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Abstract In this paper, we find a basis for the space of modular forms of weight 2
on I';(48) and then use this basis to find formulas for the number of representations
of a positive integer n by certain quaternary quadratic forms which are of the form
2?=1 a,-xl.z, le bi(xi._l + Xp;_1X0; + x%l.) and alxl2 + azxg +by (x% +x3x4 + xi), where
a;’s belong to {1,2,3,4,6,12} and b;’s belong to {1,2,4,8,16}. In [1], A. Alaca et
al. considered similar problem for the quaternary forms (which are diagonal) with
coefficients 1, 2, 3, 6. Thus, our work extends their results with additional coefficients
4 and 12 and further in our work, we consider two more types of quaternary quadratic
forms which are not diagonal. Moreover, our formulas for the diagonal quaternary
quadratic forms with coefficients in {1, 2, 3,4, 6, 12} include explicit formulas for the
number of representations (of a natural number) by 8 of the Ramanujan’s universal
quaternary quadratic forms [19]. We also determine some of the universal quadratic
forms in the other two types of forms considered in our work.
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1 Introduction

In this paper we consider the problem of finding the number of representations of a
natural number by the following three types of quaternary quadratic forms given by

Q : ale + azxg + a3x§ + a4x§,
Q : bl()cl2 + X1X2 + x%) + bz(xg + x3X4 + xﬁ),

L2 2 2 2
Q3 1 arxy + axxy + by (x5 + x3x4 + x7),

where the coefficients a; € {1,2,3,4,6,12}, 1 < i < 4 and b; € {1,2,4,8, 16},
i = 1,2. Without loss of generality we may assume that a; < a < a3 < a4, by < by
and ged(ay, az, as,ag) = 1, ged(by, by) = 1, ged(ay, az, by) = 1. Finding explicit
formula for the number of representations of n by these types of quadratic forms is a
classical problem in number theory. The classical formula of Jacobi for the sum of
four squares correspond to the quadratic form Q; with (ay, az, a3, as4) = (1,1,1,1).
There are several works in the literature which give formulas for the representa-
tion numbers corresponding to quaternary quadratic forms with coefficients. We list
some of them here [1, 2, 3,4, 5,6, 7, 8,9, 22]. In [1], A. Alaca et al. considered
35 quadratic forms of type @ with coeflicients a; € {1,2,3,6}. They obtained
explicit bases for the spaces of modular forms of weight 2 on I'y(24) with char-

acter yo (trivial character modulo 24) or yg = (4) for d = 8,12,24 and used

these bases to determine formulas for the number of representations of a natural
number by Qq, with a; € {1,2,3,6}. However, out of these 35 quadratic forms
of type @i, formulas for 18 forms appeared in the works [2, 4, 5, 9]. More pre-
cisely, denoting the quadratic forms in Q; by the quadruple (ai, az, as, as), the
forms (1,1,1,1),(1,1,2,2),(1,1,3,3),(1,1,6,6),(1,2,3,6),(2,2,3,3) were consid-
ered in [2], the forms (1,1, 1,3),(1, 1,2,6),(1,2,2,3),(1,3,3,3),(1,3,6,6),(2,3,3,6)
were considered in [4], the forms (1, 1, 1, 2), (1, 2, 2, 2) were considered in [5, 22] and
the forms (1, 1,2, 3), (1,2,2,6), (1,3,3,6), (2,3, 6,6) were considered in [9]. There
are several works which deal with some of these cases. For details we recommend
the reader to look at the references appearing in the works of Williams and his
co-authors mentioned here.

The total number of quadratic forms Qy, with a; € {1,2,3,4,6,12} is 126. Out
of this, 35 cases come from the works of [1, 2, 4, 5, 9] (when a; # 4, 12) and so we
do not consider these cases in our present work. Further, there are 36 cases which
have the property that gcd(coefficients) > 1. Therefore, in our work we consider only
the remaining 55 cases of quadratic forms Q. There are only 4 quadratic forms of
type @, and there are 65 quadratic forms of type Q3 (such that the coefficients have
no common factors). In the following table we give the list of quadratic forms Q;,
i = 1,2, 3 considered in our work (55 forms in @1, 4 forms in @, and 65 forms in Q3).
These are listed according to the modular forms space (in which the corresponding
theta series belong). Note that in place of M,(48, x), we mention only the character
x which is either yq (trivial character modulo 48) or x4, d = 8, 12,24.
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Table 1. (List of quadratic forms)

Space (a1, az, as, ag) for @Q
(1,1,1,4),(1,1,4,4),(1,1,3,12), (1,1, 12,12),(1,2,2,4),(1, 2,6, 12),
X0 (1,3,3,4),(1,3,4,12), (1,4,4,4),(1,4,6,6),(1,4, 12, 12),
(2,2,3,12),(2,3,4,6),(3,3,4,4),(3,4,4,12)
(1,1,2,4),(1,1,6,12),(1,2,4,4),(1,2,3,12), (1,2, 12, 12),
X3 (1,3,4,6),(1,4,6,12),(2,3,3,4), (2,3,4,12),(3,4,4,6)
1,1, 12),(1,1,3,4), (1, 1,4 12), (1, 2,2, 12), (1, .4, 6), (1, 3,3, 12),
Yi2 (1,3,4,4), (1,3,12, 12), (1,4, 4, 12), (1,6,6, 12), (1, 12, 12, 12), (2, 2, 3, 4),
(2,3,6,12),(3,3,3,4), (3,3,4,12), (3,4, 4, 4), (3,4, 6,6), (3, 4, 12, 12)
(1,1,2,12), (1, 1,4,6),(1,2,3,4), (1,2,4,12),(1,3,6,12), (1, 4. 4 6),
You (1,6,12,12), (2,3,3, 12), (2,3, 4,4), (2,3,12,12), (3, 3,4, 6), (3, 4, 6, 12)
(bl, bz) for Qz
X0 (1’ 2)’(1’4)’(1’8)’(1’ 16)
(al, ay, bl) for Q3
(1,3, 1), (1,3,2),(1,3,4), (1,3.8), (1,3, 16), (1, 12, 1), (1, 12, 2), (1, 12, %), (1, 12, ),
Yo (1,12,16), (2,6, 1), (3,4, 1), (3,4,2), (3,4, 4), (3,4, 8), (3,4, 16), (4, 12, 1)
1,6,1),(1,6,2),(1,6,4), (1,6,8), (1,6, 16), (2,3, 1),
Ys (2,3,2),(2,3,4),(2,3,8), (2,3, 16), (2, 12,1, (4,6, 1)
M1, 1), (1, 1,2), (1, 1,4), (1, 1,8), (I, 1, 16), (1, & 1), (1, 4 2), (1, 4, 4),
Yi2 (1,4,8),(1,4,16), (2.2, 1), (3,3,1),(3,3,2),(3,3,4), (3,3, 8), (3, 3, 16),
(3,12, 1), (3,12,2), (3, 12,4), (3,12, 8), (3, 12, 16), (4, 4, 1), (6,6, 1), (12, 12, 1)
(1,2,1),(1,2,2),(1,2,4),(1,2,8),(1,2,16),(2,4,1),(3,6, 1),
X4 (3,6,2),(3,6,4),(3,6,8),(3,6,16),(6,12,1)

Some of our formulas were also proved in works of K. S. Williams and his co-
authors [2, 3, 4, 5, 6, 7, 8] , which we mention in the table below. (These formulas
were obtained using different methods.)

