NONVANISHING OF L-FUNCTIONS AND POINCARE SERIES FOR
JACOBI FORMS OF MATRIX INDEX

SHIVANSH PANDEY AND BRUNDABAN SAHU

ABSTRACT. W. Kohnen introduced kernel functions to study the nonvanishing of L-functions
attached to Hecke eigenforms. Y. Martin defined L-functions for Jacobi forms of arbitrary
index and studied the analytic properties of these L-functions. In this paper, we study the
nonvanishing of L-functions and Poincaré series for Jacobi forms defined on H x C9! using
kernel functions.

1. Introduction

Study of L-functions associated to automorphic forms plays an important role in an-
alytic number theory. For example nonvanishing of Riemann zeta function is the key
point in the proof of prime number theorem. However, finding zero-free region for L-
functions for automorphic forms is not an easy problem. Let f(7) = Y ., a(n)e*™ be
a normalized Hecke eigenforms of weight & for the full modular group I' = SLy(Z). Let
L*(f,s) = (2m)~°['(s) >, a(n)n™ be completed L-function associated to f. L*(f,s) has
an Euler product for Re(s) > &
ical strip %1 < Re(s) < . Generalized Riemann hypothesis states that all zeroes of
L*(f,s) can occur only on line Re(s) = %. In this direction, Kohnen [8] proved that given
to € R and e > 0 there exists ko(tg, €) such that for sufficiently large weight k > kg there
exists a Hecke eigenforms for which L*(f,s) does not vanish at any point on the line seg-
ments Im(s) = to, 552 < Re(s) < & —¢, £+ ¢ < Re(s) < L. For this purpose Kohnen
constructed the following kernel functions defined by

B L fat+b\ "
Rk,s(T) = Yk,s § (CT + d) (CT + d) )
a b €SLy(Z)
c d ?

where 7 € H and 1 < Re(s) <k — 1 and ;5 = 3e™/*T(s)I'(k — s). Kohnen also computed
the Fourier coefficients of Ry, s explicitly, proved that first Fourier coefficient does not vanish
for large k with s = o + itg, g + e < Re(s) < % and obtained a nonvanishing result for
L-functions on average.

Kohnen’s approach is adopted for obtaining nonvanishing result for L-functions associated
to various automorphic forms like half-integral weight modular forms [10], Siegel modular

and all the zeroes of L*(f,s) can occur only inside crit-
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forms [6], Hilbert modular forms [14], derivatives of L-functions [7, 9] and product of L-
functions [4].

Jacobi forms appears as Fourier-Jacobi coefficients of Siegel modular forms. Berndt [2]
associated 2m many L-functions to any Jacobi forms of weight £ and index m. In the case
of Jacobi forms analytic behaviours of L-functions are different to the case of modular forms
as L-functions associated to Jacobi forms do not have Fuler product. Following the work of
Kohnen on nonvanishing of L-functions for modular forms and work of Martin [11] on kernel
functions, we obtained a nonvanishing result on average for Jacobi forms defined on ‘H x C
[13].

Jacobi forms for arbitrary degree defined on H" x C" were studied by Ziegler [16]. Martin
[12] associated a set of L-functions to a Jacobi forms of arbitrary degree and studied their
analytic continuation. Aim of this paper is to study kernel functions for Jacobi forms on
H x C9! analogous to the kernel functions considered by Martin. Using the method of
Kohnen we obtain results for nonvanishing of L-functions and Poincaré series for Jacobi
forms of matrix index.

2. Preliminaries

Let C be complex plane and H be complex upper half-plane. Let R™ denote the set of
row vectors of order 1 x g and R9! be set of column vectores of order g x 1 in the ring R.
We denote by e(z) = e*™*. Consider the Jacobi group I'j of degree g for full modular group
['= SLy(Z) defined as I') = {(M,X): M €T, X = (A, p) € Z%' x Z»'} with usual group
law. The Jacobi group acts on the space H x C%! via

a b o) )o(r,2) = at +b z+ AT+ p
c d)\VWH o \er+d er+d )

Let k£ be a positive integer and M be a positive definite symmetric half-integral matrix of

order g X g. For h = ((CCL Z) (A, u)) € I'J, we define the automorphic factor w.r.t. h by

Jnkm(bh, 7, 2) == (e + d)ke(

where A[X] = X*AX for matrices A and X of suitable orders. We define the action of Jacobi
group F‘; on the set of all holomorphic functions f : H x C%! — C as

(f|k,./\/lh)<7—7 Z) = jh,k,M(hv T, Z)f(h : (T> Z))

Definition 2.1. Let k be a positive integer and M be a symmetric positive definite half-
integral g x g matriz. A holomorphic function f : H x C9' — C is said to be a Jacobi form
of weight k and index M if it satisfies

