RANKIN-COHEN BRACKETS ON JACOBI FORMS OF SEVERAL
VARIABLES AND SPECIAL VALUES OF CERTAIN DIRICHLET SERIES
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ABSTRACT. We construct certain Jacobi cusp forms of several variables by computing the
adjoint of linear maps constructed using Rankin-Cohen type differential operators with
respect to the Petersson scalar product. We express the Fourier coefficients of the Jacobi
cusp forms constructed, in terms of special values of the shifted convolution of Dirichlet
series of Rankin-Selberg type. This is a generalization of an earlier work of the authors on
Jacobi forms to the case of Jacobi forms of several variables.

1. INTRODUCTION

Kohnen [9] constructed elliptic cusp forms by computing the adjoint of the product map
by a fixed cusp form with respect to the Petersson scalar product. The Fourier coefficients of
cusp form constructed using this method involves special value of the shifted convolution of
certain Dirichlet series of Rankin type associated to modular forms. Rankin-Cohen brackets
of two modular forms f and ¢ is again a modular form constructed by taking a certain
combination of the derivatives of f and g. Rankin-Cohen bracket is a generalization of the
usual product. Herrero [6] generalized the work of Kohnen [9] by computing the adjoint of
linear maps constructed using Rankin-Cohen brackets instead of the product by a fixed cusp
form.

The work of Kohnen [9] has been extended to the case of Jacobi forms by Choie, Kim
and Knopp [4] and Sakata [11]. Rankin-Cohen brackets for Jacobi forms were studied by
Choie [2] by using heat operators. Recently, the work of Herrero [6] has been extended to
the case of Jacobi forms [7] and Siegel modular forms [8] by the authors. We explicitly
computed the adjoint of linear maps constructed using Rankin-Cohen brackets with respect
to the Petersson scalar product and expressed the Fourier coefficient of image of a Jacobi (or
Siegel) cusp form under the adjoint map in terms of special values of the shifted convolution
of Dirichlet series of Rankin type associated to Jacobi (or Siegel) cusp forms.

In this article we generalize our work [7] on Jacobi forms to the case of Jacobi forms of
several variables. More precisely, we compute the adjoint of certain linear maps constructed
using Rankin-Cohen brackets on Jacobi forms of several variables. In our main theorem, we
express the Fourier coefficients of the image of a form under adjoint map in terms of special
values of certain Dirichlet series of Rankin-Selberg type associated to Jacobi forms of several
variables.

In section 2, we briefly recall some basic definitions and Rankin-Cohen brackets on Jacobi
forms of several variables, then we state our main result (Theorem 3.1) in section 3. In
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section 4, we give a proof of Theorem 3.1. We also give some remarks on Rankin’s method
for Jacobi forms of several variables.

2. PRELIMINARIES ON JACOBI FORMS OVER H x Cl9x1)

Fix a positive integer g. The Jacobi group I'{ , 1= I'y x (Z9* x Z(#*D) acts on H x Clo*)

as follows;
a b at +b 2+ AT+ p
A . fry
((C d>’( ,,u)) (7. 2) (c7‘—i—d7 cT +d >7

where I'y = SLy(Z) is the full modular group. Let & € Z and M be a positive definite,

symmetric, half-integral ¢ x ¢ matrix. For v = (<CCL 3), (A,u)) € I'{,, and ¢ a complex-

valued function on H x C9*V) we define

(Olear ) (1,2) := (cr +d) e (

© M X+ ]+ M+ zxMz) oy - (7,2)),

CcT +
where A[B] := B'AB, where A and B are matrices of appropriate size, B* denotes the
transpose of the matrix B and e(a) := exp(2wia), for a complex number a. Let Ji, s be

the space of Jacobi forms of weight £ and index M on F{,g, i.e., the space of holomorphic

functions ¢ : H x C9*V — C satisfying dlpy 7 = ¢, Vy € I‘i]’g and having a Fourier
expansion of the form
o(r,2) = Z cop(n,r) e(nt +1z).
nel, rel9,
An>M~1[rt]
Here, r € 79, denotes a row vector. Further, we say ¢ is a cusp form if and only if ¢, (n,r) = 0
whenever 4n = M~'[r*]. We denote the space of all Jacobi cusp forms by J;*%. Let ¢,1 €

