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Instructions: Please answer all questions. All problems are worth 10 points.

1. Let f : R2 → R be given

f(x) =


x1|x2|√
x2
1 + x2

2

, (x1, x2) 6= (0, 0)

0, (x1, x2) = (0, 0).

Show that f has all directional derivatives at (0, 0) but is not differentiable at the origin.

2. Let f : R2 → R be given by f(x, y) = x3 + y3 − 3xy, show that there are open intervals U 3 3/2 and
V 3 3/2 and a differentiable function g : U → V with g(3/2) = 3/2 such that in U × V all solutions of
f(x, y) = 0 are of the form (x, g(x)). Find g′(3/2).

3. Find the volume of the region D =
{

(x, y, z) ∈ R3 | x
2

a2 + y2

b2 ≤ z ≤ h
}
⊂ R3.

4. Let v1, . . . , vn be a basis of Rn. Find the volume of the n-parallepiped

P = {c1v1 + · · ·+ cnvn | 0 ≤ ci ≤ 1} ⊂ Rn.

5. Let f : Rm → Rn be a continuously differentiable function and m > n, such that Df(x) has rank n for all
x ∈ Rm. Show for any open set U ⊂ Rm, f(U) is also open in Rn.

6. Let f : R2 → R be C2. Show that for any a ∈ R2, ∂1,2f(a) = ∂2,1f(a), that is the order in which we take
the double derivative doesn’t matter. (Hint. If they are unequal at a then they are unequal in a rectangle
containing a. Now use Fubini’s theorem).
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