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Abstract

This thesis hopes to elucidate results needed to understand the Hodge
Decomposition for Compact Kahler Manifolds and discuss the Hodge diamond
associated with some interesting examples. We will start from the basics ,
introducing what a complex manifold is and move on to discuss Hodge Theory
on Compact Kahler Manifolds.
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Chapter 1

Introduction

Broadly speaking, Complex Geometry is concerned with spaces (analytic varieties)
and their geometric objects which are modelled on the complex plane.Complex
Geometry sits at the intersection of Algebraic Geometry, Differential Geometry,
and Complex Analysis, and uses tools from all three areas. We will be closely
following [1] ( with occasional references to [2] as our main reference).

Basic Definition of a Complex Manifold

To begin defining a Complex Manifold, we first need to look at what a Smooth
manifold is.

Definition 1.0.1. A Smooth (n) Manifold M is a Hausdorff, Second Countable
Topological space with the property that it has a collection of homeomorphisms
{ ¢i : Uy — ¢;(U;) € R™ } with the properties {U;} is a cover of M and the

transition maps ie: ¢; o gzﬁj_l is a smooth map whenever U; N U; # 0.

Remark 1.0.2. e This collection of these special maps (commonly called charts)
satisfying all the above properties is known as a smooth atlas.

e [t is common practice to denote the charts as a tuple (¢;,U;) .

e Any pair of atlases { (¢;,U;) } and {(¢x, Vi) } are equivalent if the
maps ¢; o 77[}];1 is smooth whenever U; NV}, # ()

Definition 1.0.3. A Complex (n) Manifold X is a Smooth (2n) Manifold with

a holomorphic atlas ie: collection of homeomorphisms { ¢; : U; — ¢;(U;) € C" }

with the properties {U;} is a cover of X and the transition maps ie: ¢; o qufl is are
holomorphic whenever U; N U; # 0.



Definition 1.0.4. Given two complex Manifolds X and Y then, a continuous map
f: X — Y is holomorphic if for each p € X ; 3 are charts (¢;,U;) and , (¢;, V;) :

pEUjgf_l(‘/i)ng) VicY
Pj ®i
pioforp; !
¥;(U;) > ¢i(Vi)

Remark 1.0.5. o f=(f1,....fn): U CC™— V CC"is holomorphic if each f;
is holomorphic in each variable

of:
ie: —f_ZEO;jzl,... ,mi=1,.. n
(9,2]-
e Homeomorphisms ¢; (described in definition 0.3) are known as Holomor-
phic charts and it is common practice to denote the charts as a tuple

(¢:,U;).

e A holomorphic function on a Complex Manifold X, if a holomorphic
function f: X — C and, the space of all holomorphic functions on open subset

U C X is given by Ox(U) (or) I'(U, Ox)

e Oy is the sheaf of all Holomorphic functions. O% is the sheaf of all non
-vanishing Holomorphic functions ( Function is always non-zero).

e Any pair of holomorphic atlases { (¢;,U;) } and {(¢x, Vi) } are
equivalent if the maps ¢; o @Dlzl is holomorphic whenever U; NV}, # ()

e [t is interesting to note that the definitions of Smooth and Complex mani-
folds differ only on the holomorphicity or smoothness condition on their atlas.
However, this simple change makes a huge difference. For Example, Holo-
morphicity of these charts implies that Complex Manifolds are orientable
unlike Smooth Manifold counterparts like RP?



Examples of Complex Manifolds and Holomorphic
Functions

Let us try to understand more about Complex manifolds and Holomorphic Maps
between these spaces using some non-trivial examples.

1.1 Affine Hyper-surfaces

An Affine Hypersurface X is the zero set of a holomorphic function f : C* — C.
Then, as a consequence Holomorphic Implicit function theorem ( If f: U C C”
— C holomorphic whose Jacobian has maximal rank at p € U .Then, 3 a neigh-
bourhood V in U and g: V — V’ C C biholomorphic such that f(g(z1,...,2,)) =
21 Y(21, ..., 2n) € V.) We have a atlas (U;,g;) of X , g; : Uy — C" ! and g; ogj_1 is
holomorphic and | J, U; = X

1.2 Complex Projective Spaces

P o= (C" A\ {0})/ ~ C

where z ~ A z Vz € C**\ {0}and, X € C*

Each element of P™ is represented by [zg @ : ... : Z,)

Then, the standard cover of P" is {U;|0 < i < n} where U; := {[z0 : ... : z,]|z: # 0}
We define charts ¢; : U; — C™ where, ¢;([2 : ... : 2,]) = (20/ 2, ...,ZJZZ-, ey Zn ] Z0)
[Hat coordinate is excluded in the map]

¢i]’(2’1, ceey Zn) = (Zl/Zi, ...,ijl/Zi, 1/2’1, Zj/Zi, ,Zn/21>

which is holomorphic for points in the domain as , 1/z is holomorphic when z # 0



1.3 Smooth Projective Varieties

Let f be a homogeneous polynomial in n + 1 variables zg , . . . , z,.
Assume that 0 € C is a regular value for the induced holomorphic map

T\ {0} > C

By the previous example of Affine Hypersurfaces, we know that f~*(0) = V(f) is a
complex manifold. X is covered by the open subset X N U; , where the U; are the
standard charts of P". Using the charts ¢; defined previously, the set X N U; is
identified with the fibre over 0 € C of the map

f; 2 (wy..wy) = flwy, o wig, 1w, . wy,)

1.4 Veronese and Segre Embedding

The degree d Veronese Embedding is given by,

Upg: P" — P Voa([20 0 oot 20)) = [28 28721 ¢ ... ¢ 29] each of the components

are degree d polynomials in each of the n + 1 variables.
Locally on the chart where 2z, # 0 We have,

PoUn.a0Py (21, ey Zn) = GooUnall : 21 1 oot 2p) = Go[l 1 21 ¢ i 28 = (21, 22, ..y 22)

which is a smooth immersion and it is easy to check it is a homeomorphism onto
its image.

The Segre Embedding is given by
Spm PP X P — POED )1

Snm([20 0o 0 20, [Wo 1 oot wy)) = [2owo 1 2pWh)

This map is in fact an embedding and verifies that the product of projective
spaces is a closed smooth manifold in a higher dimensional projective space.

1.5 Hopf (n -) Manifold

Let Z act C"\ {0} by (21, ..., zn) = (A\fz1, ..., A\¥z,) for k € Z.
For 0 <A< 1 the action is free and discrete.