Ji, m be such that at least one of them is cusp form, the Petersson scalar product of ¢ and
¥ is defined by

Guy= [ 6lna) DA o cap(—anMlylu)av.
F{’Q\HXC(QXU
dudvdxd
where 7 = u +iv € H,z = z + iy € C¥*Y and dv) = % is an invariant measure
v
under the action on I'Y ; on H x C@*V. The space (J;"V,(. , .)) is a finite dimensional

Hilbert space. For more details on the theory of Jacobi forms of several variables, we refer to
[12]. The following lemma describes the growth of the Fourier coefficients of a Jacobi form.

Lemma 2.1 (Lemma 3.6, [10]). Suppose that k > g+ 2 and ¢ € Ji, yr with Fourier coeffi-
cients cy(n, ), then

co(n,r) < | D27
if D < 0. Moreover, if ¢ is a cusp form, then
¢o(n,r) < D] %,
where D = M][r'] — 4n|M| and M denotes the matriz of cofactors of the matriz M.
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2.1. Poincaré series. Let M be a fixed positive definite, symmetric, half-integral g x g
matrix, and n € Z, r € Z9 be such that 4n > M~'[r']. The (n,r)-th Poincaré series of
weight k and index M is defined by

Pirting) (T, 2) 1= Z e(nT +7z)|km 7, (2.1)

J J
Werl,g,oo\rlﬁg

), = {((5 {),(o,u)) teZue Zg}

is the stabilizer of e(n 4 rz) in T'{ . It is well-known that Py az,(nr) € Jolouy for k> g +2.
This series has the following property:

where

Lemma 2.2. [1] Let ¢ € J."%, with Fourier expansion

o(t,2) = Z co(n,r)e(nt +rz).

neZ, rez9
dn>M~1[rt]
Then
<¢7 Pk,M;(n,r)> = /\H,M,D C¢(n7 T); (22)
where
Aear.p = 2797 V79T () r =" (det M)”_%D_”,
with

B g B _(2n 7
ﬁ—k—§—1,D—det(T),T—<Tt 2M>’

2.2. Differential operators on Jacobi forms. For a positive definite, symmetric, half-
integral g x g matrix M, we define the heat operator by

1 0 J 0
Ly = — | 8Smi|M| — — M;——|,
M (2 < mil M| or Z 702 azj)
1<i,j<g
where 7 € H and 2" = (21, 29, - -+ , z4) € CY and M;; is the (i, j)-th cofactor of the matrix M.

Remark 2.1. Note that for ¢ = 1, the above heat operator is the classical heat operator
studied in [5].

Remark 2.2. We note that the action of Ly, on e(nt + rz) is given by
La(e(nt +r2)) = (4n|M| — M[r'])e(nt + r2),
where M denotes the matrix of cofactors M;; of the matrix M.
We now define Rankin-Cohen brackets for complex-valued functions on H x C@*1),

Definition 2.3. Suppose that ki and ko are positive integers, and My, My are positive defi-
nite, symmetric, half-integral g X g matrices. Let ¢ and 1 be two complex-valued holomorphic
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functions on H x C9Y. Then for a non-negative integer v, the v-th Rankin-Cohen bracket
of ¢ and v 1s defined by

(6, 0]y == Ay, ko, My, My, g,v;1) Ly, () Ly (1),

1=0
where

K1+ V\ [Ky+V v
Atk o M Mo gvit) = (-0 ("2 ) (") o ol

with kj = k; —g/2—1 for j =1,2.
Remark 2.3. Using the action of heat operator, one can verify that

Wkl, M %Mb, My Yy = [¢aw]u|k1+k2+2u, MM, Y, VY E Fi],g- (2.3)
Theorem 2.4. [10] Let ¢ € Ji, vy, © € Jiy, mps Where ki, ko are positive integers and