Table A. (List of earlier results)

Type Cases Ref.
(1,1,1,4),(1,1,4,4),(1,1,3,12), (1, 1, 12,12),(1,2,2,4),(1, 3,3, 4),
(1,3,4,12),(1,4,4,4),(1,4,6,6),(1,4, 12, 12),

(2,2,3,12),(3,3,4,4),(3,4,4,12) 2]
Q (1,1,1,12),(1,1,3,4), (1, 1,4,12),(1,2,2,12),(1, 3,3, 12),(1, 3,4,4),
(1,3,12,12),(1,4,4,12),(1,6,6,12),(1,12,12,12),(2,2,3,4),(3,3,3,4),
(3,3,4,12),(3,4,4,4),(3,4,6,6),(3,4,12,12) [3]
(1,2,4,6) [4]
(1,1,2,4),(1,2,4,4) [5]
Q2 (L 2)’ (1’ 4) [6]
(1,1,1),(1,1,2),(1,1,4),(3,3,1),(3,3,2),(3,3,4) [4]
Q3 (1,1,8),(1,4,2),(3,12,2) [7]

(1,3,1),(1,3,2),(1,3,4),(1,4,4),(2,2,1),(6,6, 1) [8]
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Let N, Z Q and C denote the sets of natural numbers, integers, rational numbers
and complex numbers respectively. For n € N, let the number of representations of
n by the quadratic forms @, Q, and Q3 be denoted respectively by

4 2 2 2 2
Ni(ay, az, a3, ag; n) = #{(x1, X2, X3, x4) € Z" : a1 X7 + axx; +azx3 + asxy = n}, (1)

No(by, byyn) = #{(x1, x2, X3, X4) € AR b1(x12+x1x2+x§)+b2(x32+x3x4+x§) =n}

(@)

and

Ni(ay, az, byyn) = #{(x1, x2, X3, x4) € AR a1x12+a2x§+b1(x§+x3x4+xi) =n}.

3)
We observe that the generating functions corresponding to the quaternary quadratic
forms considered in our work are modular forms of weight 2 on T'j(48). So, we
construct explicit bases for the spaces of modular forms of weight 2 on I'y(48)
with character y (modulo 48) and use them to give formulas for N (ai, az, a3, as; n),
N> (by, by; n) and N3(ay, az, by; n). Itis to be noted that in his work [19], S. Ramanujan
gave the list of 55 universal quadratic forms of type Q;. Our work includes 8 out of
these 55 forms which are given by (ay, ap, a3, a4) = (1,1, 1,4), (1, 1,2,4),(1, 1,2, 12),
(1,1,3,4),(1,2,3,4),(1,2,4,4),(1,2,4,6) and (1, 2,4, 12). We give explicit formulas
for the number of representations of these 8 quadratic forms in Theorem 2.1. In §2.1,
we give simplified expressions for some of the formulas obtained in our work and
as a consequence deduce that the quadratic form x7 + x1x; + x5 + €(x3 + x3X4 + x7)
is universal when ¢ = 2 and non-universal when ¢ = 4. Using the formulas for
Na(by, by; n) and N3(ay, az, by; n), we show the universality and non-universality of
some of the forms in these two types.

2 Preliminaries and Statement of Results

We use the theory of modular forms to prove our results and so we first fix our
notations and present some of the basic facts on modular forms. For positive integers
k,N > 1 and a Dirichlet character y modulo N with y(=1) = (=1)%, let My (N, x)
denote the C- vector space of holomorphic modular forms of weight k for the con-
gruence subgroup I'o(N), with character y. Let us denote by Sk (N, x), the subspace
of cusp forms in My (N, x). The modular forms space is decomposed into the space
of Eisenstein series (denoted by Ex (N, y)) and the space of cusp forms S (N, x) and
one has

Mk(NaX):Sk(N5X)®Sk(N’X) (4)

Explicit basis for the space Ex (N, y) can be obtained using the following construc-
tion. For details we refer to [17, 21]. Suppose that y and y are primitive Dirichlet
characters with conductors N and M, respectively. For a positive integer k > 2, let
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i (@) i=co+ )| Y wdx(n/d)d" | q", 5)

n>1\dln

where g = ¢* (z € C,Im(z) > 0) and

a 0 if N> 1,
CTV_Bew =

2k

with By, denoting the generalized Bernoulli number with respect to the character .
Then, the Eisenstein series Ex, ., (z) belongs to the space My (NM, x /¢), provided
x(=Dy(=1) = (=1)* and NM # 1. We give a notation to the inner sum in (5):

Tty () = ) W(d)x(n/d)d* . ©)

d|n

In this paper we use the Eisenstein series of the above type with the following
11 pairs of characters given by (1, x3), (xs, 1), (1, x12), (x12, 1), (1, x24), (x24, 1),
(-4, x-4), (X=5 X-3), (X=3, X-4), (x=3, X¥-8), (x-s8, x—3). For a square-free integer
d =1 (mod 4), the Dirichlet character y; (modulo |d|) denotes the real quadratic

character ( 4), whereas for a square-free integer d = 2,3 (mod 4), the Dirichlet

character y44 (modulo 4|d|) is the real quadratic character (ﬁ). These characters

are nothing but the Kronecker symbol. The character 1 is the trivial character given
by 1(n) = 1 for all n > 1. The constant term ¢ corresponding to each of these 11
pairs is given in the following table.

(X’ lﬁ) Co
(s> D, (x12, D, (24, 1), (v—as x-4)s (=45 X-3)> (¥=3, x-4)> (x=3, X¥-8)> (x-8, ¥-3)| 0
(19 /\/8) _%
(1’ XIZ) -1
(1’ X24) -3

When y = ¢ =1(.e.,when N = M = 1)and k > 4, wehave Ey , ,(2) = —%Ek(z),
where E;(z) is the normalized Eisenstein series of weight k in the space Mi(1),
defined by

2k
Ei2) = 1= ) orai(mg". @

n>1

In the above o(n) is the sum of the r-th powers of the positive divisors of n and

(o)

B
By is the k-th Bernoulli number defined by XL] = Z —"‘lxm. We also need the
ex — m!
m=0

Eisenstein series of weight 2, which is a quasimodular form of weight 2, depth 1 on
SL,(Z) and is given by
Ex(z)=1-24 Z o(n)q".
n>1

(Note that o(n) = o1(n).) Let
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n(z)=q"* [ Ja-q"

n>1

denote the Dedekind eta function. Then, an eta-quotient is a finite product of integer
powers of 7(z) and we denote it as [[}_, "/ (d;z), where d;’s are positive integers
and r;’s are non-zero integers. For more details on holomorphicity/modularity of
eta-quotients one may refer to [14].

In the case of the space of cusp forms Si(N, x), we use a basis consisting of
newforms of level N and oldforms generated by the newforms of lower level d, d|N,
x modulo d, d # N. However, when y = x|z, we construct a basis for the space
of newforms, which are not Hecke eigenforms. For a basic theory of newforms we
refer to [10, 16] and for details on modular forms, we refer to [15, 17, 21].

We now state the main results of this paper. In the following statements y denotes
a Dirichlet character modulo 48, which is either the principal character modulo 48,
denoted as yq or the Kronecker symbol yg = (‘7’), where d = 8, 12, or 24. For each
such y, let £, denote the dimension of the C- vector space M>(48, x). Then

_ 14 if x = xoor xi2,
Yo 12 if)(ZXgOI'/\/24.