(flimh)(7,2) = f(7,2) for every h € T
and f has a Fourier expansion of the form

f(rz)= Y c(n, R)e(n)e(Rz).

neZ,ReZ9
n> %Mﬁl [RY]

Mz + AT+ p] + M+ 2)\th),

ct +d

Furthermore if the inequality is strict in the above sum we say that f is a Jacobi cusp form.
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We denote the space of all Jacobi forms of weight &£ and index M over C by J; o and
Jacobi cusp forms by J,jfj\sj’. The space of all Jacobi cusp forms is a finite dimensional Hilbert
space w.r.t. Petersson inner product defined as

(f. ) = / £(r, 2)g(ry D)y e(—dm My )V,
L\ HxC91

where 7 = 2 + iy, z = u+ 1 and dV; = drdydudv. We also define z = pr + ¢, p,q € R%!

and g (7, 2) == y2e(iyM]p]). Then one can rewrite above inner product as

(f,9) = / f(7,2)g(7, 2)y"e(2iyM(p))y~*dzdydpdg.
TJ\HxC9:L

Fourier coefficients of a Jacobi form of weight & and index M satisty ¢(n, R) = c¢(n’, R')
whenever R = R’ (mod 2M) and n — 1M [R'] = n' — M ~![R"]. Denote ¢,(N) = ¢(n, R)
whenever N = 4n — M™![R']. Hence any Jacobi form of weight k& and index M can be

written as
flr2) = Yo )Omulr2)
HEZI  (mod 2M)
where f,(7) = i cu(N)e(E7) and O (7, 2) = > e(3M™[R])e(Rz). The above
N=0 Rez9

R=p (mod 2M)
representation is called the theta decomposition of f. To any Jacobi cusp form f we asso-
ciate f(7,z) = f(—7,—2). The f has Fourier coefficients c,(N) in the corresponding theta
decomposition. For more details on Jacobi forms of arbitrary degree we refer to [16].
For any Jacobi cusp form of weight k& and index M with theta decomposition f(r,z) =

Yo fu(T)Oau(T, 2), we define a set of Dirichlet series
u (mod 2M)

L) = a0) (a0 ) 0

D=1
for every u € Z9 \ Z9(2M). We also define the completed Dirichlet series by

Au(fss) = (2m) T (s)Ly(f, 5)- (2)

In [12] Martin studied analytic properties of these Dirichlets series and established a set
functional equations.

Theorem 2.2. [12] Let k be a positive even integer and M be symmetric, positive definite,
half-integral matrixz of order g x g. Let f : H x C9' — C be a Jacobi form of weight k and
index M. Then for any (v the completed Dirichlet series A, (f,s) have analytic continuation
to whole complex plane and they satisfy

(e(=BEM) i) + e(BEM) ) As(f,5) = M.k — 5 — ).

e
29’_/\/1‘ B (mod 2M) 2

Now we define Jacobi Poincaré series for F; .
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Definition 2.3. Let k be a positive integer, M be a symmetric, positive definite, half-integral
gxg matriz. Letn € Z and R € 79 such that n— 3 M™[R'] > 0. We define (n, R)™ Poincaré
series by

Py min,r(T, 2) = Z e(nt)e(Rz) |k m(T, 2)

YETY AT

where (1,z) € H x C and T = {((é T) ,(O,,u)): neZ, uells}.

The set of all Poincaré series of weight £ and index M generates the space of Jacobi cusp
forms of weight £ and index M. The Poincaré series have interesting property mentioned
below:

Theorem 2.4. The Poincaré series Py pinr € Jy nq- For f € Jo'\ we have

(f, Pevtin,g) = 2607 DE=3-D gkt 841 A k=457 D=kt 1P, — g — 1)e(n, R)

and
/ / / /
Peamtnin(m2) = > prann(n, R)e(n't + R'z)
n'€Z, R'€79
1 _
n/>ZM 1[th]
where

pemnr(m R) = Sp(n, R0, R) + (=1)*6p(n, R,n', — R)
k_ol (D2
. _ 9 — 1 ! /
+ 72 T2 | M| 2(5) Z(HM(n,R,n,R)

c1
7DD’
! 20-YMlc |’

1 / 1y
e =aa(o(f 1)) =G )
2

1if D=D" R = R(Z92M)
0 otherwise

2

+ (—1)kHM (n, R, n’, —R/)) Jk_g_

ol

(5/\/[(71, R, TL,, R,) = {

and

Hu(n,R,n',R) =¢ 271 Z ec((M[z] + R +n)y + n'y + R'z)es(RM'RY).

z(c)y(c*)
Here y runs over (Z/cZ)* with yy = 1(c) and x runs over (291 /cZ9").

