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1. GRADED RINGS AND MODULES

Definition 1: A graded ring R is a ring with a collection of additive subgroups Ry, Ry, Ra, ...
such that R = @2021 R, and R,R,, C R4, for all n,m > 0. An element a € R is called
homogeneous if a € R,, for some n.

A graded R module is an R module M with a collection of subgroups My, My, Mo, ... such that
M = @20:1 M,, and R, M,, C M1, for all n,m > 0. An element x € M is called homogenecous
if x € M, for some n.

Remark. Note that Ry is a subring of R and contains the multiplicative identity. Moreover each
R, is an Ry module. On the other hand Ry = Ry ® Ro & ... is an ideal of R.

Any a € R can be uniquely written as finite sum a = ) a, of homogeneous elements a, €
R,,. Only finitely many a,, are non-zero and those non-zero a,, are called the homogeneous
components of a.

Similarly each M, is an Ry module and any x € M can be uniquely written as a finite sum of
homogeneous elements.

Any ring A can be regarded as a graded ring with the trivial grading Ag = A and A, = 0 for
n>1.

Example 1. The polynomial ring R = Az, x2,...,2,] in n variables over a ring A is a graded
ring where R,, is the set of homogeneous polynomials of degree n.

However the power-series ring A[[x1, ..., z,]] does not have any graded ring structure other than
the trivial one (see https://math.stackexchange.com/questions/2522568/is-the-formal-power-series-ring-a-graded-ring )

Definition 2: Let R, S be graded rings then a ¢ : R — S is called a homomorphism of graded
rings is ¢ is a ring homomorphism such that ¢(R,,) C Sp,.

Similarly if M, N are R modules a map f : M — N is called a homomorphism of graded R
modules if f is a homomorphism of R modules such that f(M,) C N,.

Exercise (i). Show that if R is a graded integral domain then any unit must be homogeneous
of degree 0. However this is not true when R is not an integral domain.

Exercise (ii). If A is a graded local integral domain then show that Ay = A.

Proposition 3. The following statements are equivalent for a graded ring R:

(a) R is noetherian;
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(b) Ry is noetherian and R is a finitely generated Ry algebra.

Proof. For (a) = (b) first note that Ry = R/Ry, hence Ry is noetherian. Moreover R, is an
ideal of R, hence finitely generated over R. Let Ry = (x1,...,x}), then we may take z; to be
homogeneous of some degree m; > 0 ( ).

Let S = Ro[x1,...,2zy] be the subring of R generated over Ry by x1,...,xzx. Clearly Ry C S.
Assume that R,,, C Sforallm < n. If r € R,,, then r = aqx1+- - -+apx) for some aq,...,ar € R.
Since zj, € R,,, we must have a; € R,,—,, C S. Thus r € § and by induction R = S.

The converse (b) = (a) follows from the Hilbert basis theorem. O

Example 2. If A is any ring (not graded) and a C A is an ideal we can for a graded ring

oo
A* = @ a”
n=0

since if x € a” and y € a™ then zy € a™*". Clearly A = (A*)¢ is a subring. If a is finitely
generated by z1,...,x, then A* is a finitely generated A algebra generated by x1,...,z,. It
may not be a polynomial algebra over those generators, for example when a is nilpotent a”™ = 0
for all large n. If A is noetherian then by the previous proposition A* is also noetherian.

Similarly if M is an A module and (M,,),>0 is an a-filtration of M, that is a”™M,, C Myim,
then we may form a graded A* module M* = @, _, M.

Proposition 4. Let A be a noetherian ring, a C R an ideal. Let M be a finitely generated R
module and (M,,),>0 be an a-filtration of M. Then the following are equivalent:

(a) (M,)n>0 is a stable a-filtration.
(b) M* is a finitely generated graded A* module.

Proof. For (a) = (b) note that there is n > 0 such that a™M,, = M,,+,. Thus
M*=My® - &My, ®aM, @M @ ®a" M, @ ---

and since My, ..., M, are finitely generated over A we can choose generators 1, ..., xy, ; of M;
for 0 < i < n. These will generate M* over A*.

Now for the converse let QQ,, = My @ --- & M,,. Then @, is a finitely generated A module but
not in general an A* module. The A* submodule of M* generated by @, is

M!=My® &M, ®aM, ®a*M, © - ©a" M, ® -

Clearly this is finitely generated. Now Mg C M| C --- C M}y C --- is an ascending chain of
submodules of M* and M* = U, M. Since A* is noetherian and M™ is finitely generated this
chain must stabilise, that is there exists n > 0 such that

* X * .
M*=M'=M., =...

This precisely means My, = a™M,. O

Using this we get the Artin-Rees lemma which will be the most useful result of this lecture.
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Lemma 5 ( ). Let A be a noetherian ring, a C A an ideal, M an A module and
(My)n>n a stable a-filtration of M. If K C M is a submodule, then (K N M,),>0 is a stable
a-filtration of K.