Theorem 2.1 Letn € N. For each entry (ay, a, as, as) corresponding to Q in Table
1, the associated theta series is a modular form of weight 2 on I'y(48) with character
X- Therefore, using the basis given Table B (in §3.5), we have

[X
Ni(ar, az, az, as;n) = Z @iy Ai (1), ¥

i=1

where A; ,(n) are the Fourier coefficients of the basis elements f; , and the
values of the constants a;)’s are given in (§6, Table 2). Explicit formulas for
Ni(ay, a, az, aq; n) are given below for the 8 universal quadratic forms (obtained
in Ramanujan’s work [19]) corresponding to (ay, ap, as, aq) = (1,1,1,4), (1,1,2,4),
(1,1,2,12), (1,1,3,4), (1,2,3,4), (1,2,4,4), (1,2,4,6) and (1, 2,4, 12).
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Ni(L, 1,1,4;n) = 40(n) — 200 (n/4) + 240 (n/8) — 320 (n/16) + 209, , ., (1),
Ni(L,1,2,4;n) = 407, 51(n) — 202,145 (1n/2),

1 2
Nl(ls 13 23 12, n) = 20—2,/\/24,1(”) - 50—2,1,/\/24(”/2) + 50-2,/\{73,/\(78 (n) + 0-2,/\,/—8’/\/73(”/2)

4 16
+ 167224 4,01 (n/2) + 572,24,)(24;2(71) + ?72,24,)(24;2(71/2),

1
Ni(1,1,3,4;5n) = 309, y,,1(1) = 3072,,,,,1(1/2) + 12075, 1(n/4) — 50'2,1,)(12(’1)

1 3 3
+ 50'2,1,/\/12(”/2) - 0-2,1,)(12(”/4) + 50-2,,\(_3,/\(_4(’1) + 50-2,/\/_3,)(_4(’1/2)

+ 30—2,)(—3,)(74 (n/4) - 02, x_4.x-3 (n) - 02, x_4.x-3 (n/2) - 40—2,/\/74,)(73 (n/4)

+ 12,48, y12:1 (M) — 12,48 y1,:2(n),

1 2
Nl(l’ 2,3,4; I’l) = 20—2,/\/24,1(") - §0'2,1,/\{24 (n/2) + §0-2,/\{_3,,\(_g (I’l) t 02, v 5,13 (I’l/2)

2 8
— 872,24, y50:1(1/2) — §72,24,X24;2(n) . §T2,24,X24;2(n/2),

Ni(1,2,4,4;n) = 207, ,.1(n) — 202,145 (1n/2),

3 1
Nl(l’ 2,4,6; I’l) = _0'2,1,/\/12(”/4) + 50-2,/\/12,1(”) + 50-2,/\(_4,/\{_3 (n) - 30—2,X_3,/\/_4(n/4)’

1 1
Ni(1,2,4,12;n) = 09, y,,,1(1) — 50'2,1,”4(11/2) + 50'2,)(_8,)(_3 () + 02545 (1/2)

2 4
+ 41204 1001 (0/2) + 3722402 (n) + 5‘1'2,24,)(24;2(”/2)-

Theorem 2.2 Let n € N. Then we have
No(1,2;n) = 60 (n) — 120(n/2) + 180 (n/3) — 3607 (n/6),
No(1,4;n) = 60 (n) — 180 (n/2) — 180 (n/3) + 240 (n/4) + 540 (n/6) — 720 (n/12),
No(1,8;n) = g(r(n) — gO'(n/Z) + ;(r(n/b’) +90(n/4) - %o-(n/@ —120(n/8)
+270(n/12) — 360 (n/24) + 272,24(11),
3 9 9 27
No(1,16;n) = §O'(n) - Ea’(n/Z) - 50’(71/3) +90(n/4) + 70’(n/6) — 180(n/8)
—270(n/12) + 240 (n/16) + 540 (n/24) + 720 (n/48) + 372,48(11),
©)

where T 24(n) and 1 43(n) are the n-th Fourier coefficients of A 24(z) and Az 43(z)
respectively, defined in §3.1.

Theorem 2.3 Let n € N. For each entry (a1, as, by) corresponding to Q3 in Table 1,
the associated theta series is a modular form of weight 2 on T'y(48) with character
X- Therefore, using the basis given in Table B (in §3.5), we have
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[X
Ns(ar,az,bisn) = )" By Aiy(n), (10)
i=1

where A; ,(n) are the Fourier coefficients of the basis elements f; , and the values
of the constants B; ,’s are given in (§6, Table 3).

Note: Explicit formulas for some of the cases (ai, az, by) in the above theorem are
given in sections 2.1 and 2.2.

2.1 Simplification of some of the formulas and determining
universal property

In this section, we shall simplify some of the formulas given in Theorems 2.1 — 2.3
and discuss about the universal property of the corresponding quadratic forms. In
Theorem 2.1, we consider three formulas corresponding to (1, 1, 1,4), (1, 1, 2,4) and
(1,2,4,4). We first consider the formula for Ni(1, 1, 1,4; n), given in Theorem 2.1:

N (L, 1,1,4;n) = 40 (n) — 200 (n/4) + 240 (n/8) — 320 (n/16) + 202, ., . (n),

where 02, , (1) = X din (%‘) ( n_/;ti) d. This twisted divisor sum vanishes when
n is even and it is equal to (’74) o (n), when n is odd. Therefore, when n is odd,

the representation number becomes (4 + 2 (%‘) )or(n). When n is even, using the

multiplicative property, it is easy to see that it takes the value Ao (m), where n = 2%m,
a > 0and A = 12,8 or 24 according as a = 1,2 or > 3, respectively. Thus, we have

(4+2 (%‘))a(n) it 2 fn,

ML 11, 45 m) = 120°(m) if n=2m, mis odd, (11
8a(m) if n=4m, mis odd,
240 (m) if n=2%m, misoddand a > 3.

Note that in the case when 7 is odd, the formula is nothing but 60-(n) ifn = 1 (mod 4)
and 20(n) if n = 3 (mod 4). From this formula, it is clear that Ni(1,1,1,4;n) > 0

for all n > 1. This shows that the form x% + x% + x? + 4x§ is universal.

Next, we consider the quadratic forms corresponding to the cases (1, 1,2,4) and
(1,2,4,4). For an odd natural number n, we have

2 2 2
Ni(1,1,2,4;n) = 40y 1(n) = 4 (—)d = 4(—) (—) d. (12)
X ;:: n/d n ; d

When n = 2%m, @ > 1, m odd, then the formula simplifies as follows.
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N(L1,2,4n) = 407 1(n) — 20701, 4,(n/2)

2l 2 (3)°

dln/2

(-5

dlm

13)

Combining the above two cases, we get

4(2) Zaw (3) @ if nis odd,
Ni(1,1,2,4;n) =
(2‘”2 (%) - 2) Zdm (%) d ifn=2%m, a > 1, mis odd.
(14)
Now, it is easy to see that for an odd positive integer n, both (%) and 3’ 41, (Zzi) d have

the same sign (positive or negative). Therefore (%) 2idn (721) d is positive when n is

odd. Using this fact, it also follows that (2‘”2 (%) - 2) 2dm (%) d is positive for
all odd positive integers m, when @ > 1. (Note that one can give explicit values for
these twisted divisor sums similar to the one given in Eq.(22).) Thus, for all natural
numbers n, we have Ni(1,1,2,4;n) > 0, which implies that the quaternary form
X7 + x5 + 2x3 + 4x; is universal.

Using similar arguments as in the case of N|(l,1,2,4;n), the formula for
N1(1,2,4,4;n) given in Theorem 2.1 simplifies as follows (with n = 2%m, @ > 0
and m is odd).

Ni(L,2,4,4:n) = 207 y,1(n) — 20,1, (n/2)
2(2) Zaa (3) d if 7 is odd,

(291 (2) - 2) Zapm (3) @ itn=2m, @ > 1, mis odd.
5)

Thus, the form x7 + 2x3 + 4x3 + 4x] is also universal.