For more properties of Poincaré series see [3].
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3. Kernel Functions

Let £k > 2g + 4 be a positive even integer and M be a symmetric positive definite half-
integral g X g matrix. For ¢ty € (2M)~1Z%! and s € C with 1 < Re(s) < k—2g — 1 we define
the kernel functions

G2 = ) bes(T 2)|kmh(T, 2), (3)

J\TJ
he HJ\T';

1
where ¢y, s(7,2) = %e(—;/\/l[z — to]) and H; = {(Id,(,0)) : A € Z%'}. A set of all coset

representatives for H; \ I'J is given by {(Id, (0,v))(M,(0,0)) : M € T, v € Z9'}. We now
study the analytic properties of these kernel functions.

Theorem 3.1. Let k be a positive integer, M be a positive definite symmetric matriz of
order g with k > 2g +4 and ty € (M) 'Z9'. If 1 < Re(s) < k —2g — 1 then

Qk,./\/l

to,s

€ Jy
Before proving the Theorem 3.1 we state a lemma (without proof) which we will use.

Lemma 3.2. For every (1,z) € H x C9', there exists r = r(7,2) > 0 such that the image
of B(t,3) x D(z,3) under any M €T is contained in B(M(7),5) x D(0,r).

Proof. We only need to prove that the kernel function is absolutely and uniformly convergent
on compact subsets of H x C9! as transformation property is satisfied by the definition and
cusp condition will be proved later when we compute the Fourier expansion of Qfofl Both
the functions ¢y, s and ¢y, s|x,rh are holomorphic functions on H x C9! for any h € HJ \T?.

We have

29T(1 + 2)
D R e

emh((T',2")|da’ dy' du'dv’.
7r
D(70,r0) XD(Z,%)

g

The map (7, 2) — e m(7',2")y'~972 is continuous and hence there exists a positive no.
My(r,z) such that

< Hk,/\/l (7_/7 Z/)y/—972

1<
M(r,2)

for all (7/,2') € D(0,70) X D(z, 3). Hence rewriting the above equation we get

29T(1+ 9) /
™ 52m,,
B(T,%)XD(Z,%)

|¢t0,5|k‘,/\/[h<7-7 Z)| < |¢t0,s|k,Mh(7—/a Z/) |/1'/€,M (T/a Z/)dV(T/7 Z,)~

Summing over all the elements h € H; \ T/ we obtain

2
_ g T
2 97r1+‘2’ —F(l i g)m’ﬂz E |¢t0,s|k,Mh<77 Z)|
2 heMHJ\T)



6 SHIVANSH PANDEY AND BRUNDABAN SAHU

< ¥ / 6100 (W, e (B, )V (7, )
PRI B, 3)xD(2,4)

= Y [ e V()
hEHI\Gh(B(r, L)% D(2,1))

-y / 7' s (7' )V (7 )
MEFverst 1 6 ). M(B(r L)% D(z,1))

< D> > |Gt (7', 2) g (7, 2 )dV (7, )

MeT veZz91

[1d,0,v).(B(M(7),%)xD(0,r))

= > > / / (1o s (7 2 ona (7, )V (7, ).

MeT VEZg’l(B(M(T)’%) D(v,r))

Now we estimate the inner integral

Z / |Dro,s (", 2) | pe pa (77, 2" ) dp' d’
vEZIL
< 2rg / |Pto,s (7', 2) [t (77, 2 )y ™9 dud’ dv' dp'dyq’.
UyengD(V,T))
A simple calculation shows that
S [ bl sl
VeZg’lD(V’r))

239 2

1 k=3¢
Ml

Hence we get

((r,2))]

g 1+% Tg
2 s —g)mT,Z Z |¢t0,s

heHJ\TJ

<> / =

MEF

We estimate m, , whenever k£ > 2¢g + 4 to get

Z |bto.5 1k MmP((T,2))| K —7— d+y)y e / o 32‘q_4d:v’dy’.

g
heH \T'J
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Proceeding as in [11], for any 1 < ¢ < o we get

_k 1 1 Yy 2
S brslemh((r ) <y 2y + =) ev [ —o————da'dy
heHJ\I'J Yy B

1
where B' = {7’ € H|y’ < T(r,T") = 2cosh(3)cr(y + i), ‘7}|2 < y;” }. Proceeding as in [11],
for any 1 < rg < o we get

T(T F o0

+1 - 2‘7_4 y+§ w ’ g0
Z |¢t s ((7-7 Z))| < y 2 g dl‘ dy
J\I'J o x’2+y’2 70 y/
heH \I'y y'=0 z'=—o00
1 T(TF o0 k o— 29+7‘0 4
_k o— 7“0+g+2 C1
= vy 2(y+§ ,/0 ,/ x/2+y/2%d$dy
1 I‘( 1) T(r,I')
—k o-rotg+2 1 L\~ yk—o—29-rg—2
< 2 — 2 2 d
y 2y + y) T / y y
y'=0
_k 1 o— 7‘0+9+2 c1 F( 21) k—o— TO 2g
< yi(y+-) ev ——1(,T) :
Y I'(3)

whenever 1 < 0 < k —2g — 1. Hence Q,’foﬁ/l converges absolutely and uniformly on compact
subsets of H x C9!.

