A REVISIT TO RAMANUJAN-SERRE DERIVATIVE MAP ON
QUASIMODULAR FORMS AND SOME APPLICATIONS

RAVEENA GANASH AND BRUNDABAN SAHU

ABSTRACT. We revisit the Ramanujan-Serre derivative map on the space of mod-
ular forms, give a re-interpretation as a differential operator on the space of quasi-
modular forms. We study various algebraic properties of the differential operator,
give applications in the direction of the study of the Chazy equation, Niebur’s
identity, van der Pol’s identity and evaluation of convolution sums of divisor func-
tions.

1. INTRODUCTION

The derivative of a modular form is not a modular form. However, there are
interesting connections between modular forms and differential operators. Works
of Rankin [20], Cohen [4] and Zagier [25] lead to the concept of Rankin-Cohen
brackets and works of Ramanujan [19] and Serre lead to the concept of Ramanujan-
Serre derivative map which is defined in the following way. Let f(z) be a modular
form of weight k for the full modular group SLs(Z) and Es(z) be the Eisenstein

series of weight 2 which is a quasimodular form. It is well known that the function

1 k
Tf’(z) — EEg(z)f(z) is a modular form of weight k£ + 2 for the full modular
i

group, where f’(z) is the derivative of f with respect to z. The result holds when

f is a modular form with any level (i.e., with respect to the congruence subgroup

[o(N)) as well. If f is a cusp form, then the resulting function is also a cusp form.

k

Let us denote this map by v and write Ux(f)(2) = Df(z) — EEQ(z)f(z), where

1
=50 This (called the Ramanujan-Serre derivative map) is a linear map from

i dz

the space of modular forms of weight & to the space of modular forms of weight £+ 2.

There are several generalizations and applications of the Ramanujan-Serre derivative

map (see [5, 2, 14]) in various contexts.

The Ramanujan-Serre derivative map may also be interpreted in the following
way. If f(z) is a modular form of weight k& then Df(z) is a quasimodular form of
weight £+ 2 and of depth 1. More explicitly, D f(z) has the following transformation
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property with respect to v = <Z Z) € SLy(Z) :
+0b k c
4~ *+2) p az - D -
(cz+d) / cz+d (z)+ 27i (cz + d) /),

or equivalently,

Dflke2v(2) = fo(2) + fi(2) (cz(jr d)

k
where fo(z) = Df(z) and fi(z) = %f(z) The Eisenstein series Ey(z) has the

following transformation property with respect to v = <ch Z) € SLy(Z) :

Eglﬂ(z)—Ez(z)+£( < )

27t \cz+d

o
The term %Eg(z)f(z) is equal to §E2(2>f1(2) (where f1(z) is the associated

function, we call it the first quasi-component of D f(z) with respect to the depth
1) in the definition of the Ramanujan-Serre derivative map which needs to be sub-
tracted to cancel the term f; to get back the modularity. One can reinterprete it as

2
Ui(f)(z) =Df(z)— %Eg(z)fl(z) Hence, the Ramanujan-Serre derivative map can

o
be reinterpreted as Df — D f(z) — %Eg(z)fl(z) (a map from the space of quasi-

modular forms of weight k£ + 2 , depth 1 to the space of modular forms of weight
k + 2). This operator can be generalized in the space of quasimodular forms which
is the main result in this article. Also, we give various algebraic properties of the
differential operator and give some applications in the direction of study of Chazy
equation, Niebur’s identity, van der pol’s identity and evaluation of convolution sums
of divisor functions.

2. PRELIMINARIES AND STATEMENT OF RESULTS

In this section, we shall provide briefly some well-known facts about modular
forms, Ramanujan-Serre derivative map and quasimodular forms, which are needed
to prove the results. For basic details of the theory of modular forms and quasimod-
ular forms, we refer to [23, 9, 8, 5, 21].