Next, we simplify the two formulas for N;(1,2;n) and N>(1,4;n) given in The-
orem 2.2. Using the multiplicative property of the divisor function, it can be seen
that

MN>(1,2;n) = 60(n) — 120(n/2) + 180 (n/3) — 360(n/6)

16
= 6(3F" —2)o(m), if n =293%Fm, ged(m,6) = 1, (16)
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which is always positive and therefore the form x7 + x1x; + x5 + 2(x3 + x3x4 + x7)
is a universal quadratic form.

Now for the other case N> (1, 4; n), Theorem 2.2 gives the following formula
No(1,4;n) = 60 (n) — 180 (n/2) — 1807(n/3) + 240 (n/4) + 540 (n/6) — 720 (n/12).
Now, write n = 2%38m, with ged(m, 6) = 1, the above formula reduces to
60(m) ((3F) = 30(F ) (7 27) = 30:277) + 40 (2772)).

The value of the factor (0-(2%) — 30-(2%~1) + 40-(2%72)) is 1 when @ = 0, and 0 if
a = 1, whereas, it is equal to 2(227!' — 1) for @ > 2. On the other hand, for all B =0,
we have (o(3%) — 30-(3#71)) = 1. It turns out that the formula does not depend on 3
and so assuming n = 293fm, m a positive integer with gcd(m, 6) = 1, the formula
for N>(1,4; n) becomes

60 (m) ifa=0,
No(1,4;n) =150 ifa=1, (17)
12" = Do(m) ifa > 2.

Since N>(1,4;n) = 0 for all positive integers n = 2 (mod 4), it follows that the
corresponding quadratic form x7 + x1x2 + x3 + 4(x3 + x3x4 + x7) is not a universal
form. Further, if n = 35, 8 > 1, then N>(1,4;n) = 6 and for n = 2938, a > 2, we
have Na(1,4;n) = 12221 — 1),

Finally, we give formulas for the quadratic forms Q3 corresponding to the cases
(1,3,1),(1,3,2) and (1, 3, 4), which involve only divisor functions o (). Using these
formulas, we show that two of them (corresponding to (1,3, 1) and (1,3,2)) are
universal forms and the third one (corresponding to (1, 3,4)) is non-universal. Using
Table B for the basis elements and Table 3 for the linear combination coefficients,
formulas for the cases (1,3, 1), (1,3,2) and (1, 3, 4) are given below.

N3(1,3,1;n) = 8c(n) — 120(n/2) — 240(n/3) + 160 (n/4) + 360(n/6) — 480 (n/12),
N3(1,3,2;n) = 20(n) + 60(n/3) — 8o (n/4) — 240 (n/12),
N3(1,3,4;n) = 20(n) — 60(n/2) — 60 (n/3) + 160 (n/4) + 180 (n/6) — 480 (n/12).

By writing n = 2938 m. q, B = 0 and ged(m, 6) = 1, the above formulas reduce to
the following simplified expressions.

. [8a(m) if a =0,
N3(1,3, 1,”) = {12(20 _ I)O'(Wl) ifa>1. (18)
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2@ = 2)o(m) if @ =0,

(1,3, 25m) = {6(3/3“ -2)o(m) ifa>1. 1)
20-(m) ifa=0,

N3(1,3,4;n) = 40 if @ =1, (20)

12" - Do(m) ifa > 2.

The above formulas directly imply that the quadratic forms x7 +3x3 +£(x; + X34+
x7) are universal where £ = 1,2 and the quadratic form x7 + 3x3 + 4(x3 + x3x4 + x7)
is non-universal.

Among the 65 cases of type Q3 considered in this work, 16 forms are universal
(this is verified using the famous ‘290’ theorem [11]). They are given by the following
triplets: (ay,az,b1) € {(1,3,1),(1,3,2),(1,12,1),(2,6,1),(1,6,1),(1,6,2),(2,3, 1),
(1,1,1),(1,1,2),(1,4,1),(1,4,2),(2,2,1),(1,2,1),(1,2,2),(1,2,4),(2,4,1)}. Among
these 16 cases, the formulas for the 6 cases (1,3, 1), (1, 3,2),(1,1,1),(1, 1,2),(1,4,2),
(2,2, 1) involve only the divisor functions. So, it is easy to verify the universal prop-
erty from our formulas for these cases. We have just shown (using (18) and (19))
that the cases (1, 3, 1) and (1, 3, 2) are universal. In a similar way we show that the re-
maining 4 cases are also universal by using explicit formulas given by Theorem 2.3.
Writing n = 2938N, q, B = 0, gcd(N, 6) = 1, the following formulas are obtained
for the cases (1, 1, 1), (1, 1, 2), (1,4, 2), (2, 2, 1) using Theorem 2.3:

N1 115 = @052 (182538 = 1) T o),

N1, 1,20) = @041 (18253 4 1) T Fia(),

(1= (=153 + (=1 (X)) Fa(N) if @ =0,
N3(1,4,2;n) = {33! = (=1 (X)) Fi2(NV) ifa=1,
Q1 = (@B 3B 4 (1) (X)) Fp(N) ifa > 2.
3G = (1P (B )F(N) if @ =0,
N3(2.2 Lm) = {(20 + (~DeBH 3B (B (M) Fp(N) ifa > 1.
20

In the above, we have used the following notation defined in [6, p. 1542]: For a
natural number #,

12 _
Fia(n) = Z (n/_d) 4= ,,la_[n W

d|n

(22)

It is clear from the above definition that for all natural numbers n, Fi>(n) > 0. With
the same assumption that n = 2938 N where «, B > 0 and gcd(N, 6) = 1, one can
check easily the following facts (which are used to prove (21)):
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d =2°3FFp(N),

&

S
—
i|»—
&[\)

a5
S~— S~— S—

e}

d= (%) F]Q(N) = (%4) (g) FIZ(N),

&
s

3) (=4 N (23)
__ _— _ (_1\atBra [ Y

;‘(d)(n/d =172 (3)F12(N>,
__4 _—3 _ (_1\a+B+(N-1)/2

dzp;( d)(n/d)d_( D 3 Fi(N).

Since Fiy(n) is positive for all n > 1, it follows from (21) that all the four quadratic
forms corresponding to (1, 1, 1), (1, 1,2), (1,4, 2) and (2,2, 1) are universal.

As mentioned before, there are 10 quadratic forms (of type @Q3) considered in
our work, which are universal (by using the ‘290 theorem) for which our explicit
formulas involve Fourier coefficients of cusp forms. So, it will be interesting to get
this property using our explicit formulas. Here we would like to mention a very
interesting and motivating survey article by J. H. Conway [13] on the 15 and 290
Theorem on the universal property of integral quadratic forms.

2.2 Remarks on equivalence of formulas

As mentioned in the introduction, our results include 36 known formulas (19 corre-
sponding to @, 2 corresponding to Q,, 15 corresponding to Q3), which are obtained
using different methods. The cases (1, 2) and (1, 4) corresponding to Q, were obtained
in [6]. Formula for the case (1,2) given in [6] is same as our formula (Theorem 2.2)
and the formula for (1,4) given in [6, Theorem 15] is equivalent to (17). However,
for the remaining 34 cases, some of the earlier formulas have been expressed in a
different way. We would like to remark that our formulas are equivalent to these
formulas obtained earlier. Here we indicate how these equivalence properties can be
realised.

The formulas deduced in the previous section (§2.1) (i.e., simplified versions of ac-
tual formulas obtained from our theorems) are exactly the same formulas obtained in
the earlier works [2, 4, 5, 7, 8]. Below we mention the formulas along with reference to
the earlier result: Ni(1, 1, 1,4; n) ([2, Theorem 1.7]), Ni(1, 1,2,4; n), N1(1,2,4,4; n)
([5, Theorems 5.3, 5.4]), N3(1, 1, 1;n), N3(1,1,2;n) ([4, Theorems 11.1, 12.1]),
N3(1,3,1;n), N3(1,3,2;n), N3(1,3,4;n) ([8, Theorem 1.2 (iii)]), N3(1,4,2;n) ([7,
Theorem 1.3]) and N3(2,2, 1;n) ([8, Theorem 1.4]).