Using the result (Let G x X — X be the proper and free action of a Complex
Lie group G on a Complex manifold X . Then the quotient X / G is a Complex
manifold in a natural way and the quotient map 7 : X — X/G is holomorphic.)
The quotient complex manifold X is called the Hopf Manifold.

The map ¢ : S?" ! x St =X
(b(t, L1y eeey I’Qn) — [)\t(l‘l =+ iZEQ, vy Top—1 + Z$2n)]

defines an diffeomorphism onto the Hopf Manifold X.

Remark 1.5.1. For n > 2, we know that Hy(S?""! x S') =0 .
Hence by Poincare Duality , we have that Hopf n-Manifolds are class of examples
of Non - Kahler Complex Manifold.



Chapter 2

Holomorphic Vector Bundles

In general, A vector bundle is a topological construction that makes precise the
idea of a family of vector spaces parametrized by another space X which we use
to generalise vector valued functions.

In our cases this space X, is a Complex Manifold and we will see that there are
certain holomorphicity conditions that are imposed.

We will see shortly that hypersurfaces in X and holomorphic line bundles on X are
related.

Definition 2.0.1. A holomorphic vector Bundle of rank r on a Complex Man-
ifold X is a Complex Manifold E with a holomorphic map 7 : E' — X (commonly
called projection map) such that each fibre E(x) := 7= '({z}) is a r - dimensional
C vector space.In addition, there is an open cover { U; } and biholomorphisms
;- w1 (U;) — U; x C" such that first component, 7y, 0 ; = 7|y, and the induced
map on each fibre E(x) is C - Linear isomorphism (such a map 1; is called a local
trivialization).

What the definition basically encodes is that there is a surjective holomorphic
projection from E to X such that locally, E is of the form U x C”

Remark 2.0.2. e A holomorphic line Bundle is a holomorphic vector bundle of
rank one

e The induced transition functions ¢;; : U;NU; — {Invertible C - Linear Maps of Rank r}
Yij(x):= ¢ o w;l(x, _): C" — C" is a holomorphic map.

e We think of this induced transitions function as, ¢;; : U; N U; — GL,(C)



e A holomorphic vector bundle should not be confused with a Complex vector
bundle. Complex Vector Bundle is a smooth vector bundle whose
fibers are C spaces and the transition maps are C linear ie: the local trivial-
izations are diffeomorphism not just biholomorphisms.

Definition 2.0.3. Given two holomorphic vector bundles E and F on X with pro-
jection maps g and 7p respectively. A vector bundle homomorphism from
E to F of rank k is a holomorphic map ¢ : £ — F such that 7rp o ¢ = 7 and
the induced map between fibers ¢ : E(x) — F(z) is a rank k C- linear map Vz € X

Remark 2.0.4. We say that two vector bundles E and F are isomorphic if 9 bijective
vector bundle homomorphism ¢ : £ — F

2.1 Tautological Line Bundle O(-1)

An important example that will come up later on is the Line Bundle.

O(—1) :={(l,2)|z € [I]} € P™ x C"! called the Tautological line bundle on P"

The projection map 7 : O(—1) — P" taking (1,z) — 1.

Thus, O(—1)(1) = {1} x [1] € P* x C""! is a C vector space of rank 1V [ € P".

Using the standard open charts {U;}, U; := {[wo, ..., w,] | w; #0 } C P"

We get the local trivializations ¢; : 71 (U;) — U;xC , ([wo, ..., wy], 2) = ([wo, ..., wy], ziw;)
where, z = (29, ..., 2n) = zi(Wo/Wj, ..oy Wi—1 Jw;, 1, Wit /W, ..., wy /w;)

The transition functions are ¢;;(z) is given by the matrix [z;/z;]

2.2 Operations on Vector Bundles

Similair to Smooth Vector Bundles, holomorphic Vector Bundles have a corre-
sponding result.

Theorem 2.2.1. Meta Theorem for Holomorphic Vector Bundles Given any canon-
ical construction in linear algebra gives rise to a geometric version for holomorphic
vector bundles. (In category theoretic language this result reads as, Given any
functor between the category of vector spaces there is an associated functor be-
tween the category of holomorphic vector bundles)

This result is important as it helps ensures that the following operations in fact
give rise to holomorphic vector bundles.
Given two holomorphic vector bundles E and F on X, with local trivializations
{¢; : 7" (U;) = U; x C* } and {p; : 7' (V;) — V; x C! } respectively. For ease of

9



calculation let A; = mer 0 ¢; and Bj = mci 0 @

1. Direct sum: E @ F is the holomorphic vector bundle over X with fibres
isomorphic to E(x) & F(x)
For a simple construction,
E&F:={(pv)|peX, veE(p)oF(p)
T:E®F — X x(p,v)— pis the projection map
Yag T LU NV;) = (U;NV;) x CFHare all trivialisations of E @® F
Y (@) = (b, (Ai(uw), By(v)) € (Ui 1 V) x T+
where, u € E(p) ve€ F(p) ut+v==zx
(It is easy to check that this map is well defined and satisfies all the required
conditions as a transition function)
From simple computation of transition functions gives that,
_ Cb(i,i/)(p) 0 ) , y
biig) .5 (P) 0 gy P EGNTNYNTY,
2. Tensor Product: E ® F is the holomorphic vector bundle over X with fibres
isomorphic E(x) ® F(x)
For a simple construction,
EeF:={(pv)[peX, veEp ®F(p}
T:E®F — X m(p,v)— pis the projection map
Vg T HUNV;) = (U;NV;) x CF are all trivialisations of E @ F
Ui (.) = (p, (Ai(w) ® By(v))) € (Ui N V) x CH
for, e E(p), veF(p) rz=u®v
(It is easy to check that this map is well defined and satisfies all the required
conditions as a transition function)
From simple computation of transition functions gives that,
Vigyaran(P) = 96 (P) @ pine VP € UiNUs NV; NV
( A ® B is the tensor product for matrices)

3. Dual Bundle : E* is the the holomorphic vector bundles over X with fibres
isomorphic to E(x)*

4. ith Symmetric Power: S°E is the holomorphic vector bundle with fibres iso-
morphic to S'E(x)

10



5. ith Exterior Power: A'E is the holomorphic vector bundle with fibres iso-
morphic to A'E(x)

6. Determinant Line Bundle: If E is holomorphic vector bundle of rank k then,
det(E) := AFE is a holomorphic line bundle.

7. If ¢ : E — F is a vector bundle homomorphism then, Ker(¢) and Coker(¢)
with fibres isomorphic to Ker(¢(z) : E(z) — F(x)) and Coker(¢(x) : E(z) —
F(z)) respectively.