For any positive integer k > 4, let My(N) (resp. Sk(IV)) denote the vector space
of modular forms (resp. cusp forms) of weight k for the congruence subgroup I'y(V).
For even k > 4, the normalized Eisenstein series of weight k in Mj(1) given by

Bi(z) =1— 2= opa(n)g", (1)

where By, is the k-th Bernoulli number defined by

x B, ..
T 2 @

m>0
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and oy,-1(n) = >4, d*1, g = €?™* and z is in the upper half plane H. The first cusp
form of weight 12 on the full modular group I'y(1) is given by the Ramanujan delta
function

A(2) = —

= @(Ef —E5) =) 7(n)g". (3)

n>1
Quasimodular forms We now present some basics of quasimodular forms. An-
other important Eisenstein series is the weight 2 Eisenstein series Fy given by

By(z) =1-24) o(n)q". (4)
n>1
This is not a modular form because it doesn’t satisfy the required transformation
property under the action of SLy(Z). However, it plays a fundamental role in
defining the concept of quasimodular forms, which was formally introduced by M.
Kaneko and D. Zagier [8] for the full modular group I'g(1).

Definition: Let £ > 1,s > 0 be positive integers. A holomorphic and polynomially
bounded function f : H:= {z € C: Im(z) > 0} — C is said to be a quasimodular
form of weight &, depth s on I'g(N), if there exist holomorphic functions fy, fi,- -, fs
on H such that

flr(2) :=(62+d)‘kf(az+b>Z;ﬁ(Z)( ‘ ) 5)

cz+d cz+d

for all v = (CCL 2

quasi-component of the quasimodular form f.

€ I'o(NV) and f is not identically vanishing. f; is called the i-th

Remark 2.1. 1t is a fact that if f is a quasimodular form of weight k , depth s, not
identically zero, then k is even and s < k/2.

Remark 2.2. The space of quasimodular forms of weight £ , depth less than or equal
to s is denoted by M=*(N). Note that Ej is a quasimodular form of weight 2 , depth
1 on SLy(Z). If f € My(N) then Df € MZ!,(N). In general, if f € M;*(N) then

D' f € MEST(N).

Remark 2.3. Tt is also a fact that if f is a quasimodular form of weight & , depth s,
not identically zero with i-th quasi-component f;, then f; € M=*(N), fo = f and
fs € Mj_95(N).

The following transformation property holds [11] for the quasimodular form D" f.
Lemma 2.1. Let f € MES(N) with i-th quasi-component f;. Then,

. o [ w 1 (r\[(k+r—1+7—-1 r—j c :
D f’k+2r7:; [Z (27ri)j]!(j)( i J )D( )flj] (cz—i—d) (6)

Jj=0

for allr € Z>o and v = (Z Z) € I'g(N).



In particular, for f = F», we get
(DB = (DE)() + = — B+ 22 (—< ). ()
zZ) = zZ _— .
2147 2 omice +d 2T (2mi \cz +d

We first state the following generalization of the Ramanujan-Serre derivative map
on the space of quasimodular forms.

Proposition 2.2. Let [ be a quasimodular form in MES(N) with the s-th quasi-

27\ ° ~

component f,. Then f — <%> Esf, is a quasimodular form in M=°"'(N). Also,
— — 273\ °

the map Oy : M*(N) — M*"'(N) given by 6.(f) = f — (%) Esfs is linear.

Remark 2.4. Royer [22] used the above fact to prove a structure theorem of quasi-

modular forms.

Remark 2.5. Let f be a modular form in My(N), consider Df € M,ﬁQ(N) In this
2me

k k k
case fi = — f and the map 0y,21(Df) = Df — —FEy—f = Df — — E,f which
) 27 _ o 12 "2m 12
is exactly the Ramanujan-Serre derivative of f.

~ 12
Remark 2.6. Consider f = Ey € My '(1). Here f; = o is the first quasi-component,
i
2mi 12

E)) = FEy— " F,—2 =,
021(E2) = B 12 P25 =0

Remark 2.7. Note that the restriction of the map 6y s to M,fs_l(]\f) is the identity
map on M*"'(N) and hence it is a surjective map.

Theorem 2.3. Let f be a quasimodular form in MES(N) with quasi-component f;
for 0 < j <s. Consider the map defined by

. .\ 2 S\ S
s =1- (5 ) e+ (G5 ) B v e (3g) BiL ®

Then 6(f) is a modular form in My(N) and § is a linear map with 6 = 6 10...0 510
Or,s where dy; is defined in Proposition 2.2. The kernel of the map 0 is given by

{Esh i h € ME5;Y(N)}.

E2—-F
Remark 2.8. One can prove the Ramanujan’s identities DF, = 2TLL,DE; =
ESsEy — E EsEs — E?
%,DEG = % by applying the map d to certain quasimodular
forms.