Theorem 3.3. Let k and M be as before. For any f € J,?j\sfl’, the inner product (Qfoj:t,ﬁ

is a holomorphic function on the vertical strip 1+ 3 < Re(s) < k —2g — 1.

Proof. By definition we have

G2 =Y ) brpslemlld, 0,0 mM(7, 2).
Mel vez9-1
Let tg = (2M) 13" with 3 € Z9. We have
Qo' (1, 2) = Y > Goslemlld, 0, 0]k m[Id, 0, M) ™' Bl aa M (7, 2).
MeT vez9!

Theta inversion formula gives

1 1
Z ¢0,s R [[daovy”k,./\/l = - — g Z @M,R(Ta Z)

veza (20IMI T2 gtz em

Hence we get

(T, 2) = Z > e(=REM)T'BYONMR(T, 2)) MM

MEF RGZ‘J\ZG(QM)
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Thus we have

@ = [ T v
F\?—L><<C9 1
/ Z Z 6(—R<2M)_16t)@/\471{<7’, Z))|k7MM
v ( 22 F\H ) con MET E REZI\Z9(2M)

x (7, 2)[emM 2) kM i pqdV.

Using the transformation formula for p, »¢ and usual unfolding argument we get

VEPIM@QEM f) / / = e(—REM) YO r0 (s 2)) T 2012 agdV.

H 29174+79:1\Co-1 REZQ\ZQ(2M)

Putting the theta decomposition of f we get

MM ) = L e(~R(2M) ")
29 |M RGZQ%(ZM) H/

Now we consider the inner integral

1 — g_
/ L Tyt 2drdy
7573
H

oo 1
1 n — _9_
= | | e P BTGy
y=0 x=0 "EZ

- Z 6(”0 & //C4M T+n073__)fR() “22dzdy,
mod

no  (mod 4| M) y=0 2=0

where Gnz(T,2) = D> (7 + 4| M]|l)~*. Hence we need to show that integral

lEZ
oo
=0

defines a holomorphic function of s on the given region. Proceeding as in [11] we note that
fr(T) = O(e_”ﬁ) as i — oo uniformly on x and for 0 = Re(s) > 1+  we have

Capm) (T 4 1o, 5 — —)fR( )y P2 dady

Lo~

Yy x

y
e ' 2M|

g _
C4MZ(T+n07S - _> < ﬁ(l +y U+2>
M 2" (4 M)
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Hence we get

1
[ cusa(r 10,5 = S Falmry 2l dady
0

J
/

y

< [ eTma(yRE g2y gy

y=0
. p o\ hrotl
& (=)D — 2 — 1) + (—) I'(k—o—1).
M| 2 M|

From this relation we deduce that the considered integral is absolutely and uniformly con-
vergent on 1+ § < Re(s) < k —2g — 1. Hence we have the theorem. d

Theorem 3.4. Let k > 2g +4 and M be as above and ty € (2M)7'Z9. If s € C such that
1+ 4 < Re(s) <k —2g —1 then we have

9
2

QM 1 (2m)®

0,8 (7—7 Z) = . Tl"L 5=
¢ \/ (22)9|M| 3 )F( ) Rezg\g(gj\/t)

nd D ¢,
X Z(M) ? Pk,/\/l;(%JriM_l[RtDvR(T’Z)'

e(—R(2M)6")

Proof. Rewriting the definition of Qfoft as in proof of Theorem 3.3

aIMIA (r2)=) (D : Y. e(=REM) T BYOMR(T, 2)) M ks M.

s—

MeD\TI's M’eFooT ReZINZI (2M)

ke

1

Now I'n, = {£ (0

i) :l e Z}. Then

S Y e(—REM) O (T ) M

s—Z

2
Melo, T % Rez9\Zs(2M)

=S LS (e(—REM)TEY) + e(REM) ) Oua(r + 1, 7).

oz (T2 REZI\Z9 (2M)

Hence we get

S Y (—REM) T B)Oma(T 2) M

! TS_ 5
M'el ReZINZI (2M)