Proposition 2.2.2. If 0 — F Iy F % G = 0is a short exact sequence of vector
bundle homomorphisms. We have, det(F) = det(E) ® det(G)

Proof. We have from the exactness of the vector bundle homomorphisms that f is
injective , g is a surjective vector bundle homomorphism with Coker(f) = G and
E = Image(f) = {(E) = Ker(g)
Then we have ¢ : E — Ker(g) and ¢ : G — Coker(g) be these vector bundle
isomorphisms
This gives vector bundle isomorphisms,
det(¢) : det(E) — det(Ker(g)) and det(¢) : det(G) — det(Coker(g))
det(¥)(v1, .y V) > det(W(v1), ..., V()
det(@)(vy, ..., vy) > det(p(vy), ..., d(vy))
¢ : det(E) @ det(G) — det(Ker(g)) @ Coker(g)) = det(F)
o(v ®@w) — det(y)(v). det(¢)(w) which we view as an element of det(F).
This is the required isomorphism and completes the proof.
O

2.2.1 Relation Between Transition Functions and Vector
Bundles

It is interesting to note the correspondence between transition functions and Vec-
tor Bundles.

If have already seen that the induced transition function are holomorphic maps,
but it is interesting to note that under matrix composition (or composition of linear
transformations),

[9ij]-[Pjx] = [pir] on Ui NU; N Uy

11



This is known as the cocycle condition.

On the other hand if we have an open cover { (U;);cx} of the complex manifold
X with a collection of holomorphic maps {(g;; : U; N U; = GL,(C))} Vi,j € A
satisfying the cocycle condition as shown above and g; = I,, Vi € A

Then, the E := A x X x C" /~ (i,p,v) ~ (4,p, gi;(p)v)

with projection map 7 : E — X and trivializations ¢; : 7= 3(U;) — U; xC" Vi€ X

m([i,p,v]) =p & &[4, p.v]) = (p,9i5(p)v) Vie X

forms a holomorphic rank k bundle over X with induced transition functions

Gij = gij YiFjEN

Definition 2.2.3. The Picard Group of a Complex Manifold X is the set of
all isomorphism classes of line bundles on X and denoted by Pic(X).

Proposition 2.2.4. Pic(X) is a group under tensor Product with the trivial bundle
(XxC) as identity and dual as the inverse map.

Theorem 2.2.5.
Pic(X) = HY(X, O%)((Group Isomorphism)

HY(X,0%) is the space of all holomorphic cocycles upto product by a non-vanishing
global holomorphic function

Proof. From the local definition it is clear that [E] € Pic(X) is determined by
a unique (Upto scaling by a global holomorphic function) collection of cocycles
{5, Ui N Uj b

Conversely, given a collection {¢;;, U; N U;} € HY(X, O%).

The map is clearly a group homomorphism as tensoring of line bundles correspon-
des to the product of its cocycles.

Finally, the Kernel of the homomorphism is all line bundles that are isomorphic to
the trivial line bundle. This is possible only when there is a global non-vanishing
holomorphic function from X to C m

2.3 Tangent Bundle and Adjunction Formula

Tangent Bundle corresponding to the Holomorphic atlas is infact a Holomorphic
Vector Bundle. We will denote this by Tx

12



The Holomorphic Tangent Bundle has cocycles { (J(¢i;) 0 ¢;,U;NU; ) }

Let Qx := T is the Holomorphic Cotangent Bundle and Kx := det(f2x) is
the canonical bundle.
Finally, If Y C X is a Complex Submanifold, Similair to the smooth case we have,

Txly = Tv P Nyyx

Where, Tx|y is the restriction of the Holomorphic Tangent Bundle of X on Y and
Ny, x is the Holomorphic Normal Bundle of Y in X.

This produces an Vector Bundle exact sequence,
0= Ty = Txly — Ny,x — 0 By our previous proposition, we get

Theorem 2.3.1. (Adjunction Formula) If Y is a Complex submanifold of a Complex
Manifold X then, Ky = Kx|y ® det(Ny,x)

13



Chapter 3

Divisors and Line Bundles

An important object that while come up often in future discussions are divisors.
In order to describe a divisor it is best that we learn a bit about analytic varieties
particularly, analytic varieties.

Ocn, :=A{(U, f)| f: U — C holomorphic U C C" open } / ~
where, (U,f) ~ (V,g) if there is an open subset W C U N V such that f = gon W

It is easy to check that under the operations (U,f) + (V,g) : = (UNV , f+
g) and, (U,f).(V,g) : = (UNV , fg) is a ring.
There is an interesting class of functions in this ring that are of particular interest
to us. Weierstrass polynomials refers to the subring Ogn-1,[21] in Ocn , .

Proposition 1.1.15 , 1.1.17 , 1.1.18 and 1.1.19 in [1] gives us that,
Proposition 3.0.1. 1. The ring O¢n , is a local Noetherian ring and a UFD.

2. Let f € Ocn, and let g be a Weierstrass polynomial of degree d. Then there
exist Weierstrass polynomial of degree < d and h € Ogn ., such that
f = g-h 4+ r. The functions h and r are uniquely determined.

3. Let g Ocn , be an irreducible function. If f € O¢n , vanishes on
Z(g) :=={z|g(z) =0}, then g divides f.

This ring Oc- , is important as the zero sets of functions f € Og¢n . help define
an analytic subset of C"

14



Definition 3.0.2. The germ of a set in the origin 0 € C" is given by a subset
X C C™. Two subsets X, Y C C" define the same germ if there exists an open
neighbourhood 0 €e U CC" with UN X=UNY.

Definition 3.0.3. A germ X C C” in 0 is called analytic if there exist elements
f17 e fk € O(Cnyo, such that X and Z(fl; ey fk) = { Z | fZ(Z) =0i=1 g oeee
k } define the same germ.

Definition 3.0.4. Let U C C™ be an open subset.
An analytic subset of U is a closed subset X C U such that for any x € X there

exists an open neighbourhood x € V C U and holomorphic functions fi,..., fx :
V — C" such that X NV ={z | fi(z) = ... = fr(2) = 0}.

Remark 3.0.5. From now on the set Z(f) denotes the zero set of the function f
(which is usually holomorphic).

Definition 3.0.6. Let X C C™ be a germ in the origin. Then I(X) denotes the set
of all elements f € Oc¢n o with X C Z(f).

Definition 3.0.7. An analytic germ is irreducible if the following condition is sat-
isfied:
Let X = X; U X5, where X; and X5 are analytic germs. Then X = X; or X = Xo.