Remark 2.9. Note that the restriction of the map d to the space modular forms
M. (N) is the identity map, so the map § is surjective. Therefore, by applying the
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rank-nullity theorem inductively and Theorem 2.3 we get the following dimension
formula for the space of quasimodular forms:

~ck
dim(Mk§2 (N)) = dim(Mg(N))+dim(My_o(N))+...4+dim(My(N))+dim(Ms(N))+1,
which can also be deduced from the structure theorem of quasimodular forms given
by [8].

3. PROOFsS
Proof. (Proposition 2.2) Assume that f € MES(N) By definition of 0y 5(f), we have

21

Gy = 1y = (35 ) (B Fiecar

Now writing the expressions of f|yy and Fs|s following (5) and using the fact that
fslk—2s7 = fs, we have

T 12 ¢ s
Ok (Fly = Zf] (cz+d> <_2> ( +ﬁcz+d) Is

Sl () (0 () () )

- 6~ (B s+ (5 - Ereme () (25)

Hence, 6, 5(f) € MES_I(N). The linearity property of the map dy, , follows from the
definition of quasimodular forms. This completes the proof of Proposition 2.2. [

Proof. (Theorem 2.3) Suppose f € M=*(N). We shall prove §(f) € M (N) using
the method of induction on s. The case for s = 1 follows from Proposition 2.2.
Assume that the statement is true for space of quasimodular forms of depth < s,
we assert that the statement is true for space of quasimodular forms with depth

< s+ 1. Consider g € M= (N) such that glvy = 373 0 ( ) € M for

c

cz+d
a b

v= (c d) € I'y(N). Then,

Sussa (9l = <g (= Eg) oy = [g<z> (T E5“<z>gs+1<z>]
( i

(=2 [0~ (1) (37) Bewae)] +-

+ (czid)s [98(2) - (S s 1) %Ez( )gs+1(2)1 -
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Hence, 65 +1(g) € MS*(N) with j-th quasi-component g;(z)— (S”;l) (BT T By (2)" 1 ggia (2)

for 0 < j < s. By induction hypothesis, (dxs1+1(g9)) € Mg(N). Writing the expres-
sion of 0(dy,s+1(g)) explicitly we have

° omi\? s+ 1\ /2m " .
$(5ucala)) = (17 (32) B (gj—( DE) E e

J=0

> romi\? o7\ S ° /s +1
=Sy () Eo+ () B (Z(—lw( )
— 12 12 ~ j

s+1 N\ J
. 2m .
= > (=1 (ﬁ) E3g;,
=0

which is equal to the expression on right hand side of (8). The linearity of the map
is clear (as it is a composition of linear maps). Consider the element Eyh where

h e MEH(N) with

J
hli—2y = Zh (cz+d>

for v = (CCL Z) € I'o(NV). The quasi-components of Fyh € MES(N) are given by

s—1 j S
c 12 c 12
E5h =F hle_oy = E5h Esh: + —h;_ —he_q.
(Eah)lky 227 li—27 2 +; (cz+d) ( 2 ]+2m’ J 1)+<cz+d) 271 !

Applying the map d to Esh, we get

- omi\’ 12 2mi\* 7!
0(Eh) = Exh + Z(—Ez)] (E) (E2hj + Q_M-hj—l) + (—E»)° (ﬁ) hs—1 = 0.

J=1

Conversely, let f € MES(N ) with the quasi-components f; for 0 < i < s be such
that 0(f) = 0. Writing the definition of 6(f) we have

5() = (- By (27”) fi=0

=0

Since fo = f, we get that f = Eyh where h = <f1 +(=1)5! (2’”) ES 1fs) )
Using Remark 2.3, we have f; € M,f_s;(N) and f; € Mjy_9s(N), which gives
h € M=*;'(N). This completes the proof of Theorem 2.3. O

4. APPLICATIONS

4.1. Chazy equation. The Chazy equation in original form is given by
2D*E, — 2E,D*E, + 3(DE,)* = 0. (9)



7
This identity can be derived as an application of the map 4 as follows. Consider
2D3E, + 3(DE,)? € Mg*(1). Applying the map & we get
§(2D*Ey + 3(DEy)?) = 2D*E, + 3(DE,)* — 2E,D*E,

is a modular form of weight 8 (which is one dimensional space generated by Es).
Now considering the Fourier coefficient one can see that it is 0 multiple of Ej, i.e.,

2D*E, + 3(DEy)? — 2E,D*Ey = 0.

