Commutative Algebra Hilbert Polynomial June 16, 2020

1. ADDITIVE FUNCTIONS

Let R be a ring. We shall call, a collection M of R modules, an if,
for any M,N €¢ M, M & N € M and for any homomorphism of R modules f : M — N,
ker(f), coker(f) € M. This is not a standard definition but we shall use this as terminology for
this section. The collection of finite dimensional vector spaces over a field k is an example of an
abelian subcategory of vector spaces over k.

Recall the definition of an additive function.

Definition 1: Let A be a ring and M an abelian subcategory of A modules. A function
A1 M — Zis called if for any exact sequence 0 — M’ — M — M"” — 0 of modules in
M we have A\(M) = A\(M') + \(M").

We showed in class that if we have an arbitrary exact sequence of modules in M
(1) 0O0—->M —---—=>M,—0
then the additive function A\ satisfies
> (—1)AML) =o0.
i=1
The proof uses the fact that we can break up the exact sequence into short exact sequences

using kernels and cokernels and that kernels and cokernels belong to M.

If A is a field then dimension is an example of an additive function on finite dimensional A
vector spaces.

Definition 2: Let M be an R module. A is a finite sequence (Mo, ..., M)
of submodules of M such that

M = My D> M; D ... D M, = 0(strict inclusions).
The of the chain is the number n.

A chain (M;)7 is called if for any ¢ = 0,...,n —1, there is no submodule M/ of M such
that M; D M/ D M,y and the inclusions are strict.

Remark. Note that if M = My O ... D M,, = 0is a maximal chain in M then each N; = M; /M,
is a , that is the only submodules of N; are 0 and ;.

Proposition 3. Let M be an R module. Suppose that a maximal chain of submodules of M
has length n, then

(a) every maximal chain has length n,

(b) any chain which has length n is a maximal chain,

(c) every chain can be extended to a maximal chain.
1
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Proof. Let I(M) be the infimum of the lengths of all maximal chains of M. We set (M) = oo
if M has no maximal chain.

IfNCMand M =My D ... > M, =0 is a maximal chain of M. Then let N; = M; N N,
clearly N; D N;y; and N;/N;1; is a submodule of M;/M, 1 which is a simple module. Thus
either N;/Nj+1 = 0 in which case N; = N1 or N;/N;1 = M;/M, ;. Eliminating the repeated
terms we thus get a maximal chain of N which has length less than n. Thus I(N) < I(M).
Moreover if [(N) = [(M) = n then N;/N;y1 = M;/M;; for each i, thus N,,_1 = M,,_1 implies
Nyp_o = M, _o, proceeding in this way we get N = M.

Now suppose M = My D ... D My = 0 is a chain of length k of M. Then [(M) > (M) > ... >
[(My) = 0. Thus (M) > k. So any chain of submodules of M has length at most I(M).

Thus the length of any maximal chain of M is at most [(M) but it must be equal to (M) by
the definition of {(M). This proves part (a).

Now suppose there is a chain of M of length {(M), then it cannot be extended any more, hence
it is maximal. This proves part (b).

Finally if M = My D ... D My = 0 is a chain of length k < [(M), then it is not maximal. Thus
new terms can be inserted in the chain until the length is I(M). O

Definition 4 ( ): If an R module M has a maximal chain then it is called a
. In that case the length of M is defined to be the length of any maximal chain of
M and denoted by I(M).

Exercise (i). Let R be a ring. Show that the modules of finite length over R is an abelian
subcategory of modules over R.

Proposition 5. The length is an additive function on the modules of finite length over a ring.

Proof. Let 0 — M' &% M L M” — 0 be an exact sequence of finite length R modules. Let
M =My D ...D M, =0 be a maximal chain of M. Let M/ = a~*(M;) and M} = b(M;). Then
we have an exact sequence

Since M;/M;y1 is simple exactly one of the following is true: Mj/M | = M;/M;y, = M] =
My or M /M’y &= Mi/Miyy = Mj = M.
Let
S={i|0<i<n, M #M,,
and
T={i|0<i<n, M/# M}

then SNT = {0,...,n —1}. If sp < ... < 53 are the elements of S then M’ = M] > ... D
M, +1 = 0 is a maximal chain for M’, thus [(M') = |S|. Similarly [(M") = |T|. This completes
the proof. O
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If R is a field the finite length R modules are precisely the finite dimensional vector spaces and
the length then coincides with the dimension.