Definition 3.0.8. Let U C C" be open. A meromorphic function f on U is a
function on the complement of a nowhere dense subset S C U with the following
property:

There exist an open cover U = |J, U; and holomorphic functions g;, h; : U; — C"
with by |gp\s -fi lups= 9 lua\s-

The set of all holomorphic functions on U is denoted by K(U).

Now we can better appreciate an analytic hypersurface.

Definition 3.0.9. An analytic hypersurface of X is an analytic subvariety Y C
X of codimension one, i.e. dim(Y) = dim( X) - 1.

A hypersurface Y C X is locally given as the zero set of a non-trivial holomor-
phic function. That is, it locally defines Y C X (induces germs of codimension one
and any such germ is the zero set of a single holomorphic function

Remark 3.0.10. In general any analytic hypersurface can be expressed as a union
(which we will assume to be locally finite) of Y; is a zero set of an irreducible
function in Oc¢n . and such sets are called the irreducible components of the hy-
persurface.

Definition 3.0.11. An analytic hypersurface of X is an analytic subvariety YC X. A
divisor D on X is a formal Z - linear combination of [Y;] which is locally finite (ie:

15



For each point x has a neighbourhood U , with finitely many Y; with non - zero Z -
coefficients a; and satisfying UNY; # () where, Y; are irreducible components of Y.

ie. D=Y alYVi] a€Z

The set of divisors is given by Div(X).
Remark 3.0.12. Every hypersurface defines a divisor Z[Y;] € Div(X), where Y;

are the irreducible components of Y. Conversely, to any divisor Z a;[Y;] € Div(X)

i
with a; # 0Vi one can associate the hypersurface, but this construction is clearly
not very natural.

Definition 3.0.13. A divisor D = Z%‘[Yi] is called effective if a; > 0Vi. In
this case, one writes D > 0. Z

Definition 3.0.14. Let Y C X be a hypersurface and let x € Y.

Suppose that Y defines an irreducible germ in x. Hence, this germ is the zero set
of an irreducible g € Oy .- If f be a meromorphic function in a neighbourhood of
z € Y. Then the order ordy,(f) (of f in x with respect to Y )is given by the
equality, f = g%+ hin Oy,

Remark 3.0.15. In fact one can show that the order does not depend on the defining
irreducible function g and locally, the order is the same for all regular points.

Definition 3.0.16. If D = Z%[Yi] is a divisor then, we associate an element of

H°(X, K% /O%) (which we will think of as a locally defined meromorphic function
which agrees upto a non-vanishing holomorphic function on the intersection) with
the divisor called O(D).

Let X be covered {U;}. Let g;; € O*(U;) be irreducible defining equation of
Y:nuU;.

fi="11 9

YmUﬁé@

is Meromorphic function (which is uniquely defined upto a non vanishing holomor-
phic function which depends on the defining equation).
Then, £ = [(f,, Uj)] = O(D)

16



Chapter 4

Differential Forms on a Complex
Manifold

In this section, we will try to develop some general results for Differentiable Mani-
folds with Almost Complex Structure M and observe what happens if M is replaced
by a Complex Manifold X. This section introduces several notions familiar to those
who have studied differential forms and differential operators on differentiable or
smooth manifolds.

Hermitian Structure and Almost Complex Mani-
fold

Definition 4.0.1. If M is a differentiable manifold then, an Almost Complex
Structure is a Vector Bundle Endomorphism I:TM — TM satisfying I? = ol =
—IleM

Remark 4.0.2. 1. As a consequence of [ T? = —Id|y iff dim(V) is even from
Linear Algebra |, Only even dimensional differentiable manifolds have an al-
most complex structure

2. (In this section) M refers to a Differentiable Manifold with an almost com-
plex structure I (or) an almost complex manifold.

3. (In this section) X refers to a Complex Manifold.

17



Proposition 4.0.3. If X is a Complex Manifold, Then X is an almost complex
manifold.

Proof. Let (U;, ¢;); be the holomorphic chart of X.
In each Uy , we will replace ¢, by the coordinates z; + iy; in C"

0 0 0 0

Th h Uy, define I : T'(U, TU), [(—)=— I[(+—)=———

en on each Uy, define I : T'(Ux) = T'(U), (axj) oy, (8%) o,
Which is infact C - linear map on each fiber . I? = - Id and full rank real vector

bundle endomorphism
O

Remark 4.0.4. It is important to note that the 4 - Dimensional Sphere is a smooth
manifold that has no complex structure (non-trivial result) but, has an almost
complex structure. Hence, Almost Complex Structure alone does not guarantee
smooth manifold has a holomorphic atlas.

Let M be an almost complex manifold. then, we can define a complexification
of the tangent bundle TcM := T'M ®g C which is a complex vector bundle (not
necessarily holomorphic)

w:TcM — M
T(v®@A) =p=mrm(v) ie: veT,M
©; - 7T_1(UZ' — U,L x C
@i(v @A) = (mrar(v), A) is C - Linear on each fiber and ¢;; 2 J(¢; 0 ¢;') 0 ¢;
Proposition 4.0.5. Let X be an almost complex manifold. Then the following two
conditions are equivalent:
i) da = 0(a) + 9(a) for all a € A*(X).
ii) On A(X) one has 11?0 d = 0.

Both conditions hold true if X is a complex manifold.

Proof. The last assertion is easily proved by reducing to the local situation .

The implication i) = ii) is trivial, since d = 9 + 0 clearly implies II%? o d = 0
on AM0(X).

Conversely, d = 0 + 0 holds on AP4(X) if and only if da € AP*H(X)®
APt X) for all a € AP9(X). Locally, a € AP4(X) can be written as a sum of
terms of the form fuw;, A... Awy, Awj A... Aw) with w; € AY(X) and w) €
A%(X). Using Leibniz rule the exterior differential of such a form is computed in
terms of df, dw;,, and dwj,, . Clearly, df € A*(X) @ A%'(X) and by assumption
dw; € A*°(X) & AY(X), and dw) = dw); € AY(X) ® A"*(X). For the latter
we use that complex conjugating ii) yields [1*° o d = 0 on A%!. Thus, da €
AL X) @ APaTH(X). O
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Definition 4.0.6. An almost complex structure I on X is called integrable if the
condition i) or, equivalently, ii) in Proposition 0.33 is satisfied.

Here is another characterization of integrable almost complex structures.

Proposition 4.0.7. An almost complex structure [ is integrable if and only if the
Lie bracket of vector fields preserves T)O(’l, ie. [T)O(’l, T ;’1} C T)[)(’l.