The above relation may be interpreted as a dependent relation among the quasi-
modular forms D3Es, (DFEs)?, By D*E,y on the space Mg*(1). One can ask if there

are more such relations (or other Chazy type relations) on the set of quasimodular
forms of weight 8 and of depth 4. Consider the set of elements of the form E% (D7 E,)*
of weight 8, depth 4, which is given by {D3Es, B, D?Es, (DFE,)?, Ey, E3DE,}.
We claim that the set {EyD*Fs, (DFEy)? E5, E3DE,} is a linearly independent
set which can be proved using the § map. Suppose that
c1EyD?Ey + c3(DEy)? + c3Ey + ey E3DE, = 0.
Applying the map 6 both sides, we get
20((DE,)?) =0,

which is true only when ¢, = 0. Hence, the above equation reduces to

c1EyD*Ey + c3Ey + ey E3DE, = 0,
this implies,

E2<01D2E2 + 03E23 + C4E2DE2) = 0.
As Fj is not identically zero, we have

c1D*Ey + c3Es + ¢4 B, DEy = 0.

Using the map ¢ to the above identity we deduce ¢; = 0, repeating similar arguments
also give c3 = ¢4 = 0. Now we show that Chazy equation 2D*FEy — 2FE,D?*E2 +
3(DEy)? = 0 is the unique possible linear dependence relation possible among the
five elements

{D’Es, By D* B, (DEy)?, Ey, By DEy}
(up to constant multiplication). Let b; for i € {1,2,3,4,5} be scalars such that
b D3Ey + by EsD*Ey + by(DEy)? + byEX + bs E2DE, = 0. (10)

Applying the map § both sides, we get

§(by D? Byt-by By D? Ey+b3(DEy)? +by Ey+-bs E3 DEy) = by0(D? Ey)+b35((DE,)?) = 0.
Substituting the images of D*Fy and DE32 under § gives,

by b b 18b
by D3Ey + bs(DE)?) — by EyD2Ey + E2DEy(— — 2y + B4 — 2Ly
(b1 o+ 03(DE2)”) — b1 By 2 + £y 2(4 6)+ 2(144 123)
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Comparing first few Fourier coefficients and solving for b; and b we get {(by,b3) =

(2{, r) :r € C}. Substituting this in (10), we get

2
r(gD?’Eg + (DE)?) 4 by EyD*Ey + byEy + bsE3DEy = 0.
Substituting 2D3Es + (DE,)* = 2E,D*E, from the Chazy equation (9), we get
2
(% + b)) E;D*Ey + byEY + bs E2DE, = 0

As shown earlier the set {FyD?Fy, E3, E3DFE,} is linearly independent, which im-
plies by = —%T and by = by = 0. Substituting these b;’s into (10), we have exactly
one chazy-like relation up to constant.

4.2. Niebur’s Identity. Niebur [12] proved the following relation between the Ra-
manujan delta function A and Eisenstein series Fs

2 3 1
A= §D3E2DE2 - Z(D2E2)2 — ﬂE2D4E2 (11)

using differential equation satisfied by FEs. This gives the following interesting iden-
tity of Ramanujan tau function 7(n) in terms of divisor function o(n) :

n—1
7(n) = n'o(n) — 24 Z(35m4 — 52m®n + 18m*n?)a(m)o(n — m). (12)
m=1
One can prove (11) by applying the map ¢ on 8D Ey D3 Ey—9(D? Ey)? and simplifying
using Chazy equation (9).

Next, we discuss the more interesting question: are there any other such relations
possible among Ei(DI Ey) (DFEy)* € M5 (1) of weight 12, depth 6 and Ramanu-
jan delta function A. The set of such forms is {(E2DFEs)?, (DE,)?, E3DEy, E3D?E,,
EQDE2D2E27 ES, EQZDSEQ, <D2E2>2, DEQD?)EQ, E2D4E2, D5E2}. We note the follow-
ing identites due to the Chazy equation:

2 2
(DE,)? = gEQDEQDQEQ—§DEQD3E2,

EiDPE, = EyD*Ey+2E,DE,D*E,,
3
ESD*Ey, = EyD'Ey+2EyDEyD*Ey + 5(157217E2)2,
D°Ey = E,D*Ey —2(D*Ey)* —2DE,D*E).