M, My are positive definite, symmetric, half-integral g X g matrices. Then for a non-negative
integer v, [0, V], € Jiythotow, aysary- Moreover, if v >0, then [¢,9], € Jo o, ansasy-

3. STATEMENT OF THE THEOREM

Let ¢ € J.*,, and v > 0 be an integer. We define the map

Tow I 0 = iy thovon, Mty
by
Ty () = [0, 9]
Ty, is a C-linear map between finite dimensional Hilbert spaces and therefore there exists
a unique adjoint map
T3 Ty tharaw, anan, = iy,
such that

<¢7 T¢7V(W)> = <T'(Z,I/(¢)7w>7 v¢ € Jz?j—iz—kﬁl, M1+ Mo and w e J;?,spjwl'

In Theorem 3.1, we exhibit the Fourier coefﬁ(':ients of Ty ,(¢) for ¢ € S earon, MMy
for any v. These Fourier coefficients involve special values of certain shifted convolution of

Dirichlet series of Rankin-Selberg type associated to ¢ and 1.

Theorem 3.1. Let v > 0,ky1,ky > g + 2 be natural numbers and let My, My be positive
definite, symmetric, half-integral g x g matrices. Write k = ki + ko +2v and M = My + M.
Let i € Jy,, m, with Fourier expansion

(T, 2) = Z cy(ny,r) e(mt +r12).

n1€Z, r1€Z9
4ny>My t[rt)

Suppose that either (a) v is a cusp form or (b) ¥ is not a cusp form and ky > ky — g + 2.
Then the image of any cusp form ¢ € Jzﬁ\sf with Fourier expansion

(1, 2) = Z Co(na, o) e(noT +122)

no€Z, ro€lI
dng>M~1[rl]
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under T} , is given by

75, (8)(m2)= > clnr)elnt +r2),

n€s, rez9
4n>MT Y

where

[ Mrhetema | My | — Myt 92D (k — g/2 - 1)

c(n,r) 2(k=9/2=1)(9=V) o+ 20T (kg — g/2 — 1)| M, |k1—9/2-3/2

v — l
X ZA<k17k27M17M27g7V; l) <4n|M1| - Ml[/rt]>
=0

—~ v—l____
(4na]Mal = DEfr)) " coln, g+, + )

k—g/2—1
n1€Z,r1 LI (4(n + nl)]M| — (Ml + MZ)KT + Tl)t]>

4dny >M271 [r1]
4(n+n1)>M(r+r1)?]

4. PROOFS
We follow the same exposition as given in the proof of Theorem 3.1 in [7].
Lemma 4.1. Using the same notation in Theorem 3.1, the series

3 / | 6, 2)elnr +72) T 7, 0, reap(—dxMglo™) | dv?

Y€MY 5,00\ 1Y \HxClo)

converges.
Proof. Proof is similar to Lemma 4.1 in [7]. O

We now give a proof of Theorem 3.1. Write
Th (@) 2) = Z c(n,r) e(nt +rz).

n€Z, rel9d
4n>M; Hrt]

Consider the (n,r)-th Poincaré series of weight k; and index M; as defined in (2.1). Then

using Lemma 2.2, we have

<Tzz,u¢7 Pk17M1§(nv7")> = )‘Hl,M1,D1 C(na T),

2n T
where xk; = k; — % — 1 and Dy = det(Th), T} = (rt 2M1> ’

On the other hand, by definition of the adjoint map we have
<Tq/;*,y ¢7 Pkl,Ml;(n,r)> - <¢7 TQ/),V (Pkl,Ml;(n,r))> - <¢7 [Pkl,Ml;(n,r)7 ¢:|V>

Hence we get
1

c\n,r) =
( Y ) )\kl,Ml,Dl

<¢> [thMl;(nﬂ")?w]V)' (41>
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Now our aim is to compute the Petersson scalar product (¢, [Py, as;(n,0),¥],) in (4.1). By
definition,

<¢a [Pk1,M1;(n,r)a 77Z)]u> = / ¢(7—7 Z) [Pkl,Ml;(n,T)7 ¢} v Uk 61’p(—47TM[y]’U_1) d‘/gJ7

r{ \HxClox1)

where k = ki + ko + 2v and M = M, + M,. Inserting the expression of Poincaré series from
(2.1), we have