Proof. Let a be a (1,0)-form and let v,w be sections of T%!. Then, using the
standard formula for the exterior differential (cf. Appendix A) and the fact that
« vanishes on 7%!, one finds

(da) (v, w) = v(e(w)) = w(a(v)) = aflv,w]) = —a([v, w]).

Thus, da has no component of type (0,2) for all « if and only if [v,w] is of type
(0,1) for all v, w of type (0, 1).
O

Corollary 4.0.8. If I is an integrable almost complex structure, then 9> = 92> = 0
and 00 = —00. Conversely, if 9> = 0, then [ is integrable.

Proof. The first assertion follows directly from d = 0 + 0 (Proposition 2.6.15),
d?* = 0, and the bidegree decomposition.
Conversely, if 9> = 0 we show that [T)O(’l,TO’l] C TO’1 For v, w local sections

of T)O(’1 we use again the formula (da)(v,w) = (04( ) — w(a(v))— af|v,w]), but
this time for a (0, 1)-form a. Hence, (da)(v,w) = (0a)(v,w). If applied to a = df

we obtain

0= (0°f) (v,w) = v((0f)(w)) — w((@f)(v)) = (Of)([v,w])
= v((df)(w)) = w((df)(v)) = (Of)([v,w]), since v,w € Ty

= [0, w]) = (Of)([v, w]
=0+ (0f)([v,w]), sinced=0+0o

—
SH
o
~
~—
—
<

E

g +
a
~—
—~

)
n A°
Corollary 4.0.9. There exists a natural direct sum decomposition

k pq
/\X: GB /\X and A% o = @ AR
C

p+q=k pt+q=k

Moreover, AP4X = A??X and AR? = A%
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Definition 4.0.10. Let X be an almost complex manifold. If d : A% o — Al_?“cl is
the C-linear extension of the exterior differential, then we can define

d:=TIP" o d: AR — ATV 9 =TIP9H o d : ART — AR
The Leibniz rule for the exterior differential d implies the Leibniz rule for 0
and 0, e.g. I(a A B) =0(a)AB+ (=1)PT9a A I(B) for a € API(X)

Proposition 4.0.11. Let f : X — Y be a holomorphic map between complex
manifolds. Then the pull-back of differential forms respects the above decom
positions, i.e. it induces natural C-linear maps f* : AP4(Y) — AP%(X). These
maps are compatible with 9 and 0.

Proof. As for any differentiable map f : X — Y there exists the natural pull-back
map [*: A*(Y) — A*(X) which satisfies f* o dy = dx o f*.

If f is holomorphic, then the pull-back f* satisfies,
f*(AP9(Y)) C AP4(X) and [IPT 1 o f* = f* o TIPT14. Thus, for a € AP9(Y) one

has
Ox (ffa) = "M (dx (f*(a))) = TPFH9(f* (dy (@)))
= f* (I (dy () = f* (Oy (@)

Analogously, we have 0x o f* = f* o Oy.
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Chapter 5

Kahler Manifolds, their identities
and Dolbeault Cohomology

This section verifies identities specific to the Kahler manifold. Many complex
manifolds, (but by far not all) possess a Kéhler metric. This section also contains
a detailed discussion of the most important examples of compact Kéhler manifolds.

Following the discussion in the previous section we have a Hermitian Manifold
X with a metric g compatible almost complex structure J.
Then, we can define a Fundamental form w(«, 5) := g(J(«), 5)
Clearly, w is a smooth 2 - form.

Proposition 5.0.1. w is an alternating (1,1) - form which is locally given by % Z hijdzi\
ij=1
dz; in local coordinates {z;, Z;}. Where [h;;] is a hermitian positive definite matrix.

Proof. w(v,v) = g(J(v),v) = - g(v,J(v)) = - g(v,d(v)), = w(v,v) =0V €

QHX)
It is sufficient to verify the claim locally,
h:=g-iw,

h is a non-degenerate hermitian metric :

()h(v,v) = g(v,v) Vv € Q(X)

(ii)h(u v, A w) = pX h(v,w) Vo, w € Q}(X)

aazi = azi + (9;]

Finally, - i w(9.,,0,) = - i w((0s,, 0x;) = 8(0n;, Os,)

0(y,, O0y,) = - 21 w(0y,, Oy,) = - 21 w(0s,,0s,)

The matrix associated to a hermitian metric h is hermitian positive definite.
Hence Proved O
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As a consequence if proposition 0.40 the set of closed positive real (1, 1)-forms
w € AM(X) is the set of all Kéhler forms.

Corollary 5.0.2. The set of all Kahler forms on a compact complex manifold X is
an open convex cone in the linear space {w € A"(X) N A%*(X) | dw = 0}.

Proof. The positivity of a hermitian matrix (h;;(z)) is an open property and, since
X is compact, the set of forms w € A(X) N A*(X) that are locally of the form
w = %Z hijdz; A\ dZ; with (h;;) positive definite at every point is open. The dif-
ferential equation dw = 0 ensures that the metric associated to such an w is Kéhler.

In order to see that Kahler forms form a convex cone, one has to show that for
A € Ry and Kahler forms wq,ws also A - w; and w; + wy are Kahler forms. Both
assertion follow from the corresponding statements for positive definite hermitian
matrices.

]

We can now define some operators
i) The Lefschetz operator : L : A" X — A" X, o — a A w is an operator of
degree two.

ii) The Hodge *-operator:  : A*X — A*" % X is induced by the metric
g and the natural orientation of the complex manifold X. Here, 2n is the real
dimension of X.

ie: As there is a nowhere vanishing volume form.
There is a non-degenerate pairing, \*X x A *X — R

(0, 0) = anp

Then, we define an inner product on A*(X)
As inner product is a non - degenerate pairing ,
0 AF(X) =2 (AC=R) (X)) =2 (ACP=R) (X)) satistying,

g(a, B)Vol = a A x(f3)

Locally, If eq, ..., e, is an orthonormal local frame of TX
We have, x(e;, A...A\e;,) =e; N...Nej,_,
where, Vol = (e;; A ... Ae; ) A(ej, Ao ANej, )

iii) The dual Lefschetz operator:

Ai=sloLox: N"X — N ?X

is an operator of degree -2 and depends on the Kéhler form w and the metric
g (and, therefore, on the complex structure J ).
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All three operators can be extended C-linearly to the complexified bundles
/\fé X. By abuse of notation, those will again be called L, %, and A, respectively.

Proposition 5.0.3. Let (X, g) be an hermitian manifold. Then there exists a direct
sum decomposition of vector bundles

;\X:@Li (Pk—2iX)

i>0
where P*=2 X := Ker (A CANTEX o N\ X) is the bundle of primitive

forms.