Exercise (ii). Show that a module has finite length if and only if it is both noetherian and
artinian.

Remark. Note that a ring R (for example R = Z) which is not Artinian is not a finite length
module over itself by Exercise , however it is of course a finitely generated module over itself.
On the other hand if an R module is finite length then it is noetherian hence finitely generated.
Hence finite length is stronger than finitely generated.

Exercise (iii). For a ring R, show that any finitely generated module is a module of finite
length if and only if R is artinian.

2. HILBERT POLYNOMIAL

Let A be a noetherian graded ring. Then we have seen previously that Ag is noetherian and A
is a finitely generated Ay algebra. Choose homegeneous generators xy, ...,z with z; € A,,.

Now if M is a graded A module which is finitely generated generated then again we may choose
homogeneous generators myq, ..., m; with m; € M;,. If m € M,, then

l
m = Zfi(xl, ..., Ts)m; where f; € Ap_y,.
i=1

The element f;(z1,...,xs) is thus a homogeneous polynomial in the generators of A which is
not necessarily unique. It can thus be seen that the finite set

k
{x‘fl---xzkmjlléjél, Zai:n—tj, aiZO}
1

generate M, as an Ay module. Hence all the M,, are finitely generated modules over Aj.

Let us now fix a noetherian graded ring R and an additive function A on the collection of finitely
generated Ag modules.

Remark. Note that the collection of finitely generated Ay modules may not in general be an
abelian subcategory of modules over Ay because kernels may fail to be finitely generated. How-
ever is true when Ay is noetherian, since submodules and quotients of finitely generated modules
are again finitely generated for a noetherian ring.

Definition 6: Let M be a graded A module. Then the of M with respect to A
is the power series

PA(M) =Y AM)t" € Z[[1]).
n=0
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Exercise (iv). If 0 - M’ — M — M"” — 0 is an exact sequence of

Example 1. Consider the polynomial ring in k variables A = k[z1,...,zy] over a field F' and let
kE—1
M = A. Here Ay is a field and let us take A to be the dimension, then dim A,, = <n—]i€— 1 >

Thus

(n+k—1 1
PWD:Z( o >tn:(1—t)k'

n=0

An ideal I C A is called a homogeneous ideal if for any a € I the homogeneous components of
a also belong to I. In this case

I =PI, where I, = 1N A,.

n=0

It can be easily show that an ideal is homogeneous if it can be generated by homogeneous
elements. Thus (z7,23) is a homogeneous ideal but (2% + z3) is not.

If I C A is a homogeneous ideal then it is a graded A module and so is A/I. Moreover we have
an exact sequence of graded modules 0 — I — R — R/I — 0 which implies

PA\(R) = P\(I) + Px(R/I).

Now for example if we take I = () then R/I = F[z1,...,x—1] and we have

1 1 t
B =g~ gt~ gk

Remark. Consider the power series ring R|[t]] over aring R. Recall that are precisely the elements
f(t) = ao+art + axt® + ... € R[[t]]

is a unit if and only if ag is a unit in R. Thus the units of Z[[¢]] are precisely the power series
which start with 1 or —1. As an example (1 —¢)"' =1+t + 12+ ...

Theorem 7 ( ). Let A be a noetherian graded ring generated as an algebra over
Ao by homogeneous elements z1,...,zs with z; € Ay, and let X\ be an additive function on the
finitely generated Ay modules. For any graded A module M, the Poincaré series has the form

ft)

Py\(M) = (1 — tkr) - (1 — ths)

where f(t) € Z[t] is a polynomial.

Proof. We shall prove this by induction on s the number of generators of A as an Ag algebra.

If sg, we have A = Ag and A,, = 0 for n > 0. Since M is then a finitely generated Ay module
we must have M,, # 0 for only finitely many n > 0. Hence, Py(M) is a polynomial, proving the
base case.