We now show one more formula corresponding to Qs for the case (ay, as, by) =
(1, 1, 8) and deduce the formula obtained in [6, Theorem 1.4] for this case.

By using Table 3 (for the character yi7) and the basis for the space given in
Table B, our formula for Ni(1, 1,8;n) is obtained by comparing the n-th Fourier
coefficients, which is given below.
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1 3
N.’a(l L8; n) 0'2 1X|z(n) 0-2,1,/\/12(’1/2) + _0-2,)(12,1(") t 202 v 4x3 (l’l)

2 2 2
TN (0 R 1)
12 12 3 12
“a2(a) 272 B ) 2 2 G )
9 4\ (-3
2;( )(n/d) Ed%(_)(n/d)d

Now using (22), (23) in the above, we get the following explicit formula for
Na(1,1,8;n): Let n = 293N, where a, 8 > 0 and gcd(N, 6) = 1. Then,

N3(1, 1, 8; n)
0 if n = 3,6,7(mod 8),
=3 (-1 (X ))F]Z(N) if n = 1,5(mod 8),
Qo1 — (- 1)a+ﬁ+ D38 4 (= 1)aHB (X))Fia(N) if n = 0,2,4(mod 8).

(24)

The above formula is the same as Theorem 1.4 of [6]. Note that the above formula
implies that the corresponding quadratic form is non-universal.

3 Proofs

In this section, we shall take y to be one of the four characters yo, xs, ¥12 Or y24 and
¢, is the dimension of the space of modular forms M>(48, x). The main ingredient in
proving our theorems is the construction of explicit bases for the spaces M>(48, y).
For uniformity, we shall denote these basis elements as {f; ,(z) : 1 <i < ¢, } and
write their Fourier expansions as

fin@ =) Apy(mpemme, (25)

n>0

The basis elements f; , (z) are explicitly given in §3.5.

3.1 A basis for M,(48, xo)

The vector space M>(48, xp) has dimension 14 with
dime E,(48, xo) = 11 and dime S»(48, xo) = 3. For a, b divisors of N with a|b, (b >
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a), we define ¢, »(z) to be

1
$ap(2) = o (bEx(b2) — aE(az)). (26)
It is easy to see that ¢, 1, € Ma2(N, xo). We need the following two eta-quotients:

(e8]

A224(z) = n(22)(42(62)n(122) = | T224(m)g" @7

n=1

_ ptéont(122) O n
Ar48(2) = My ;TZAS(”)‘] . (28)

Using the above functions, we give a basis for the space M»(48, xo) in the following
proposition.

Proposition 3.1 A basis for the space of Eisenstein series (48, xo) is given by
{¢1,b : b|48(b > 1)’ E2,X-4,X—4(Z), EZ,/\/_4,/\/_4(3Z)}
and a basis for the space of cusp forms S»(48, xo) is given by

{A2,24(2), A224(22), Ao 4g(2)}.

3.2 A basis for M»(48, x3)

The vector space M>(48, x3) has dimension 12 with
dimc E;,(48, xs) = 8 and dimc S(48, y3) = 4. For the space of cusp forms, we
need the following eta-quotients.

n(2n*(62)7°(82) _

A2,24, ;I(Z) S T N AN 1A 12,24, ;l(n)qn’
“ n(22)n(3z)n(12z) ; 8
2 4 o
2)n(8z 12z
Aot yya(2) = @S2 (122) D 2"

n(42)n(62)n(24z) L
The following proposition gives a basis of the space M>(48, xs).

Proposition 3.2 A basis for the space of Eisenstein series E,(48, xg) is given by
{Ez,l,Xg(aZ)» a|6’ EZ,Xg,l(bZ)’ b|6}
and a basis for the space of cusp forms S»(48, xg) is given by

{4224, v5:1(2)s D224, 15:1(22), A2.24, 15:2(2), A2 24, 15:2(22) ).
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3.3 A basis for M»(48, x12)

The vector space M>(48, x12) has dimension 14 with
dim¢ $>(48, x12) = 2. For the space of cusp forms, we use the following eta-quotient.

(o)

Z a4, (Mq"-

n=1

n"'22)n(62)n(82)n(242) _
(2> (42)n(122)

D248 1, (2) =

Using the above eta-quotient, we define the following two cusp forms (which are
obtained by considering the character twists of the above eta-quotient).

D248 x1p:1(2) = Z @48, (MG",  Doag yp(z) = Z a 48,y (Mg

nx1 nx1
n=1 (mod 4) n=3 (mod 4)

(29)
Using these functions we give a basis for the space M»(48, yi2) in the following
proposition.

Proposition 3.3 A basis for the space of Eisenstein series E,(48, x12) is given by
{E2,l,/\/12 (aZ)7 a |4’ E2,X]2,l(bz); b|47 EZ,X,4,/\/,3 (tl Z)7 tl |4, E2,X,3,X,4 (t2z)7 t2 |4}
and a basis for the space of cusp forms S(48, x12) is given by

{A2,48»)(12;1 (2), A2,48,)(12;2(Z)}~

3.4 A basis for M»(48, x24)

The vector space M>(48, x24) has dimension 12 with
dime S2(48, x24) = 4. We need the following eta-quotients.

00

n(2)n(4z2)n*(62)n*(24z) ZTZ S
- 22 X245 >

N224 1ne:1(2) =

nQ2omBan*(122) 4
_ 1A' (4n6)n(24z) n
D248 x24:2(2) = P22nB82)n(122) = ; 12,24, 24529 -

In the following we give a basis for the space M;(48, y24).

Proposition 3.4 A basis for the space of Eisenstein series E3(48, x»4) is given by
{EZ»I’XM (az); a|2, EZ,X24,1(bZ); b|27 EZ,/\/_g,/\/_g (tl Z)7 I |27 EZ,X_g,X_g (tZZ); 153 |2}
and a basis for the space of cusp forms S(48, x»4) is given by

{8224, 424:1(2)s D224, 104:1(22), D224, 304:2(2), D224, 104:2(22) )
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3.5 Combined table for bases

In this section, we combine all the bases given in Propositions 3.1 to 3.4 in a tabular
form along with identifying the elements f; ,(z) foreachi, 1 <i < ¢,.

Table B (List of basis elements)

fl,,\/()(Z) = ¢1,2(Z)’ f6,)(()(z) = ¢l,12(z), fll,)(o(z) = E29X—45X—4(3Z)’
foxo(2) = ¢1.5(2), Frxo(2) = ¢1,16(2), S12,0(2) = A224(2),
Fixo(2) = ¢1.4(2), Ssxo(2) = #1.24(2), S13,00(2) = A224(22),
Jaxo(2) = ¢1.6(2), Soxo(2) = ¢1,48(2), Sia,x0(2) = A2u8(2).
fﬁ,/\/o(z) = ¢1,8(Z)’ flO,){o(Z) = EZ,X—4,)(—4(Z)’

fl,/\(g(z) = EZ,I,XS(Z)9 fS,Xg(Z) = EZ,XS,I(Z)7 f9,X3(Z) = A2,24,X3;1(Z)v
Pos(@) = Eo145(22), fous(2) = B2y 122),  fio.4s(2) = A224 45:1(22),
Bos(@) = Ex145(32),  fr4s(2) = E2pg1(32),  fil,xs(2) = D224 44:2(2),
Jays(2) = E21,)5(62),  foxs(2) = E2ps1(62),  fi2,5(2) = A224 4:2(22).