Hence, it is enough to consider the set {(EyDEy)?, E3DEy, EsDEyD*Ey, ES, (D*Ey)?,
DEyD3Ey, E;DYEy}. We claim that Niebur’s Identity (11) is the unique possible re-
lation between these seven elements and Ramanujan delta function A. Let ¢; € C
for i € {1,---,7} be such that

c1(D*Ey)*+cyDEy D3 By +c3(Ey DEy)* +cy(Ey DEy)+c5(Ea DEy D* By ) +cg ES+c7 By DY Ey = A
(13)
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As the kernel of § is {Esh : h € M,ff;l(l)}, applying the map ¢ on both sides of
(13), we get
§(c1(D*Ey)* + c;DE,D*Ey) = A,

Solving for ¢; and ¢y we get, ¢; = _73

we get
-3

2
T(D2E2)2—1—gDE2D3E2+03(EQDE2)2—|—C4(E§DE2)+C5(EQDE2D2E2)+06ES+C7E2D4E2 = A.

and ¢, = 2. Substituting these values in (13),

(14)
Using the Niebur’s identity (11) we have
— 2 . 1
T?’(D?EQ)2 + gDEQDSEQ =A+ EE21)4152.

On substitution the above identity, (14) reduces to
1
c3(ByDEy)? + cy(EyDEy) + c5(EaDEyD*Ey) + e BS + (7 + E)E2D4E2 =0. (15)

One can show that that the set {(EyDE,)?, (E3DEs), (E;DEyD*Fsy), ES, EsD*Ey}
is linearly independent using the map § again, as a consequence we have ¢; =
-3 1

=02 = %, cr = 75 and ¢3 = ¢4 = ¢5 = ¢ = 0 which asserts the claim.

4.3. van der Pol’s Identity. B. van der Pol [13] derived the following identity
relating 7(n) to sum-of-divisors functions.

7(n) = n*o3(n) + 60 z_:(Zn —3m)(n — 3m)os(m)os(n —m). (16)

m=1

Using the relation between o7(n) and o3(n) the above identity is equivalent to
7(n) =n’o7(n) — 540 > m(n — m)oz(m)os(n —m). (17)

The above identities correspond to the modular identities
4E4D*Ey — 10(DE,)* = 960A. (18)

and
2D*FEg — 9(DE,)? = 960A, (19)

respectively. These kind of identities are reproved using different methods like Masss
operator [10], Rankin-Cohen bracket [14], and an elementary method [15]. One can
prove the above identity using the map 6. Applying 0 to the quasimodular form

S E DB, — 1 (DE,)? € My (1) we have

1 2 1 2 _
5 (%&D By~ 153 (DE) ) = A

which gives (18). One can also prove other van der Pol’s type identities given in [10]
using the map 9.
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5. CONVOLUTION SUMS:

Let N be the set of positive integers. For r,n € N, let o,(n) = Z d” be the
djn,deN
divisor function. If n is not a positive integer, set o,.(n) = 0 and we write o(n) for
o1(n). For a,b,r,s,n € N, we define Wy (n) by

Wop(n) = Z or(l)os(m). (20)

l,meN
al+bm=n

These are referred to as the convolution sums of the divisor functions. Whenr = s =
1, it is denoted simply by W, ,(n). Further, we write Wy 4,(n) = W,1(n) = We(n).
Evaluation of these sums has a long history, going back to the works of Besge,
Glaisher and Ramanujan [3, 6, 19]. In the literature there are various methods used
to obtain these convolution sums (namely, elementary evaluation, using the theory
of modular forms and quasimodular forms and also using (p, k) parametrization
etc.,). We refer to [7] and the book by K. S. Williams [24] for more details about
the history of this problem.

In this section we use the map 0 on the space of quasimodular forms and demon-
strate that one can evaluate convolution sum explicitly. Note that the convolution
sums Wy (n) appears as a Fourier coefficient of the quasimodular form of weight 4,
depth 2 on T'y(N),

Es(2)Es(N2) =1 — 24§: <a(n) to (%)) ¢" + 576 i W (n)q".

We state the following known results on evaluation of convolution sum [16], give
another proof using the map J.