Now assume s > 0 and that the result is true for s — 1. Then consider the A module homomor-
phism ¢ : M — M given by multiplication by xs. Then K = ker(¢) and L = coker(¢) are both



graded modules A modules and we have an exact sequence of Ay modules

XZTs
0— K, — M, =% My, — Ly, — 0.

Thus
AMpik,) = AMMn) = MLnsr,) = A(Kn)
Now multiplying this equation by ¢t"*t*s and summing over n we get

D AM) — R Y CANM) = D PA(Ly) — 7> EA(Ky),
n=ks n=0 n=~ks n=0
which yields

(1 —t5)Py\(M) = Py\(L) — P\(K) + g(t)

where g(t) is a polynomial.

The ideal (z5) annihilates both K and L hence they are both A’ = A/(z,) graded modules.
Clearly Ay = Ap and A’ is generated over Ay by z1,...,xs_1, hence by assumption the result is
true for K and L, hence it is also true form M. O

Definition 8: Let A be a noetherian graded ring, A an additive function on finitely generated
Ap modules and M a finitely generated graded A module. The the of M with
respect to A, which we shall denote by dpi, ) (M) is defined to be the order of the pole of Py(M)
at t = 1.

The following corollary is quite useful.

Corollary 9. With the notation from Theorem [7|if k; = 1 for all ¢ = 1,..., s, then there is an
integer N > 0 and a polynomial H; (t) € Q[t] such that for n > N

A (]\[n) — HAM,)\ (n) .

The polynomial deg Hj \ has degree dyip, z(M) — 1 and is called the of M.

Proof. By Theorem [7] we have
f(t)
P\(M) =
W) =g
If d = dpip, A (M) then by cancelling common factors we may assume s = d and f is not divisible
by (1 —t).

Now if f(t) = ag + ait + ...+ ayt” then since

n=0
we have
N ktd—1
) = a (")
k=1
Hence

N
t—k+d—-1
HM,)\(t):Zak< d—l )

() ot .

is the coveted polynomial with leading term (d-1)!
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Remark. A polynomial f(t) € Q[t] such that f(n) is an integer for ever integer n may not have
integral coefficients. For example Py (t) = (};) = Lt(t—1)---(t — k+1) is one such polynomial.
In fact the set of such polynomials inside Q[t] forms a subring which is a free abelian group with
integer basis {Py(t) | k =0,1,...}.

Example 2. Let k be a field and A = dim. The polynomial ring A = k[z1,...,z,] has Hilbert
t+n—1

>. If I C A is a homogeneous ideal then
n—

dimension n and Hilbert polynomial <

n—1

Hi(t) + Hayr(t) = <t e 1) :

If I = (f) where f € A is a polynomial of degree d then

0 m<d
dimg I, = ’
o {(Wﬁt?*) m>d.
t—d -1
Hence H;(t) = ( ntri > and the Poincaré series of I is
X (/m—d+n—1 dzoo m+n—1 td
(1) mzd< n—1 > m:0< n—1 ) (I —1¢)n
t+n—1 t—d+n—1
Thus HR/I(t):< —;Til >—< ntq >and

1—td  T4t4- 41!

P(R/T) = P(R) = P() = (12 = — (1 — gyt

Hence dHilb(R/I) =n—1.

3. HILBERT DIMENSION OF LOCAL RINGS
Let A be a noetherian local ring with maximal ideal m. Consider the associated graded ring
[ee]
B = Gn(A) = P m"/m" .
n=0
Then By = A/m is a field and B,, = m"/m""! are finite dimensional By vector spaces.

Definition 10: Let A be a noetherian local ring with maximal ideal m and residue field k = A/m.
Let A(V) = dimy (V) for finite dimensional k vector spaces. Then we define the Hilbert dimension
of A to be

dib (A) = dip A (Gm(A)).

If g C A is an m-primary ideal, then since A is noetherian, it is easy to see that m"*! C ¢ Cc m”
for some n > 0 and thus A/q is an artinian local ring by Proposition 9 in the lecture on artinian
rings. Recall that by Exercise ({il), finitely generated A/q modules are thus of finite length. Let
A be the additive function length on finitely generated A/q modules. Note that when q = m,
length coincides with dimension.

