contradiction arises, demonstrating that there can

be no flow from P, to Ps.

Suppose there exists an n-plane P € W (p,) N W* (ps), and let vy, ..., v, and 01,...,0,
be as defined earlier. By adding certain multiples of ¥4, ..., 0, to ¥;, we can construct a
vector v € P that has zeros in entries 1,2,...,7; —1,741,7j42,...,7, and a 1 in the f}h
entry. However, v cannot belong to the span of vy, ..., v,. Therefore, the n-plane p would
need to contain the n + 1 linearly independent vectors vy, ..., v,,v. This contradiction

demonstrates that W (B,) N W* (P5) = 0. O

Following the previous corollary, we establish a partial ordering on the Schubert cells as
follows. Given Schubert cells 0 = (ry,...,r,) and 6 = (7,...,7,), we define ¢ > & if
and only if r; > 7; for all j = 1,...,n. Notably, under this definition, ¢ > ¢ if and only

it P, = P;.

For any pair of critical points P, and P; of fa : Gy 4x(C) = R, we define W (B, P5) =
W (P,)NW?#(P5). Now, we aim to demonstrate that for all critical points P, and P; of

fa, W*(B,) h W?(P5), i.e., fa:Gpnik(C) = R constitutes a Morse-Smale function.

Lemma 10.37.
Let # : E — B be a smooth fiber bundle. Let V,W be submanifolds of B and let
p € V.NW. The manifolds V' and W meet transversely at p if and only if there exists

some ¢ € 7 (p) with 7= (V) d 7= (W) at q.

Proof. First note that since 7 : E — B is a submersion 7~ (V') and 7! (W) are subman-
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ifolds of E' by Theorem 5.11. Also, transversality is a local property and so it suffices to
prove the lemma for a trivial bundle £ = B x F'. In this case we have,
7 (V)=VxFCBxXF
T 'W)=W xFCBxF.
For any q = (p,z) € 7 !(p) we have,
T, (7' (V) = T,(V) x T,(F)
T, (77 '(W)) = T,(W) x T,(F)
Clearly,

(Tp(V) x To(F)) & (T,(W) x To(F)) = T,(B) x To(F)

if and only if
Tp(v) D TP(W) = TP(B)

Theorem 10.38.

The function f4 : Gy +6(C) — R is a Morse-Smale function.

Proof. Let V,, ,4x(C) C C™("+k) represent the Stiefel manifold. Then = : Vanik(C) —
Gnntk(C) forms a smooth fiber bundle. Let o = (rq,...,7,) and 6 = (4,...,7,) be
Schubert symbols satisfying ¢ > &. For any P € W (F,, P5), we can select a basis
v1,...,v, for P such that v; has a 1 in the r}h entry and 0 in entries r; +1,...,n + k.
Likewise, we can choose a basis 71, ..., 0, for P with zeros in entries 1,...,7; — 1 and a

1 in the 7" entry.

Let ¢ = (v1,...,v,) € Vunsx(C). Our goal is to demonstrate

m (W (P) ha (W (Pr))

at q. Recall V,,,,x(C) C C™"*k)_ The tangent space T, (7! (W"(P,))) consists of
vectors (vy,...,v,) € C""*) where v; has entries r;+ 1,...,n + k equal to zero (j =

1,...,n). Similarly, T, (7=* (W?* (P,+))) comprises frames (71, ...,%,) € C""** where 7,
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has entries 1,...,7;,— 1 equal to zero (j = 1,...,n). Given r; > 7, forall j =1,...,n,

we obtain T, (7! (W"(P,)) @ T, (7= (W* (P)) = C"™F) = T, (V,, ,1x(C)) . O

10.7 The homology of Gr,, .

The insights we’ve gained pave the way for a straightforward computation of the homology

of Gy, n4x(C) utilizing the Morse-Smale function f4 : Gy, 11 (C) = R.

Recall that Theorem 10.20 establishes that the Morse function f, possesses even indices,
as f4 is a Morse-Smale function. This indicates that 0,, associated with the CW-complex
defined by f4 are all null. Hence, according to the CW-Homology Theorem and the
Second Fundamental Theorem of Morse Theory, the homology of G, ,,+x(C) can be as-
certained by enumerating the critical points according to their indices. This culminates

in the following assertion.

Theorem 10.39.
The homology group H; (G, n4+1(C); Z) is isomorphic to the free abelian group generated

by the critical points of f4 of index j for all j € Z,.

Definition 10.40.
A partition of j € Z,is an unordered sequence of positive integers with sum j. The

number of partitions of j is denoted by p(7).

The following table gives the value of p(j) for all j < 10.

j |01 2 3 45 6 7 8 9 10
pG) 1 1 2 3 5 7 11 15 22 30 42

For example, the integer 5 has seven partitions, namely:

11111, 1112, 113, 14, 122, 23, 5.

Theorem 10.41.

For all j € Z, the homology group H; (G, n+x(C); Z) is zero if j is odd and a free abelian
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group on 7(j/2) generators if j is even, where 7(j/2) denotes the number of partitions of

j/2 into at most n integers each of which is less than or equal to k.

Proof. For every Schubert symbol (ry,...,r,) with

(rm—1)+(2—2)+ -+ (rn—n)=75/2

we get a partition of j :

rn—1<ry—-2<r,—n

(if we ignore any leading zeros) consisting of integers less than or equal to k. Conversely,
give any partition i3 < s < --- < 4, of j/2 (which we pad with leading zeros to make

length n ) with integers that are less than or equal to k we have a Schubert symbol:
o=+ 1ia+2,...,i,+n)

In relation to the critical point z,,7; corresponds to the number of rows of zeros above

the j /2 i along the diagonal for all i = 1,...,j/2. This proves the theorem. O

Now we will sum up all the homology groups of Gra4, Gra4, Gra4 using the previous

results.
Homology Gray | Generatorsgr,, | Gras | Generatorsqg,; | Gras | Generatorsqy,
Hy 7 Z(1,2) 7 T(1,2) 7 2(1,2,3)
H, 7 L(1,3) Z T(1,3) 7 Z(1,2,4)
Hy LD L | x4y, T23) LD L | x4y, T@23) LD L | x125),7(1,34)
Hg Z Z(2,4) YASY/ T(1,5)5 T(2,4) YASY/ 2(1,3,5)5%(2,3,4)
Hyg Z X(3,4) YASY/ T(2,5)5 L(3,4) YASY/ 2(1,4,5),%(2,3,5)
Hlo 0 0 Z fL‘(375) Z I(274’5)
ng 0 0 Z ZE(475) Z :L“(37475)
H; [jisodd] | 0 0 0 0 0 0
H; [j > 12] 0 0 0 0 0 0

So we can see that Grgs ~ Grs 5
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