Proof. Let K, = K N M, then aK,, C (aK)N(aM,41) C KN My = Kpi1, hence (Kp)p>0 is
an a-filtration of K. Thus K* = @, , K, is a submodule of M*. Since A* is noetherian and
M* is finitely generated so is K*. Hence we obtain the result using the previous proposition. [J

As an immediate corollary we have the following result which is usually called the Artin-Rees
lemma.

Corollary 6. Let A be a noetherian ring, a C A an ideal, M an A module. If K C M is a
submodule, then there exists an integer ng > 0 such that

(a"TOM)N K = a™((a™M) N K) for all n > 0.

Proof. Just take M,, = a”M then (M, ),>0 is a stable a-filtration of M. Now use Lemma [5| to
infer that ((a”M) N K),>0 is a stable a-filtration of K.

Theorem 7. Let A be a noetherian ring, a C A an ideal, M an A module. Let K C M be a
submodule, then the a-adic topology on K is the same as the subspace topology induced by the
a-adic topology on M.

Proof. The induced topology on K of the a-adic topology on M is generated by the the filtration
((a"M)NK)p>o. This is an stable a-filtration of K thus by Proposition 15 of Completions lecture
the result follows. O

Using Theorem [7] we obtain an exactness property of completion of modules.

Proposition 8. Let 0 — M’ — M — M"” — 0 be an exact sequence of finitely generated
modules over a noetherian ring A. Let a C A be an ideal then the sequence of a-adic completions

0 M~ M — M" 0

is also exact.

Proof. The induced topology on M’ by the a-adic topology on M is the same as the a-adic
topology on M’. Similarly the quotient topology on M” given by the a-adic topology on M is
precisely the a-adic topology on M”. Thus the result follows from the exactness properties of
the inverse limit. U

2. COMPLETION OF RINGS CONTINUED

We shall first show that for a noetherian ring A, an ideal a C A and a finitely generated A module
M the A modules M and A ® 4 M are isomorphic. Here A and M are the a-adic completions.
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As a consequence we shall show that Aisaflat A algebra. These results are not true in general
without the noetherian assumption on A.

Remark. Let A be a ring, a C A an ideal and M be an A module. Let A and M be the a-adic
completions, then we have a natural morphism A module homomorphism A® AM— M which
is given as follows: There is a natural map ¢+ : M — M , and the map AxM— M given by
(a,m) — ai(m) is clearly A-bilinear, hence it induces a linear map from the tensor product.

Theorem 9. Let Let A be a ring, a C A an ideal and M be a ﬁnltely generated A module. Let
A and M be the a—adlc LOHlplCthD Then the map A® A M — M is surjective. Moreover, if A
is noetherian then A ®A M — M is an isomorphism.

Proof. Using the inverse limit description it follows that if F' = A™ then A® A= F =~ An,
Since M is finitely generated, we have an exact sequence of A modules

0—-N—=A"—= M —0.

This gives rise to a commutative diagram

A\®ANG—)A\n—b>A\®AM—)O

T

0— sN—° san_ 4 3pf 1

The top line is exact since tensor product is right exact. The bottom line is exact because of
Proposition [8] Since d is surjective and g is an isomorphism, so A must be surjective.

If A is noetherian, f is also surjective by the same reasoning. Some diagram chasing shows that
h is injective in this case. Suppose z” € ker(h) and let x € b='{z"}. Since d(g(z)) = h(z") = 0,
there exists 4/ € N such that ¢(y/) = g(z). Pick 2’ € f~{y'}. Then g(a(z')) = c(y') = g(z),
but ¢ is an isomorphism, hence = a(z’). Therefore, 2" = b(a(z’)) = 0. O

Hence as a corollary we have the following result. Recall to check that a module is flat it
is enough to check that tensor product with it preserves injectivity of a morphism of finitely
generated modules.

Corollary 10. If A is noetherian and a C A an ideal, the a-adic completion Aisaflat A algebra.

Remark. Note that if M is not finitely generated M +— M may not be an exact functor. However
M — A®a M is exact, and the two functors coincide on finitely generated modules.

Exercise (iii). Let A be a noetherian ring and a C A an ideal. Suppose A is the a-adic
completion of A then show that:

1

(a) a=Aa= A®
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(b) (@) = (@)", and

(C) an,/a'n,—l—l o an,/an,—i-l.

Proposition 11. If A is noetherian and a C A an ideal, then a is contained in the Jacobson
radical of A the a-adic completion.