By Proposition 2 in the lecture on associated graded rings, B = G4(A) is a noetherian ring and
thus a finitely generated algebra over By = A/q. If M is a finitely generated A module then



n>0 1S a stable g-filtration o and the assoclated graded module
(4" M) p>0 i ble g-filtration of M and th iated graded modul
G(M) = q"M/q""' M

is a finitely generated graded Gy(A) algebra. Thus each q"M/q" ™1 M is a finitely generated A/q
algebra.

We want to show that dgii(A) = drib A (Gn(A)) = duip A (Gq(A)).

Proposition 11. Let A be a noetherian local ring with maximal ideal m and m-primary ideal
q. Let M be a finitely generated A module. Then:

(a) The A module M/q™M has finite length ,
(b) There is a polynomial XE}U (t) € Q[t] and an integer N > 0 such that for n > N,

I(M/q"M) = xM ().

Moreover if s is the least number of generators of ¢ then deg XE?[ < s.

Proof. Part (a): Since each q"M/q"*1 M is finitely generated A module annihilated by q hence
it is a finitely generated module over the artinian ring A/q hence has finite length. Since
M/q"M > qM/q"M D ... D q" *M/q"M D 0 and the successive quotients are all of finite
length we can prove by induction that M/q"M is of finite length and

Iy =1(M/q"M) =1(M/qM) +1(qM/q*M) + ...+ 1(q" ' M/q"M).
Part (b): Let zo,...,z generate g, then the images Z; € q/q° generate G4(A) as a A/q algebra.

These generators are all homogeneous of degree 1, thus by Corollary [9] there is some integer
N > 0 such that

(q"M/q" T M) = Hg,(a)(n) forn > N.

Moreover deg Hg,(4)(t) < s—1. Let Hg (a)(t) =aotait +...+ as_1t*~! (we are not claiming
that as—1 # 0). Now since

ln+1 — ln = ng(A)(n), for n Z N
for any n > N we have

ln :lN—l—ng(A)(N)—l—...—l—ng(A)(n— 1)

n—1
=r+ Z Hg,(a)(k) (for some integer r)
k=0

n—1 n—1
:r+a0n+alzk+...+as_12k8*1.
k=0 k=0
The expression
n—1 n—1
xé”(n) :r+a0n+alzk+...+a5_12k5*1
k=0 k=0

is a polynomial in n of degree at most s since as_1 may be 0 and I(M/q"M) = qM(n) for
n > N. O
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Remark. For any positive integer k the sum of the k-th powers of the first n — 1 positive integers
is a polynomial function of n of degree k 4 1. This was shown by Bernoulli who also found the
polynomial explicitly:

k

1 k+1 .

1k k_— _— B. k+1—j

rort e R () e

7=0

where Bj; is the j-th Bernoulli number. See for instance https://www.isibang.ac.in/~sury/
bernoullizeta.pdf| for a proof.

Definition 12: With the notation of Propositionif M = A then X? is called the characteristic
polynomial of q.

Corollary 13. Let A be a noetherian local ring with maximal ideal m and q is an m-primary
ideal. Then A/q™ has finite length and there is a polynomial X;‘ € Q[t] and an integer N > 0
such that

I(A/q") = X?(n) for all n > N.

Moreover if s is the least number of generators of q then deg X&L‘ <s.

The next proposition says that the degree of Xé? is the same for all m-primary ideals q and is
equal to the Hilbert dimension of A.

Proposition 14. With the notation as in Corollary [13] we have
deg x;' = deg Xi = duin(A).

Proof. We have m D q D m” for some r > 0, hence for alln > 0 m"” D ¢q" D m™ = A/m" C
A/q® € A/m™. Hence xia(n) < Xa“(n) < xaA(rn) for all n sufficiently large.

Thus deg Xﬁ < deg Xg‘, however deg XnAl(rt) = deg Xﬁ since r is a constant, so deg Xél <
deg deg 4.

From the proofs of Corollary |§| and Proposition it is clear that deg x4 = dmim(Gm(A))
dri (A).

ol

Remark. For a slightly different treatment of Hilbert polynomials you refer to Algebraic Geom-
etry, by Robin Hartshorne, Chapter 1, Section 7.
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