i@ = E214(2) foxn(@) = Eoyin,1(42), it p(2) = By p,(22),
ﬁleZ(Z)) = E2,1,)(12(2Z)’ f7,X12(Z) = E2,X,4,)(,3 (2), f12,)(12(z) = E2,X,3,X,4(4Z),
f3»X12(Z) = E2,1,x12(4z)» f&)(lz(Z) = E2,)(,4,X,3 (21)’ f13,)(12(Z) = A2,48,/\/]2;1(Z)’
f4,/\/12(z) = EZ,XIZ,I(Z)7 f9,)(|z(z) =E x4y (42), fl4,)(12(z) = A2,48,X12;2(Z)~
fS,/\/lz(Z) = EZ./\/lz,l(zZ)7 flO,)(lz(Z) = EZ,)(—3,)(—4(Z)’

fl,)(24(z) = E2,1,)(z4(z)’ f5,X24(Z) = E2,)(73,)(73(Z)’ f9,)(z4(Z) = A2,24,X24;1(Z),
fZ,Xu(Z) = E2,1,)(24 (22), f6,)(24 (2) = EZ,)(,3,)(,3 (22), flO,)(z4 (2) = A2,24,)(24;1(2Z),
f3v\’24(z) = E2»X24,1(Z)’ f7,)(24(z) =Ey v gxs (2) f“,)(m(z) = A2,24,)(24;2(Z)7
f4,,\/24(z) = EZ,/\/24,1(21)7 f&/\/24 (Z) = EZ,)(_g,)(_3 (2z), le,)(z4(Z) = A2,24,X24;2(22)-

We are now ready to prove the theorems. The generating functions for the two
types of quadratic forms considered in this paper, viz., sum of squares and forms of
type x> + xy + y? are given respectively by the classical theta function

Oz) = ). ¥, (30)
nez
and the function
7:(2) — Z eZﬂi(m2+mn+n2)z. 31)

m,nez
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The theta function ®(z) is a modular form of weight 1/2 on I'h(4) and F(z) is a
modular form of weight 1 on I'y(3) with character (5) (see [15],[20, Theorem 4], [12]
for details). To each quadratic form (ay, ap, a3, as) as in the Table 1 (corresponding
to the quadratic forms @), the associated theta series is given by

0O(a12)0(a22)0(a3z)0(a4z). (32)

By using [18, Lemmas 1-3], we see that the above function is a modular form in
M>(48, x), where y is one of the four characters that appear in Table 1. Now using
the bases constructed as in Table B, one can express each of the theta products (32)
as a linear combination of the respective basis elements. Since Ni(ay, ay, as, as; n) is
the n-th Fourier coefficient of the theta product (32), by comparing the n-th Fourier
coefficients, we get the required formulae in Theorem 2.1.

We now briefly demonstrate the case (1, 1, 1,4). The linear combination coeffi-
cients in this case are given by (from Table 2, character yg) 0,0,5/8,0,-7/8,0,5/4,
0,0,2,0,0,0,0. Therefore,

0°(2)0(4z) = g (§E2(4Z) - %Ez(z)) - % (%Ez(Sz) - %Ez(z)

5(16 1
+7 (EE2(16Z) - BEZ(Z)) +2Ep 404 (2)

1 5 4
= —gEz(Z) + EE2(4Z) - Ez(SZ) + §E2(16Z) + ZEQ’X_4’X_4(Z).
Comparing the n-th Fourier coefficients of both the sides, we get
Ni(1,1,1,4;n) = 40 (n) — 200 (n/4) + 240 (n/8) — 320 (n/16) + 207, , . (n).

Next, for the four quadratic forms given by the pairs (1,2),(1,4),(1,8),(1, 16)
in Table 1, the corresponding theta series is the product of the forms ¥ (b;z) and
F(b2z). Again by using Lemmas 1 and 3 in [18], these forms belong M>(48, xo).
So, we can express these 4 forms as a linear combination of the basis elements of
M>(48, xo), which we denote as follows. Let (by, by) € {(1,2),(1,4),(1,8),(1,16)}.

Then
14

Na(br,basn) = 3 cii (), (33)
i=1
where A; ,,(n) are the Fourier coefficients of the basis elements f; ,,(z) (given in Ta-
ble B). The values of the constants ¢; for each pair (b}, ;) are given in the following
table.
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Table C
bi,by | ci | e |c3 | ey |cs|co|c7|cg|co|ciofc|c|c|cu
L2 | +|#]o|l2]lo|lo|lofloflo| O] O] O] O]O
La (313 |F2(8lo|L]olojojo|lo]o]oO0]|oO
L8 | 5|3 |2 B |6 |3 |0 B[00 0|3 ]0)0
nie | S b2 a B2l o]o]o]o]3

The values of ¢; are non-zero only in the case of basis elements which are either
é1.5(z), b|48 and b > 1 or one of the cusp forms A 24(z), Az45(z). The Fourier
expansion of the Eisenstein series ¢, ,(z) is given as follows.

S onfayg" - 2 an/b)g".

n>1 n>1

24a
¢a,b(z) =1+ b
—da

By substituting the values of the constants ¢; in the expression along with the Fourier
expansion of the above basis elements, we get the required formulas in Theorem 2.2.

Finally, the theta series corresponding to each quadratic form Q3 represented
by the triplets (ay, az, by) in Table 1 is the product @(a;z)@(azz)¥F (bz). By using
Lemmas 1 to 3 of [18], it can be observed that this theta product is a modular form
of weight 2 on I'y(48) with one of the characters xo or y4, d = 8, 12,24 (depending
on the triplets (ay, az, by)). Formulas in Theorem 2.3 now follow from comparing
the Fourier coefficients of these associated modular forms.

This completes the proofs of the theorems.

4 Tables for Theorems 2.1 and 2.3

In this section, we shall give Tables 2 and 3, which give explicit coeflicients «; , and
Bi,, that appear in Theorem 2.1 and Theorem 2.3.
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Table 2 for the character .

aj, az, az, a4 |y, |2, xq (X3, x [ ¥, x0 | X5.x0 | X6, x0 | X7, x0 | X8, x0 | X9 x0 | @10, x¢ [ @11, x¢ | X12,x0 |13, x( | X141
L4 oo |3 |lo|=-Flo]|3|o0o]| o] 2 0 0 0 0
LL4d | L oo | o|-%|o]2]|o0o]o 2 0 0 0 0
L1312 | Sl -2 l-3l & |2 |-3|-2|%| 1 3 0 2 1
Lz | gl 510 |-5l &0 |-3|-8]%]| 1 3 1 2 1
1,224 | Lo o ]o|-%Z|lo]|2|]o0o]o] o0 0 0 0 0
126,12 | & |-%| 0 | & |-%| 0| |-2|% 0 0 5 1 1
Lasa | b |-k |-h | F | ER[E a0 ] 2|
L3412 | 2l 5 1-2l-2l &1 3 |-3|-2|%| o 0 0 0 1
L444 | 10 |-F]l0o]o o] 3|o0o]o0 1 0 0 0 0
1466 | £ | S| o0 |-%| &0 |-3|-2|%]| o 0 1 2 0
IR I IR A A IR A N N
22312 | £ | 5|0 |-%| &0 |-3|-B|%| o 0 | -1 2 0
2346 | & |-H| o0& |-&|o0||-B|%]| o 0 i 1 -1
3344 | 2|l 510 -2l & o |-3|-8|% |1 ]| 3|12 1
sann | ||| &8 | [B ]3]0 |4

Table 2 for the character ys.