4M|

— Z (e(—RE2M)™'B") + e(R(2M) ' ")O k(T 2 ZZ

REZINZI(2M) =1 leZ

“HRYlo)
(1 + lo + 4]/\/1\1)8"
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4 M|

=Y Y MR REM) ) + (MO R] + REM) T 8)Ou(r )

4
lo=1 ReZI\Z9(2M)

X Camz (7 + lo, 5 — g)-

2
Putting the Fourier expansion of (yamz(7,s) = (4|/1v1|) m(%(%%)j: 5 > (4|5\74|)5—%—16(DZE‘TL[|°))
e s=3) D=1
we get
(209 M7 (7, 2)
1 27r -5 WM
= Rl — R2M)7'p!
B e DD M LYV RV LIVIR)
o=1 REZ9\Z9(2M)
lo t ~1gt) —21 D(r + 1)
2 )? _ M
+ (4M YR+ R2M) A ZZ |/\/l| Or,r(T, 2)e( A[M] oY

D=1 Mer
4M]

- WL 2 GMR) — ReM) )

lo 1 REZI\ZI (2M)

o0

#eCPM R+ REM) S G e
PNy <<ﬁ+ M) 4 ) oM.

u=R (mod 79 (2M))

For every D, [y and R we have

u=R (mod Z9(2M))

S (et d) R Ml + M) T

,d€Z, (c,d)=1, puezs ctr+d  cr+d
u=R (mod Z9(2M))

N | —

where a and b are choosen such that ad — bc = 1. We get

DS <<ﬁ LM + ) oanM

Mer =
pu=R (mod Z9(2M))

at +b 2t

1 -k € t
2 Z (o7 +d)"e( c7‘+dM[Z]+CT+dM['u]+2MM T+d)
c,d€Z, (¢, d)=1
WEZI
D 1 1 ar +b z ar +b
qag = M B e B g+ e g)
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1

5 Do (g2 + 3 m1 R0, (T 2)-

Hence we have

V(209 M| (7, 2)
- x (2n)’ - 3 s_f_ 5 e L L apt
~ BIM]) e GDT(s — ) & Z 4|M| >, > ((4|M| + MR )

lo=1 REZI\ZI(2M)

X (6(—R(2M)_15t)+6< (2 )_15t)) k,M;(%MﬁM—l[Rt]),R(T,Z)-

But

D 1 4| M| if + MR € Z,
4 RN 4IM|
Z e((4\./\/1| - 4M D) = {0 otherwise.

Hence we get

(20)9| M| (7, 2)

to,s

2m)¥72
= % o Wfr > (e(=REM)T'B) + e(RE2M)BY)
2T(s — )Rezc\zg(zM)
" DZ::l 4|M| kM(| |+iM‘1[RtD’R(T’Z)
(2m)5~ % >
— Txi(e—¢ e(-R Z k/\/l(——i— M—I[Rt]),R(Ta z)
(& (3 4)F($ — g) REZ9\Z9 (2M) Pe1 4[M]

where in the last line we have used the relation Py aq:n.r = Prmon,—r for k even. Hence the
theorem follows. O

Corollary 3.5. Let k > 2g + 4 and M be as above and ty € (2M)"1Z9. If s € C such that
1+ % < Re(s) <k—2g—1and f € J. 3 then we have

kM . N F(k’ — g — 1) B _ B
<Qto s 7f> - ok— 267”2 F(S _ —)F(l{? _ ) Z 6( Rto)AR(f, k S).
ReZ9\ (79 (2M))

Proof. 1t follows from Theorem 2.4, (2) and above theorem. O

4. Nonvanishing of L-functions

Theorem 4.1. Let k be a positive integer, M be a positive definite symmetric matriz of
order g with k > 29 +4 and ty € (2M)™'Z9. If 1 < Re(s) < k —2g — 1 then Qfojlft has
Fourier series expansion

Qfoj:l (1,2) = Z wi(n, R)e(nt + Rz),
n€Z, ReZ9,
An>M L[R!
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where
s—2; s\)s—2—
wk(n, R) _ s 226(—1)D 2t (6(—Rt0)+g€(Rt0))
29-5\ /| M| I'(s—1%)
\Nk—s— 2rD hosmd S —]’C—I—S
+ (—Z)k 1%{6(_5)1{2/\415()”/\429}(}%) +€< 9 )I{—2Mto+2Mzg}(R)}
(2m)k—3 DE=3-141=s—3 a gy _
T M2 2 Qe
2 ’ | ( - 5) (a,c)=1, dc=1(mod a),
ac>0
v —tg c nc g 2mDi
e(R - ) {e(—aM[V — to])e(j) 1Fi(k—s,k— 3T )
v(aZ9:1)
c nc g 2wDi
- - 2(:0 - Fi(k — 7k - )
b elEMD = et ik - sk - 5270
19 X
where Ix(a) = fae - and 1 Fy(—,—; —) is Kummer’s hypergeometric function.
0 otherwise
Proof. Rewriting the definition of Q,’f()/;/l we have
v e arab (Mgt
U= T (e M)

We break the sum into three parts corresponding to the matrices with ¢ = 0, a = 0 and
ac # 0 and compute the Fourier expansion of each part. Sum Cy corresponding to matrices

c=01ie{* (é i) :l € Z} is given by

M=z + v — t]
T+

Co= Z [(T—i—l)se(—M) + (1 +1)%e(— ).