PEX = B Prex
pt+q=k
where, PP9X = PEHX N AP X.

We now define the adjoint operators ( these are infact adjoint under an inner
product which we will see later)

d* = (=)D y od o x 0 AF(M) — AFH(M)

and the Laplace operator is given by

A =d"d+ dd*

If the dimension of M is even, e.g. if M admits a complex structure, then
d* = — x od o *. Analogously, one defines 0* and 9* as follows.

Definition 5.0.4. If (X, g) is an hermitian manifold, then

0" ;= —x00ox and 0F = — % 00 o *.

Proposition 5.0.5. Hodge *-operator maps A”4(X) to A"~¢" P(X). Thus,

APa(X) i y APLa(X)

Qi

Anfp,nfq (X) 9 Anfq,nfp+1 (X)
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and, similarly, 9* (AP(X)) C AP 1(X).

The following Proposition is an immediate consequence of the decomposition
d = 0+ 0 which holds because the almost complex structure on a complex manifold
is integrable.

Lemma 5.0.1. If (X, g) is an hermitian manifold then d* = 0* 4+ 0* and 0** =
92 = 0.

Definition 5.0.6. If (X, g) is an hermitian manifold, then the Laplacians associated
to 0 and 0, respectively, are defined as

Np:=00+00" and Ay:=0"0+ do*

Ng, Nj : APYX) — AP(X)

All these linear and differential operators behave especially well if a further
compatibility condition on the Riemannian metric and the complex structure is
imposed. This is the famous Kahler condition formulated for the first time by
Kahler.

Definition 5.0.7. A Kéahler structure (or Ké&hler metric) is an hermitian structure
g for which the fundamental form w is closed, i.e. dw = 0. In this case, the
fundamental w form is called the Kahler form.

The complex manifold endowed with the Kahler structure is called a Kahler
manifold. However, sometimes a complex manifold X is called Kéhler if there
exists a Kahler structure without actually fixing one. More accurately, one should
speak of a complex manifold of Kahler type in this case.

Remark 5.0.8. Hermitian structures exist on any complex manifold but, as we will
see shortly, Kahler structures does not always exist.

A simple example is the Hopf 2 - Manifold (As the 2nd Homology Group is
Trivial, it cannot be Kahler).

The local version of a Kahler metric has been studied in detail in Section 1.3
of [1]. Where we see that the condition dw = 0 is equivalent to the fact that the
hermitian structure g osculates in any point to order two to the standard hermitian
structure (see Proposition 1.3 .12 in [1] for the precise statement).
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5.1 Examples of Kahler Manifolds

5.1.1 Fubini Study Metric on Projective Spaces

The Fubini-Study metric is a canonical Kéhler metric on the projective space P".

Let P" = (J;_, U; be the standard open covering and ¢; : U; = C", (20 : ... : 2,) —
(%,...,%,..., - ) Then one defines
i " zy 2
i = —851 L1
Wi = o og<;%>¢4()

which under ; corresponds to

L 9dlog < lwi|* + 1)
2T
k=1
Observe that |

n 2 2 2
log<z ? )zlog(? ) log(

i -
i i <
=0 =0
Thus, it suffices to show that 90 log< 4

)l

2
) = 0on U; NUj. Since Z is the

7

J Zj

j-th coordinate function on U;, this follows from

gdtos s =0 (L)) 0 (22) o () _q
2Z 2z z
Next, we observe that wpg is a real (1, 1)-form. Indeed, 00 =90 = —0d yields
w; = w; (As Kahler Manifolds are intergrable). Moreover, wgg is closed, as Ow; = 0.
It remains to show that wpg is positive definite, i.e. that wpg really is the
Kéhler form associated to a metric. This can be verified on each U; separately. A
straightforward computation yields

_ n d i d_i _id 7 A id_i
00 log <1+Z\wi|2> _ 2w u; (o mdw) (ZwQ )
1+ 3 |wil (143 |wil?)
1

= hijdw; N dw;
2 Z ij ) 7
(14 fwil?)
with h;; = (1 + > |wi]2> 0;; — w;w;. The matrix (h;;) is positive definite,

since for u # 0 the Cauchy-Schwarz inequality for the standard hermitian product
(,) on C" yields

i=1
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u' (hij) = (u,u) + (w,w)(u,u) — u'ow'a
= (u,u) + (w, w)(u,u) — (u, w)(w, u)
— () + (w,0)(u, ) — (0, 0 ()
= (u,u) + (w,w)(u,u) — |(w,u)]* >0

5.1.2 Complex Curve

ii) Any complex curve admits a Kéhler structure. In fact, any hermitian metric is
Kahler, as a two-form on a complex curve is always closed.

5.2 Projective Manifolds are Kahler

Proposition 5.2.1. Let g be a Kéhler metric on a complex manifold X. Then the
restriction g|,- to any complex submanifold Y C X is again Kahler.

Proof. Clearly, g|y is again a Riemannian metric on Y. Since T,Y C T, X is in-
variant under the almost complex structure [ for any z € Y and the restriction of it
to T,Y is the almost complex structure Iy on Y, the metric g|, is compatible with
the almost complex structure on Y. Thus, g|, defines an hermitian structure on
Y. By definition, the associated Kéhler form wy is given by wy = gy (Iy(),()) =
g(I(), )y = wly. Therefore, dywy = dy (w|y) = (dxw)|y =0 O

Corollary 5.2.2. Any projective manifold is Kéhler.

Proof. By definition a projective manifold can be realized as a submanifold of
P". Restricting the Fubini-Study metric yields a Kéhler metric.

The following Proposition calculates the mixed commutators of linear opera-
tors, and differential operators explicitly. The Kahler condition dw = 0 is crucial
for this.

5.3 Kahler Identities

Proposition 5.3.1 (Kéahler identities). Let X be a complex manifold endowed with
a Kahler metric g. Then the following identities hold true:

i) [0,L] =[0,L] =0 and [0%,A] = [0",A] = 0.

ii) [0, L] =10,[0%, L] = —i0 and [A, 9] = —i0*,[A, 0] = i0".

iii) Ap = Ay = +A and A commutes with %,9,9,0%,0, L, and A.