Proof. There is an exact sequence 0 — a — A — A/a™ — 0. Thus taking completions and
using Exercise we get an exact sequence

0a" — A— m — 0.
Since A/a™ has discrete topology W >~ A/a", thus A/a" = A/@". Taking inverse limits we
see that (4) = A, where (A) is the d-adic completion of A, showing that A is complete in the

a-adic topology. For any x € a the sequence y, = 1+ x + ... + 2™ is clearly Cauchy hence it
converges to an element y in A. We also have

(1 - x)yn =1- ‘Tnila

hence by continuity of multiplication we must have y(1 — ) = 1. Thus for any z € a, 1 —z is a
unit. This proves that @ is conained in the Jacobson radical. |

Exercise (iv). If A is noetherian, a C A an ideal and A the a-adic completion of A then show
that there is a bijection between the maximal ideals of A and the maximal ideals of A/a. If a is
a maximal ideal then show that A is local with maximal ideal a.

Exercise (v). Let p € Z be a prime, denote by Z,) the localisation of Z at the prime ideal

(p) and by Zp the (p)-adic completion of Z or the ring of p-adic integers. Then show that Zp is
isomorphic to the pZ,-adic completion of Z,).

Corollary 12. If A is a noetherian local ring with maximal ideal m, then the m-adic completion
A is a local ring with maximal ideal m.

Proof. Since X/ﬁi >~ A/m which is a field the ideal m is maximal. Moreover by the previous

proposition any maximal ideal of A must contain A. Thus A is local with the only maximal
ideal m. O

Remark. 1t is often the case that the completion of a local ring (with respect to its maximal
ideal) is easier to deal with than the local ring itself. This is especially useful in Algebraic
Geometry. Many of the properties of the local ring are preserved by the completion. To study
a noetherian ring I one often localises it at some prime ideal p, to get a local ring Ry, and then

completes with respect to the maximal ideal m = pR, to get a complete local ring ]/%\p . If we
start with R = Z and a prime ideal p = (p) we arrive at the p-adic integers.
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The next theorem by Krull determines the kernel of M — M for an R module.

Theorem 13 (Krull’s theorem). Let A be a noetherian ring, a C A an ideal and M a finitely
generated A module. If M denotes the a-adic completion of M and

oo
E=()a"M =ker(M — M)
n=0
then
E={zeM

That is ker(M — M ) consists precisely of elements of M annihilated by some element of 1 + a.

(1 — a)z =0 for some « € a}.

Proof. One side inclusion is trivial. If (1 — o)z = 0 then = ax = o?r = ..., so x € a"M for

all n > 0 which means x € FE.

On the other hand aF = F and being a submodule of a finitely generated module over a
noetherian ring, F is itself finitely generated. Let ay, ..., z, generate E then x; = o;x; for some
«; € a. Consider the diagonal matrix D whose entries are a1, ..., a, and I be the n x n identity
matrix then

det(I, — D) =1+ a for some a € a

and (14 a)x =0 for all z € E (consequence of Cayley-Hamilton theorem). O

Remark. In the setting of Krull’s theorem let S = 1 + a. Then S is a multiplicatively closed
subset of A. Consider the morphism ¢ : A — S~'A. If x € ker(¢) then (1 + a)z = 0 for some
«a € a. Hence by Krull’s theorem

ker(¢) = ﬂ a" = ker(A — A).
n=>0

Corollary 14. Let A be a noetherian ring, a C A an ideal and M a finitely generated A
module. If A denotes the a-adic completion of A and S = 1 + a then there is an injective ring
homomorphism

S7IA - A
Hence S~'A can be regarded as a subring of A.

Proof. The morphism A — A extends to S™'A — A since any element of 1 4+ a is a unit in A.
For any a € a, 1 —a + a? + ... is the inverse of (1 + «) (see proof of Proposition ) This
morphism is injective by Krull’s theorem. O

Exercise (vi) (In what generality is this true?). Let A be a noetherian ring and m C A be a
maximal ideal. We denote by Ay, the localisation of A at m and by n = mA,, the maximal ideal
of A, then

~ —

A= An

where A is the m-adic completion of A and ;1; is the n-adic completion of ;1;
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Exercise (vii). Let ZD be the ring of p-adic integers for some prime p € Z. Show that the
power series ring Zp[[x]] in one variable is isomorphic to the (p, z)-adic completion of Z[z].

We shall end this lecture with some more easy but useful corollaries of Krull’s theorem.
= (0).
A.

Corollary 15. Let A be a noetherian integral domain and a # (1) an ideal then N,a"”
In particular the map A — A the a-adic completion is injective, hence A is a subring of

Proof. There are no zero-divisors in 1+ a so the result follows by Krull’s theorem.

Corollary 16. Let A be a noetherian ring, a an ideal of A contained in the Jacobson radical
and M be a finitely generated A module. Then N,a"M = 0 and the morphism M — M into

the a-adic completion is injective.

Proof. The elements of 1 + a are units hence they do not annihilate any element.

As a special case we have.
Corollary 17. For a noetherian local ring A with maximal ideal m and a finitely generated A

module M, we have N>2,m"M = 0, hence the map M — M the a-adic completion is injective
m” = (0) hence A — A is injective.

In particular NJ2,
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