T+1
l€Z, veZ9-L

The contribution of first part of sum to (n, R)™ Fourier coefficient co;(n, R) is given by

ict+oo ici+oo  icg+oo

S /(/ / re(—

1c—00 1C1—00 iCg—00

M|z — to]

T

Je(—R.z)dz)e(—nT)dT,

where ¢,c; € R fori =1,2,...,g and ¢ > 0.

ic+oo ici+oo  icg+oo

co(n,R) = e(—Rty) /(/ / (=

1c—00 1C] —00 iCg—00

M)

T

— Rz)dz)e(—nT)dr
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ic+00
= e(—Rty) 2 %\/_ / /\/l YRNT)r2e(—nT)dr
_ T %ie(—3)(n — TMTURY)*E! e(—Rty)
205, /| M] I'(s—%)

Similarly one can compute the contribution of second part to get the Fourier expansion of
Co

m*Sie(=5)(n — MR (e(=Rto) + e(Rty)) '

OO (n7 R) = (4)

295 /M| I'(s—19)
The sum Ay corresponding to matrices a = 0 i.e.{+£ ((; _11) :l € Z} is given by
S M]z] M= g tv—t o)
A = =)+ e~ e~
ZGZ,ZVEZQ 2 T +l 7'+1l
s —k+s M[Z] _M[T_Jrl+y t]
e L G
M +
= 2. [e<—g><f + zrkﬂe(—M[Z})e( i ]>
leZ, vers T T+
5 pon M) (MIZ v+t
b)) e e (T

= Z [6(—%)(7’ + D)7 e (22 M(v — to) 4+ (T + DM[v — to])

l€Z, veZI

+ 6(%)(7’ + 1) Fe(22M(v + to) + (T + DMy + t(]]):| :

Similar to case of ¢ = 0 we get the Fourier coefficients corresponding to a = 0

2 k—=s, (_8\(_s\k—s—1,(_s Dk—s—l
(@2m)re(=3) (=) e(=5) if R+ 2Mty € 2MZ9,
I'(k—s)

—s (S Nk—s—1 s —s—1 (5)
(2m)* 6(5)(?{)}:_ 8)€<—5)Dk it R — 2Mt, € 2MZ9.

Now consider the sum corresponding to matrices with ac # 0.

AQ (TL, R) =

b ~ M| + v —t]
— d -k _(_ c ar + ct+d
e ac;éoz(a:c)l EEREEE c7'+dM[ ])(CT+d) ‘ Zzs
vezol
—k+s -
D D ) B ()
2okt (ae)=L, at +b a ar + b a
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—k—+s
c 1 b c 1 v—t
= Z ak<a_m) (T+5)ke(—aM[V—to])€<— n bM[Z—i— - 0]>
ac#0, (a,cl)zl, asT a T a
VEZg'
—k+s
B k(c 1 > ( b, . , ¢
=Y M) B D e My - )
2 b
ac#0, (a,c)=1, v(Z91a), “ a (T T ﬁ T a> “ “
bc=1(a), a€Z, BEZI!
1 v—t
X e<——bM[z+a+ 0]>
T+ B+ . a
c b v—t
_ S a*e(—=M[v — to)) Faolr + —, 2 + —2),
a a a
ac#0, (a,c)=1, v(Z9'a),
bc=1(a), a€Z, BEZI !
—k+s
where F,o(1,2) = 3 <§ — m) (1 + B)~*e (—ﬁ/\/l[z + a]). For ac > 0 we
a€Z9:1 BeZ

compute the contribution to (n, R)"* Fourier coefficient
ictoo icioo  iCgt00

Fr(n,R) = / (2—%)_“87*( / / e(—%M[z]—Rz)dz)e(—nT)dT

1Cc—00 ic1—00 iCg—00

_ W/:(g - %) _Hsf—ke(—(n - i/\/l_l[Rt])T) dr.