The theorem will be proved in terms of yet another operator d°.
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Definition 5.3.2.
d°:=T'odoI and d° := — % od® o %

d¢ is a real operator which is extended C-linearly. Equivalently, one could define
d® = —i(0 — 0)

Indeed, if a € AP9(X) then

10— 0)(a) = iP*1799(a) — iP~7710(ar) = P 9d(a) = id(I(ax))

Also, dd°® = 2i00

Assertion ii) implies [A,d] =i (9" — 9%) = —i* (0 — 9)x = —d°*. In fact, using
the bidegree decomposition one easily sees that [A,d] = —d°" is equivalent to the
assertions of ii).

Proof. Let us first prove i). By definition

[0,L)(a) = 0w A a) —wAd(a)=0w)Aa=0,
for O(w) is the (1,2)-part of dw, which is trivial by assumption.
Similairly, [0, L](«a) = 0(w) A a = 0.
For a € A*(X) we have,

[0%,A] () = — % O s "Lk () — % "Lk (— % 0%) ()
= —%0L*(a) — (=1« Lo * () = —(*0L * — * LO*)(a)
=—x%[0,L] * (a) =0.

Here, we used that *? = (—1)* on A*(X).

The last assertion can be proved analogously. It can also be verified by just
complex conjugating: [0*,A] = [5*, M = [5*,A] = 0, where one uses that * and
A are C-linear extensions of real operators.

ii) Using the Lefschetz decomposition, it is enough to prove the assertion for
forms of the type Lia with a a primitive k-form. Then da € A*1(X) using the
Lefschetz decomposition can be written as,

do = ag + Lag + L + . ..

with «; € PF*1721(X). Since L commutes with d and L™ *"a = 0, this yields

0= Ln7k+1a0 + LnkarQOél + Lnfk+3oé2 4o

As the Lefschetz decomposition is a direct sum decomposition, this implies
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Ln=k+itla, =0, for j =0,1,. ...

On the other hand, L* is injective on A*(X) for £ < n — .
Hence, since a; € A¥17%(X), one finds o; = 0 for j > 2.
Thus, da = ag + Laq with Aag = Aaq = 0.
Let us first compute [A,d] (L7a) for a € P*(X). Using [d, L] = 0, Aoy; = 0,we
get,

ANdDa = ADda = ALV oy + AL Loy
=—jk+1—-n+j—-1)L " ap—G+D(Ek—-1—n+75) Lo
and
dALa = —j(k—n+j— 1)L da
=—jlk—n+j—-1) (L "o+ Loy).

Therefore,
A d] (Do) =—jLl " ag— (k—n+j—1)Lay
On the other hand we have,

—dLa=+xI""dlx Lo

1 ! ;
— Ildl ((—1)’@—(” = () )
K(k+1) J! _ ke i .
= () ey LT da) wsing B = (-1
K(ht1) J! _ b ki
= () e (U (e g D )

k(k;l) o (k+1)2(k+2)

= (1) J (L o)
+(-1) (n—k—j+1) (L)
= —jL ag— (k—n+j—1)Lay.

k(k+1) k(k—1)
7 thtTo

This yields [A, d] = —d°".
iii) We first show that 09* 4+ 0*9 = 0. Indeed, assertion ii) yields i (99*+ 0*9) =
O\, 0] + [A, 0]0 = OAO — OAO = 0. Next,
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Ay = 00 + 00"

= i[A, 9]0 + 0]\, J]

= i(ADD — OND + OAD — DON)
i(ADO — (O[A, 0] 4+ DOA) + ([0, A]0 + ADD) — DOA)
=i (ADO — i00* — DOA — i0*0 + NOD — HON)

In order to compare A with Ay, write

A=(0+09)(0"4+0)+ (0°+09%) (0+0)
= DNy + Ag + (00" + 9°0) + (90" + 9*0)
=As+A54+0+0

= 2Ay.
Using dd® = 2i00 = —d°d, one computes AA = Add* + Ad*d = dAd*— id**d* +
d*Ad = dd*A + id*d® + d*dA — id*d® = AA. O

5.4 Dolbeault Cohomology

X is a Complex Manifold. The (p,q) - Dolbeault Cohomology is given by:
170a) (X) = Ker(_g c AP (X)) — APt (X))
Im(0: Apa—1)(X) — AP (X))
The Dolbeault cohomology of X computes the cohomology of the sheaf,

HP)(X) = HY(X, Q%)
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Chapter 6

Hodge Theory on Kahler
Manifolds

In this chapter we will focus on Compact hermitian and Kéahler manifolds. The
compactness allows us to apply Hodge theory, or the theory of elliptic operators
on compact manifolds.

If X is a complex manifold with an hermitian structure g, we denote the her-
mitian extension of the Riemannian metric g by g¢. It naturally induces hermitian
products on all form bundles.

Definition 6.0.1. Let (X, g) be a compact hermitian manifold. Then one defines
an hermitian product on Ag(X) by

(0, ) = /X go(a, ) 1.

Lemma 6.0.1. Let X be a compact hermitian manifold. Then with respect to the
hermitian product (,) the operators 0% and 0* are the formal adjoints of O and 0,
respectively.

Proof. The proof is similar for 9 and 0 .
Let a € AP719(X) and B € AP(X).
By definition,
00.9) = [ golda,) s 1= [ dansd
X X
_ / B A #F) — (-1)P+q1/ o N O(F).
X X

The first integral of the last line vanishes due to Stokes’ theorem, as o A *f3 is a
(p—1,q9) +(n—p,n—q) = (n—1,n) form and, therefore, d(a A x3) = d(a A *3).
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The second integral is computed using **> = (—1)* on A*(X):

[ anaes) = et [ getas(@sn) <1

X
= (—1)Pratt. / gc (a, =0"p) * 1
b
= (17" (@, 0°B)
H¥(X, g) denotes the space of (d-)harmonic k-forms. Analogously, one defines

HP9(X, g) as the space of (d— )harmonic (p, ¢)-forms. When the metric is fixed,
one often drops ¢ in the notation.

Definition 6.0.2. Let (X, g) be an hermitian complex manifold. A form o € A*(X)
is called d-harmonic if Ay(a) = 0. Moreover,

HE(X,g) == {a € AL(X) | Aj(e) =0} and
Hy" (X, g) == {a € AY(X) | Ag(e) = 0}

Analogously, one defines d-harmonic forms and the spaces H5(X, ) and H5?(X, g)

Lemma 6.0.2. Let (X, g) be a compact hermitian manifold (X, g). A form « is
O-harmonic (resp. 0-harmonic) if and only if da = 0*a = 0 (resp. da = O*a = 0)

Proof. The assertion follows from

(Ag(a),a) = |

Thus, Ajz(a) = 0 implies the vanishing of both terms on the right hand side, i.e.
d(a) = 0*(a) = 0. The converse is clear. A similar argument proves the assertion

for Ap.