ai, 4z, a3, A4 | @1, xg | A2, xg | ¥3, xg | ¥4, xg | F5, xg | X6, xg | X7, x5 | X8, x5 | ¥, x5 |¥10, x5 | X1, xg | ¥12,xg

1,1,2,4 0 2 0 0 4 0 0 0 0 0 0 0

L1,612 | 0 | -%]| 0 |-

wiloy
oo
(=}
|
s
[=}
oo
s
ul
Wil
|
oo

1,2,4,4 0 2 0

(=}
[
[=)
[=)
[=)
[=)
(=)
[=)
(=}

L2312 o | 2o (-2 2o |F o |2 | ¥ ]| 2 |-5
1,2,12,12 | 0 z o |-%#| 2 0| 2o | 2|8 |-4]|-L
1,3,4,6 o |-%2] o |-¢]¢ 0 |-2] o g -8 | 8| 8
L4612 | o [ -2 o |-¢| ¢ ] o |-C]lo | ¢ |2 |2 -8
2,3,3,4 0 Z 0 24 0| %] o |-|-L] L %
2,3,4,12 0 2 o |-2| 2 o | 2| o -8 ¢ ¢ 4
sads |0 | <40 =gt |0 g0 |3 ] 8]
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Table 2 for the character yi>.

@ @13, x12 | ¥4 x12
@ 12,x12
@ 1,x12
@ 10,x12
"‘ 9.x12
@ 8.x12
@ 7.X12 I
Dxi2|M6.x12 3
@ 4, x12 |95, : 3 ‘
2x12|M3x12 : 2
alyaz,a31a4 alv\’lZ , I : 2 |
12 - 3 3 |
3 3 : :
1 1 3 ) 2 O
b 2 1 -1 2
L2 3 3 ’ | 3 3 3
| l 1 3 7 0 2 2
1 1 . 1 O 1
: 2 b 3 1
1,1,3,4 ] ' 0 0 2 0 0
. % >l 2 ! 0 0 0 0
1,1,4,12 2 ! 0 0 2 0 0 -3 1
0 0 B 2 l 0 0 I | 5
1,2,2,12 ! 0 O 2 l : |
1 3 4 72 |
0 0 ] | l
1,2,4,6 71 4 0 3
1 B 1 ) 0 1
1 1 | -l 7
: 2 B 1 1 3
1,3,3,12 3 ' ' ' 2 O 0 |
0 0 -1 3 : | 4 ] 0
1,3,4,4 | 71 4 2 3 i 3
B 1 | ‘ : : .
0 0 K . ] 3
1,3,12,12 3 i 6 4 O 7]
. : 2 0
1 1 3 0 0
_1 1 l : ]
1,4,4,12 1 X : 0 2 1 % 7]
0 -1 ] 1 2 -1
0 : »l
1,6,6,12 ] N 2 4 0 3
. : 2 O
1 . 1 0
1 _1 : 0 .
1 ! i 0
1,12,12, 12 1 X : 0 2 0 U 1
0 0 1 3 B 0 0 -l |
2,2.3.4 1 0 0 i l _% -I
-1 3 ) y 2
2 0 0 4 | -] 1 l 0 3
2,3,6, ] | | | : |
1 N 0 b -l
_1 3 l 0 0
3,3,3,4 3 ! 0 0 2 i : %
1 1 -1 2 1 1 5 -3 I %
e ) 2 3 3 6 3 2 0 1 .
) : 2 0
1 1 0 3 1 0 O |
7 . , 1 0 3
3,4,4,4 4 ) 0 i 2 l 7% -
-1 2 1 2 74
0 0 : 7
3,4,6,6 : l 2 4
1 i ! 7 2
4 4
3,4,12,12 i

Table 2 for the character y»4.

@
@10, x4 | ¥11, x4 [¥12,x24
@ @9, x4 3
@ 8,24
@6, x24 | T x24
¥4, x24 | U5, x24 | 76, : .
@3, x04 | ¥4, 7 3
AN x04 | Y2004 : - 3
ay, ap, az, ag ||, 0 1 8
2 0 : |
b 2 0 -1 8 0 3
1,1,2,12 0 3 Z 0 0 ! :
L 2 U . 1 0 -8 3
1,1,4,6 0 3 . 0 0 Z %
b 2 0 ’; 1 0 4 3
1,2,3.4 0 3 : 0 0 8 Z 0
e | L § 3
1,2,4,12 0 3 : 0 0 3 ‘ A _%
l % O 3 1 4 0 3
1,3,6,12 0 3 c 0 O 7 8 A |
] 1 0 3 1 : j 3
0 N 0 3 3 8
1,4,4,6 . 1 0 1 0 1 8 . O :
N ; 3 3 3
1,6,12,12 0 3 o 0 0 3 . _%
| l % 0 3 0 -8 3
L 1
0 3 0 8
3,3,12 ; 0 |
2, 1 1 0 3 1 ) % 0 :
N “3 -3 3
2,3,4,4 0 3 c 0 0 3 16 . |
NN IR N
2,3,12,12 0 3 . 0 0 3 4 y 0
NN bl
3,3,4,6 0 1 ‘ 0 0 3
3 3 0 3
3,4,6,12 0 i




Title Suppressed Due to Excessive Length

Table 3 for the character .

at> a2, b11B1, v 182, xq [ B3,.x0 | B4.x0 |B5.x0 | P6.x0 | P7.x0 | P8.x0 [P9.x0 [P10.x0 [B11,x0 |B12,x0 | B13,x0 [P14,xg
1,31 1 R 0 0 0 0 0 0 0
1,3,2 0 21 3 0 0 4 0 0 0 0 0 0 0 0
1,3,4 : L2 2] o | H] o 0 0 0 0 0 0 0
138 | H | A | Bl o | B |F] 0| B o 0 0 3 0 0
Lt [ PP 2RI RIR|IE|E 1 3 0 6 3
261 | R | ZF IR B |2 o | B8] o 0 0 3 0 0
a | S LI BIE|IEIRIE]E 0 0 0 0 3
Table 3 for the character ys.
ai, az, b |Bi,yg |B2, xg |B3. x5 | B xs |B5.xs |B6.xg |B7. xg |B8.xs [Bo.xs [B10,xg |Bi1,xg |B12, xg
L6t | Flo | 2lo |2 o |=Blo|Z|o|L]|o
L62 | 2 1o |=2|o|f]o|®|lo]|2]| o0 |=2]o0
Le4 | 2o | 2o f]o|Llo]o]| o0 ¢ 0
Les8 | 2 o |LRlo |2 ]|]o |2 o] &] o0 0 0
veto | 3| F 5| # F o 3 oo
231 [ 2o |LR|o|[L]o|Z]o|o] o |2 ]o0
232 | 2o |2 |lo |8 ]o|Z]|o L] o0 0 0
234 | 2o |R|o|f]o|Z|o|[2L]o0 ¢ 0
238 [ F o | 2ot ]o|2]lo|s] o ]| 2]o0
2ate [ 3| 38|40 g o fele 8]y
st | o | 3o [Py 2] o ||

21
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Table 3 for the character yi>.