Now we do the change of variables 7 — 2it. The above integral becomes

c+ioo

1 a g g ) Thes g 1 a
E/ = —— (=) e liles / t+— ) t el 2r(n — ~MR) -t |dr.
a,c(n7 R) 9 |M| (C) L + a2 € 7T(TL 4M [R ])C T

[SIS)

Using the integral representation of Kummer’s hypergeometric functions we get that
(2m)k=8DF=2— 11575 g, g 2nDi
(& RG-s k- LT,
23 ’M‘F(k—§) c ac
Similarly one can compute the contribution of the terms with ac < 0 to get the

27T k*%Dk*%*lil*.Sf% a. . . _
Bo(n, R) = 2 > Gy
22/ IM|D(k — %) (a,0)=1, cc/=1(a),

Fafc(n,R)

ac>0
v —tg c nc g 2mDi
Z e(R , )[6(—5/\4[” - to])e(j) 1Fi(k — s,k — i )
v(aZ9:1)
nc g 2nDi

v e<§M[V—tO])e<—7) ik = s, k=520,
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g

Theorem 4.2. Let M and wy,(n, R) be as above for fized (n, R) with 2Rty ¢ Z+5. Then there
exists ko such that for all k > ko the Fourier coefficient wy(n, R) # 0 for s = 5+2—5—it’, 0 <
0 < 3.
Proof. Let us assume that for given M, n and R there does not exist any such kg i.e. there
are infinitely many large k such that wg(n, R) = 0.
T 8ie(—2)D* 57! (e(—Rto) + e(Rty))

29-5 /| M| I'(s —4)

+ (_i)ks1%{6(_§>I{2Mto+2MZQ}<R) + e(_k e

0 =

)T —2mig+2mzoy (R)}

a
n Z (_)k—sa—k
2 |M’F(k o %) (a,0)=1, c’=1(a), ¢
ac>0
l/—to c ncl g 27TDZ
S R el My — L") iFilk s - 552
(aZ9:1)
c nc g 21w D3
+ 6(aM[V to])e( ) 1Fi(k—s,k— 2 ae )}

Or we can write the above equation as

2970 /IM[(=)* > (2r D) T (s — §)
T %ie(—3)D i (k — s)
<_%)I{2Mto+2MZ9}(R) + 6(_T)I{—2Mto+2MZQ}(R)
(e(—Rty) + e(Rty))
(2m)k= 8 D=3 1= 52075 /IMT(s — £ 1
2%\/_F -2 8_526( $)Ds=371 ((—Rto)+€(Rt0))

" Z s _kz { —c nc g. 2mDi

-1 =

+

TM[V — to]) (7) 1F1(k’ — S, k—=

2’ ac
(a,c)=1, cc'= l(a) v(aZ91)
ac>0
c nc g 2nwDi
- —to))e(——) 1Fi(k — s,k —=; .
boeEMI D=0 Filh k- 52

Taking modulus we have

< 2T | M| (i)~ 1(2r D)1 (s — 9)
h T 3ie(—2)D* 30 (k — s)
X

(—g)I{thOHMZQ}(R) + e _k;rs )I{—2Mt0+2MZQ}<R) ‘
(e(—Rto) + e(Rto))
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’<2 )k_ng_f—l 11— s—*29 s / F 3 — g 1
VIMIT(k — &)ms~ zze(—Z)D#%*l ( (=RBto) + c(Fho))

(g)kfs&fk

C

by

(a,c)=1, c’=1(a),

ac>0
v —t c nc g 2nDi
E:eﬂ%(l){e@;ﬂﬂw—ﬁkb;)ﬁuk—&k—ﬁp—ac)
v(aZ9)
c nc g 2mDi
+ e(aM[V — to])e(—j) 1F1(]€ S, k — 2 ac ) :|
Fors:g—i—%—é—it’wehave

1
‘(e(—fao)+—e(Ruﬁ)

Tk -9 _5—it) 1 ‘ >
Pk—§)  (e(=Rto) +e(Ru))|, o=
ac>0

k gQWDz
F——— S+t k— <, ——
g -0+ 2 ac )

1 < 2§+25 |M|(7T)26_1D26

Pk~ 26—t
E_g45+it)

(ﬂ)%—%-ﬁ-éa—k
C

kg 2n Di
Fi(=—246+it k-2, —
1A2 4+ +it’, 5 T

2 It

v(aZ9t)

|

Using (13.2.1,[1]) and estimating 1 F;(—, —; —) we observe that the infinite series in the sum
is convergent and can be bounded by a constant say L for every large k. Hence we get

Lt —2-65—4t) 1
g
2

F(— + 9 +it’) '(6(_Rt0) + e(Rto))’

1 < 2%4—25 ‘M|(7T)25 17926

k
2

_|_

(%D)% F@—%—é—ﬁ)
(k=4 -1k —5-2)..(5])

e
(e(—Rty) + e(Rty)) |

Using the fact that zb’“% — 1 as z — oo we observe that both the terms on right hand

side tends to zero and hence we get a contradiction.