Theorem 5.1 ([16], Corollary 2.3). Let N be a natural number with dim(My(N)) =
m and {hy, ha, ..., hy} be a basis of the vector space My(N) with Fourier expansion
hi =3 0" o an,(n)q", then there exist constants ¢; such that

m

Wi (n) = (i - %) o(n) + (i - g) o (%) + D eanm. @)

i=1

Let a > 1,b > 1 be natural numbers with lem(a,b) = N and dim (My(N)) =1
with {g1, 92, ..., 1} be a basis of the vector space My(N) with Fourier exrpansions
Gi = Y ne g, (n)q", then there exist constants ¢; such that

Wop(n) = (i - f—a) o (3)+ (i = %) o () + iilciagi(n). (22)

Proof. We apply d map on DEs(Nz) to conclude

S(DE>(N=)) = DEy(Nz) — 6LNE2(Z)E2(NZ) + #Eg(z)
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is a modular form on the space My (N). Now substituting F3(z) = 12D Ey(z) + Ey(2)
(Ramanujan’s identity) we conclude that

1

is a modular form on the space My(N). Writing in terms of the given basis we have

—_19DEy(z)

DEy(Nz) — 6LNE2( )Ey(Nz) + —DE2 Z Aihi.

for some constants A;. Now comparing the n-th Fourier coefﬁments and some alge-
braic manipulations, we get the required identity of Wy (n). To get the formula for

Wap(n) we consider Ey(az)Es(bz) € ]\N/[EQ(N) where N = lem(a,b). Applying the
map 0 we have

5(Es(az)Ea(bz)) = Eg(az)Eg(bz)—%E2(2)E2(az)—%Eg(z)EQ(bz)—i—%Ezz(z) € My(N).

Writing as a linear combination of the basis elements,
1 1
Ey(a2)By(b2) — 5 Ba(2) Ea(az) — —Ea(2) Bx(b2) + — E2 Z Aigi-

for some constants \;. Writing in terms of Fourier coefficients, we get
l
1
S Nty (n) = — 240 (%) 2o ( ) + 576V (n) — . [—240(n) - 240 ( ) + 576W,(n)
i=1

_ 2 [—240( ) — 240 ( b) + 576Wi(n )] 1b[—480(n) 4 576W, (n)].

Substituting the expressions for W,(n), Wy(n) and Wi(n) from (21) we get the re-
quired expression for W, ,(n). O

Theorem 5.2 ([16], Corollary 2.2). Let N be a natural number and dim(Mj2(N)) =
l. Let {hy, -, hy} be a basis of the vector space My o(N) with Fourier expansion
hi(z) = 0" g an,(n)q", then there exist constants \; such that

0 = (5= 57 oo () + Gt = S v
where By, is the k-th Bernoulli Number.
Proof. Let us consider the quasimodular form DEy(Nz) for an even integer k > 4,
then for any v € I'y(N)
DEW(N2)|ws2y = DE(Nz) + %m%@@)@(m)
By the definition and property of 6,

k Ey(2)ER(Nz)

S(DEW(N2)) = DEy(N=) —
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is a modular form of weight k + 2. There exist constants \; such that

§(DE,(Nz)) = DEy(Nz) — %EQ )Er(N2) Z)\ fi- (23)

Comparing the Fourier coefficients both sides of (23), we get the required expression
for W4~ (n). O

5.1. Example. For N =12, dim(M,(12)) = 9. Consider the basis given by {E4(2),
Ey(22), E4(32), E4(42), E4(62), E4(122), Ay6(2), As(22), Ag12(2)} with the Fourier
series expansions:

Ey(z) =1+ 240203(71)6]”,A4,6(Z) = > T16(n)q", Agia( 274 12

n>1 n>1 n>1

Applying Theorem 5.1 we have

1 1 11 1

DE5(122) — — Fy(2)E(12 —F%(2) = — E,(22) —
2(122) — =5 Ba(2) Ep(122) + o2 B (2) 21600 1(2) ~ oo P (2%) ~ 1500
1

1 2 1
— —F4(4z) — E (62) — —E4(12 A —Ayg(2 —A :
g0 1142) ~ 100 (62) — g Fal122) 15 Ra(2) + 5 806(22) + 15 A0ial2)
Comparing the n-th Fourier coefficient we have

Wiz(n) = (i_zl_@ (n)+(2_14_%> (fz>+ﬂio 3(n) + 7657 ()Jrﬁ“?’()

+1 <n>+9 <>+3 (n) 1 (n) 1 (n) 1 (n).
— — — — ) - = - — =) — —7412(n
3072 \1) T 1607 \6/) T 1072 \12) T g0 6V T 9T461g) T gg 412
This gives the formula for Wis(n) established in [1, 18].
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