(@) + 13(a)].

Proposition 6.0.3. Let (X, g) be an hermitian manifold, not necessarily compact.
Then i) HA(X, g) = D, i H5' (X, g) and HE(X,g) = D, i H5 (X, 9).
ii) If (X, ¢) is Kéhler then both decompositions coincide
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6.1 Serre Duality

As X is a Compact Kahler Manifold, Observe that there is a non-degenerate pair-

ing ,
HP(X) x HS" """ (X) = C
a,ﬁ—)/Xa/\B: (a, %)
The pairing is non-degenerate for
*0 =«

Hence, H(X) = (H{" "9 (X))*

6.2 Conjugation Isomorphism
We know that d(a) = d(a) and *(a) = *(a) Hence, a € Hép’q) (X)iff @ € ng,p) (X)

Hép’q)(X) = Héq’p) (X) by the Complex Conjugation Isomorphism.

6.3 Hodge Decomposition Theorem

We have,

Theorem 6.3.1. (Hodge decomposition) Let (X, g) be a compact hermitian mani-
fold. Then there exist two natural orthogonal decompositions

AP9(X) = 0477 9(X) & M5 (X, g) & 0" A7)

and
API(X) = AP (X) @ (X g) © 0" APTHI(X)
The spaces HP(X,g) are finite-dimensional. If (X, g) is assumed to be Kéhler
then HY(X, g) = HYY(X, g).
The orthogonality of the decomposition is easy to verify. The crucial fact is the

existence of the direct sum decomposition which is analogous to the proof of Hodge
Decomposition theorem in [5].
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Corollary 6.3.2. Let (X, g) be a compact hermitian manifold. Then the canonical
projection H5*(X, g) — H™(X) is an isomorphism.

Proof. Since any a € H5?(X, g) is O-closed, mapping « to its Dolbeault coho-
mology class [a] € HP4(X) defines a map HY?(X, g) — HP(X).
~ Moreover, Ker (9 : APY(X) — APTH(X)) = 9 (AP71(X)) © HE(X,g), as
00*3 = 0 if and only if 9*3 = 0. Indeed, 90*3 = 0 implies 0 = (55*5,5) =
|08 |2. Thus, H54(X, g) — HP(X) is an isomorphism.
Corollary 6.3.3. Let (X,g) be a Compact Kahler Manifold then, H*(X,C) =
PBprqer HPDX

Q

Proof.
a* (X, (C) = @erq:ka(p,q) (X’ 9) = @p+q=kH(p’q) (X) u
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Chapter 7

Hodge Diamond of Compact
Kahler Manifolds

Finally, we are in a position to compute the Hodge Diamond of certain varieties of
Compact Kahler Manifolds. The Hodge Diamond is an elegant way to encode the

Hodge numbers h®»9(X) = Dimc(H®?) of a Compact Kahler Manifold X.

From the previous few sections we have,

e WP (X) = h"~Pn=9(X) (Serre Duality)

e P9 (X) = hl@P)(X) (Conjugation Isomorphism)

hn,O

h0,0
hl,O hO,l
h2,0 hl,l hO,Z

conjugation
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Let us now discuss the Hodge Diamond for 3 cases of Compact Kahler Manifolds.

7.1 Compact Complex Curve

Recall that, any Compact Connected 1-Dimensional Complex Manifold X is a
Compact Kahler Manifold. So, We have that A% (X) = 1 and this gives the

Hodge Diamond,
1

9 g
1

Where g is the geometric genus of X. (Geometric genus of Complex n - manifold
is the value of h(™0) )

7.2 K - 3 Surfaces

We will in particular workout the case of a Quartic Hypersurface in P3
For this case, we will need a result from [1] known as the Weak Lefschetz theorem.

Theorem 7.2.1. Let X be a Compact Kahler manifold of dimension n and let Y
C X be a smooth hypersurface (such that the induced line bundle O(Y) is positive).
Then, the canonical restriction map ,

H*(X,C) — HX(Y,C)
1s bijective for k < n - 2 and injective for k< n - 1.
We will need the Euler Characteristic of a Hypersurface in P" given in [4]

Theorem 7.2.2. Let V C P! be a degree d smooth Complex projective hyper-
surface. Then, the Fuler characteristic of V is given by the formula:

X(V) = (n42) = 51+ (-1 (d = 1))

e Since, P3 is connected and has 1 cell for every even number from 1 to 2n.

H'(X,C) is trivial and H°(X,C) = C (Weak Lefschetz)

e By Serre Duality, we have h(10) = (01 = 300 = p(03) —
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e By the Adjunction Formula, Q?(X) = Oy.
Hence, H?9(X,C) = HY(X,0*(X)) = H°(X,0x) = C
( Holomorphic functions on a Compact Connected Complex Manifold are
constant)

e W20 = p(02) — 1 (Conjugation Isomorphism )

e Euler Characteristic for Quartic Surface in P? is 24 .
Hence, h"D = 20

This gives the Hodge Diamond,

1
0 0
1 20 1
0 0
1

Remark 7.2.1. It is important to note here that there exists K - 3 Surfaces that are
not biholomorphic to the Quartic Hypersurface in P? but, have the same Hodge
Diamond. In this case, the subspace H?% are distinct but, isomorphic Hence,
they have the same Hodge Diamond.

7.3 Quintic 3 - Fold

Quintic 3 - fold, Y can be embedded as a Quintic Hypersurface in P4,
We will look at a Quintic Hypersurface in P4

e Since, P3 is connected and has 1 cell for every even number from 1 to 2n.
H'(X,C) is trivial and H°(X,C) = C . By Weak Lefschetz theorem ,H' (Y, C)
is trivial and H*(Y, C) @ C , H°(Y,C) = C

e By Serre Duality, h(19) = 0D = p5:0) = p(05) = @

e By Weak Lefschetz Theorem, H*(Y,C) = C and Y is Kahler.
We have, h1) = 1 and, h?0 = p(02) =0

e By Serre Duality, h*% = h(h) =1
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e By Adjunction Formula, Q*(Y) = Oy.
Hence, H®Y(Y,C) = H(Y,Q3(Y)) = H(Y, Oy) = C
( Holomorphic functions on a Compact Connected Complex Manifold are
constant)

¢ By Conjugation Isomorphism, h(39) = p(03) =1

e Finally, Euler Characteristic for Quintic hypersurface in P* is - 200.
Hence, h®Y = 101 = A2

This gives the Hodge Diamond as follows,

1
0 0
0 1 0
1 101 101 1
0 1 0
0 0
1
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