Remark 4.1. In the above inequality (6) one can compute ko explicitly such that both the
summands are strictly less than = for k > k.

O
Theorem 4.3. Let M be as above, t' and € > 0. Then there exists ko = ko(t', €) such that for
any k > ko and s = o + it/ wzthk—ﬁ——<o<——z—e ork——+e<a<——g+1 there

exrists a Hecke eigenform f of weight k and index M such that the vector valued functzon

A(T’ s) = (Ai<7= 3))1’625\292/\4 # 0.

Proof. We shall prove the theorem for the right part of the critical strip i.e. the region

g——+e<0<—— +%. Lets:§+%—5—it’beasaboveandl§’k7Mbebasisofeigen
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forms of weight k& and index M. As Qf()/;/l € J.'v, we can express kernel function in terms
of elements of By a¢ as

Qs fi)
Qf,M : _ < to,s 7 J1 -
o (7:2) fiEBZW Gy

Then comparing the (n, R)™ Fourier coefficient of both the sides with 2Rty ¢ Z + 5 and
using the above theorem there exist ky and a Hecke eigenform f; € J,jff,’f with k& > kg such
that

@ity = T TEEE D) s Ak —5) #0
s T T 2 T (s — DT (k — 5) R |
NeZI\(Z9 (2M))

Hence for N € Z9\ (Z9(2M), An(f;, & — 2+ +it’) # 0. Now using the functional equations
we have the theorem. i

5. Nonvanishing of Poincaré series

Study of the nonvanishing of Poincaré series and its Fourier coefficient is an interesting
problem in analytic number theory. In this direction S. Das [5] and K. Shankhadhar [15]
gave the following nonvanishing results:

Theorem 5.1. [5] Let 2R = 0(mod Z92M). Then there ezists an integer ky and a constant
B > 3log2 such that for all even k > ko, P a;n,r) does not vanish identically whenever

D B logk
< T < pitale) _ D ogh
~2M| rp log(logk’) )’

2 .
3(912) if 1<g<4
2.
3 U925

Definition 5.2. Let n € Z and R € 79 with 4n > M7 '[R'| and k > g + 2 defined the
Poincaré series

2

where k' =k —4—1 anda(g):{

PI;YM;(n,R)<T7 Z) = Z 6(717' + Rz)|k,m’y(7_v Z)a

VELY oo \VETY(N)

where T (N) = To(N) x (Z9! x Z91). It is well known that Py, gy is a Jacobi cusp form
of weight k and index M w.r.t. group T'J(N).

Theorem 5.3. [15] For any € > 0 there exists a positive integer ko(e, M, N) such that
PIiYM;(n,R) (1,2) does not vanish identically if k > ko and
N

™), N)} <. (det2 M) (——

= )%kll-‘y—a(g)
det(2M) oo(N

D<(

—2 _if1<g<4
where k':k—g—l, a(g):{3(g+2) fl<g<

2.
3 925



18 SHIVANSH PANDEY AND BRUNDABAN SAHU

Using the fact that kernel functions can be written as linear sums of Poincaré series
(Theorem 3.4) and Theorem 4.2 we get the following nonvanishing result for Jacobi Poincaré
series.

Theorem 5.4. Let M, n and R be as in Theorem 4.2 and 0 < § < % Then for any positive
integer k > ko we have Py a.n,r 7 0 where

log (227r3(27rD)1+5+i)

log2

(27TD)2622+1\/_
m(e(Rty) + (—Rty))

Proof. Using Theorem 3.5 one can write the kernel functions as

(207 M

ko = max{8nD + 2,2( )25+g+12 +g+2)

(2m)*~% Z ~1gty -
o e(—R ) Z S P (2 M1 (R R
(& 4)F( )Rezg\zg(QM) D=1 4|M| A

Now we choose (n/, R') as in Theorem 4.2 and ' = 0 and compare the (n’, R)"" Fourier
coefficient on both the sides of above equation.

(20)| Mwisy ' (7, 2)

S
g (e 9]

_ (27T>S_§ -1 t s—f— /
= Gﬂi(%_%)r<5—g) Z ( 6 Z_ 2 p;@M;(ﬁ % -1[R!),R (TL R)
27 Rez9\z9(2M) D=1
(2m)° 3 ~1gt) S —g D L it
= ri(z-¢ 2 ' .’y (7 =M R, R).
eG-Dl(s — 2) >_e(=F B D 4|M| Dra oG T IELR)

2/Rez9\29(2M) D=1

Hence for k£ > k¢ we have pk,M;(n/,R/)(ﬁ + MR, R) # 0. In particular, Py 5y # 0
for k > k.
g
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