1> 42, 1B x5 |B2,x015 B3 |Baox iz |P5.xin [Pxin [BTxia |8 xin [Po.xin [P10.x 12 |Bitxs [B12.x1; [B13.x10 [Pl x,
L11 -1 0 0 12 0 0 -4 0 0 3 0 0 0 0
1,1,2 -1 0 0 6 0 0 2 0 0 -3 0 0 0
L1,4 1 0 0 3 0 0 1 0 0 3 0 0 0 0
LLie | 3 3 3 0 0 + 0 0 3 3 3 3 0
1,4,1 3 ) 1 6 3 12 2 B 4 % % 3 3 3
1.4,2 = 1 a1 3 3 12 1 a1 4 3 3 3 0 0
14,4 = 1 1 3 3 12 2 1 4 3 3 3 0 0
1,4,8 1 + | 3 3 6 i 1 2 3 3 3 0 0
La16 | : -1 3 3 3 E N -1 3 3 3 3 0
2,2,1 0 -1 0 9 12 0 3 4 0 0 3 0 0 0
3,3,1 | 0 0 4 0 0 4 0 0 1 0 0 0
3,3,2 -1 0 0 2 0 0 -2 0 0 1 0 0 0 0
3,3,4 -1 0 0 1 0 0 1 0 0 -1 0 0 0 0
3,3,8 1 3 0 1 0 0 2 0 0 = 3 0 0 0
33,16 | 3 1 0 0 i 0 0 2 3 3 0 1
3,121 S 1 -1 2 -1 4 2 1 4 S S - 3 1
3,12,2 S i Bl 1 1 4 Bl 1 4 i 3 1 0 0
3,12,4 = 1 Bl 1 1 4 1 1 4 =t =t 1 0 0
3,12,8 1 2+ 1 1 2 2 2+ = 2 2 2 1 0 0
312,06 | : -1 1 + 1 : i 1 2 2 B 0 i
44,1 0 0 1 5 9 12 3 3 4 0 0 3 3 3
6,6,1 0 B 0 3 4 0 3 4 0 0 1 0 0 0
12,12,1 0 0 -1 3 3 4 3 3 4 0 0 -1 3 1




Title Suppressed Due to Excessive Length

Table 3 for the character y»4.

23

ai, az, bi|B1, yau B2, xau B3, x24 [Ba, x24 |85, 2 |6, x2a BT, x20 B8 x24 B9, x24 [B10, x4 | B11, x24 [B12, 24
L2t | Flo |8 |o|&8]o|l-1lo0o]o0o| o0 |F]|o0
L2 | 3o 4o |F o] 1o 4]0]|F|oO0
L24 | Flo| 2020 |-1]0]oO0] O z 0
L28 | F o |1 |o|F]o|1|]o0o]2]0 2 0
Lat6 | 2 F | s lo | o] 3]0/ 6 2 2
2,4,1 216|828 ]lo | 1]o0o]-16]| 2=
61 | F Lo 8o | ¥ lo|F]of]o0 3 0
362 | F o 3o |F o] t]o[%] o0 0 0
364 | F Lo 2o 2o |F|o|F]|]o0o]|Z]|oO
368 | F o s o0 | F]o]| o [F] o0 0 0
a6t | b [ F oo b 2] 20
6121 0 | 32| F| 2] 8]0 5|4 %2 0

Acknowledgements

We thank the referee for making some useful suggestions. We have used the open-
source mathematics software SAGE (www.sagemath.org) for carrying out our cal-
culations. The second author is partially funded by SERB grant MTR/2017/000228.
Part of the work was done when the third named author was visiting NISER,
Bhubaneswar and he thanks the institute for the warm hospitality.

References

1. A. Alaca, S. Alaca and Z. S. Aygin, Theta products and eta quotients of level 24 and weight 2,
Funct. Approx. Comment. Math. 57 (2017), 205-234.
2. A. Alaca, S. Alaca, M. F. Lemire and K. S. Williams, Nineteen quaternary quadratic forms,
Acta Arith. 130 (2007), 277-310.



24

10.
11.
12.
13.

14.

15.
16.

17.
18.

19.

20.

21.

22.

B. Ramakrishnan, Brundaban Sahu and Anup Kumar Singh

. A. Alaca, S. Alaca, M. F. Lemire and K. S. Williams, Theta Function Identities and Repre-
sentations by Certain Quaternary Quadratic Forms II, International Mathematical Forum 3,
2008, no. 12, 539-579.

. A. Alaca, S. Alaca, M. F. Lemire and K. S. Williams, Theta function identities and represen-
tations by certain quaternary quadratic forms, Int. J. Number Theory 4 (2008), 219-239.

. A. Alaca, S. Alaca, M. F. Lemire and K. S. Williams, The number of representations of
a positive integer by certain quaternary quadratic forms, Int. J. Number Theory 5 (2009),
13-40.

. A.Alaca, S. Alaca and K. S. Williams, On the two dimensional theta functions of the Borweins,
Acta Arith. 124 (2006), 177-195.

. A.Alaca, S. Alacaand K. S. Williams, Representation numbers of certain quaternary quadratic
forms in a genus consisting of a single class, Int. J. Number Theory 12 (2016), 1529-1573.

. S. Alaca, L. Pehlivan and K. S. Williams, On the number of representations of a positive
integer as a sum of two binary quadratic forms, Int. J. Number Theory 10 (2014), 1395-1420.

. A. Alacaand K. S. Williams, On the quaternary forms x* +y* +2z% + 312, x>+ 2y* +2z% + 6¢2,

x% +3y? + 322 + 6t% and 2x* + 3y? + 6z + 612, Int. J. Number Theory 8 (2012), 1661-1686.

A. O. L. Atkin and J. Lehner, Hecke operators on Ty(m), Math. Ann. 185 (1970), 134-160.

M. Bhargava and J. Hanke, Universal quadratic forms and the 290-theorem, preprint 2005.

J. M. Borwein, P. B. Borwein and F. G. Garvan, Some cubic modular identities of Ramanujan,

Trans. Amer. Math. Soc. 343 (1994), 35-47.

J. H. Conway, Universal quadratic forms and the fifteen theorem, Quadratic Forms and Their

Applications, 23-26, Contemp. Math. 272, Amer. Math. Soc., Providence, RI, 2000.

D. Dummit, H. Kisilevsky and J. McKay, Multiplicative products of 1n-functions, in Finite

Groups—Coming of Age, pp. 89-98, Contemp. Math. 45, Amer. Math. Soc., Providence, RI,

1985.

N. Koblitz, Introduction to elliptic curves and modular forms, Second Edition, Graduate Texts

in Mathematics 97, Springer, 1993.

W. -W. Li, Newforms and functional equations, Math. Ann. 212 (1975), 285-315.

T. Miyake, Modular forms, Springer-Verlag, Berlin, 1989.

B. Ramakrishnan, Brundaban Sahu and Anup Kumar Singh, On the representations of a

positive integer by certain classes of quadratic forms in eight variables, Analytic number

theory, modular forms and g-hypergeometric series, 641-664, Springer Proc. Math. Stat., 221,

Springer, Cham, 2017.

S. Ramanujan, On the expression of a number in the form ax* + by® + cz? + du?, Proc.

Cambridge Philos. Soc. 19 (1917), 11-21.

B. Schoeneberg, Elliptic Modular Functions: an Introduction. Translated from the German by

J. R. Smart and E. A. Schwandt. Die Grundlehren der mathematischen Wissenschaften, Band

203, Springer—Verlag, New York—Heidelberg, 1974.

W. Stein, Modular Forms, a Computational Approach, Graduate Studies in Mathematics 79,

American Mathematical Society, Providence, RI, 2007.

K.S. Williams, On the representations of a positive integer by the forms x> + y? + z* + 2t* and

x% +2y? + 222 + 212, Int. J. Modern Math. 3 (2008), 225-230.



	On the number of representations of a natural number by certain quaternary quadratic forms
	B. Ramakrishnan, Brundaban Sahu and Anup Kumar Singh
	Introduction
	Preliminaries and Statement of Results
	Simplification of some of the formulas and determining universal property
	Remarks on equivalence of formulas

	Proofs
	A basis for M2(48, 0)
	A basis for M2(48, 8)
	A basis for M2(48, 12)
	A basis for M2(48, 24)
	Combined table for bases

	Tables for Theorems 2.1 and 2.3
	References