(9, [Ph,Ml;(nﬂ")? V) = / Z o(7, 2)[e(nT +12) |ky,am s Q/J]V Ukexp(_llﬂ-M[y]Uil) d‘/;;J'

I \HxCoxD TETY 5,00\ g

By Lemma 4.1, we can interchange the order of summation and integration in (@, [P, as:(n.r), ¥]v)-
Hence <¢7 [Pk1,M1;(n,r)7 1/’]1/> equals

3 / o(r, 2) et T 72) T 79, vexp(—dnMglo™) dv).

Weri],g,oo\rig ry c]\7-L><(C<9><1)

Using the change of variable (7, z) to v~! - (7, 2z) and using (2.3), (¢, [Ps, mi;(nr), ¥]v) equals

Z / (1, z)e(nt +rz2),1], vke:vp(—47rM[y]v_1) dVgJ.

J J
V9,00 \[T,g 4.0 \HxCloxD)

Now using the Rankin’s unfolding trick, (¢, [Pk, as;(nr), ¥]v) equals

/ o(T, z)[e(nT +rz), Y], vFexp(—4nM[ylv™) dVg‘].

T ;oo \HXCloxD)

— ZA(k‘l,k:g,Ml,MQ,g, v; l)/gzﬁ(r,z)L%(e(m‘~|—7“z))L]”V[_2l(¢(T, z)))vke:vp(—47rM[y]v_1)dV;]J.

=0

T, oo \HxClexD)
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Now replacing ¢ and ¢ by their Fourier series expansion and using the iterated action of the
heat operators Ly, and Ly, as given in the Remark 2.2, (¢, [Py, ar,;(nr), ¥]n) equals

v —~ l
> Ak o, My, Mo, D) > colna,ra)elnar +722) | (4nldna| = D[] )
=0 no€Z,ro€Z9

lﬂi{g;oo\K’L[X(wa1) 4n22€>M3§[r§}

- —~ v—l

X e(nt +1z) Z <4n1|M2| - MQ[ri]) cy(ny,m) e(mm +1r12) vkexp(—47rM[y]v_1)dVgJ
ni€ZL,r1 €29
4ny>M; Hrt)

v

—~ l —~ v—I
= A(ky, ko, My, Mo, g,v;1) (4”|M1| - Ml[rt]> Z Z <4n1|M2| - MQM])
=0 noE€ZL,ro€ZY ni1€L,r1€Z9
Ang>M =1 [rk] 4ny > My [rt]

X Cp(na,Ta)cy(ny,r) / e(net + roz)e(nT +1z) e(mT + 11 2) vkexp(—llﬁM[y]v’l)dVgJ.
F{YQ’OO\HX(C@J)

As a fundamental domain for the action of T'Y , . on # x CY we choose the set

{(r,2) eHxCOY: 0<u<L,v>00<7,<1,i=12--gyeR},

where 7 = u + i,z = x + iy with 2! = (21,9, 7%)_ Integrating over this region,
(&, [Pry My (nr), ¥]w) equals

MF=971D0(k — g/2 — 1) <& AN
’ ’ 29 W(kg/2g1/ ) ZA(kla k27 M17M2aga v, l) <4n|M1| - Ml[rt]>
=0

— v—l____
<4n1|M2| —MQ[’T‘N> C¢(7’L1,T1)C¢(n+n1,7’+7“1>
X Z o~ k—g/2—-1
(400 + n) [M] = M(r + 1))
dny>My [rt]
4(n+n1)>M 1 (r+r1)Y

Now substituting (¢, [Pr,,a1,;(nr)s ¥v) in (4.1), we get the required expression for ¢(n, r) given
in Theorem 3.1.

Remark 4.1. We observe that the method of proof of Theorem 3.1 can be used to compute the

adjoint of linear maps constructed using Rankin-Cohen type differential operators studied
in [3].

Remark 4.2. Ramakrishnan and Sahu [10] computed the Petersson scalar product (¢, (¢, Ex, a]v)s
where ¢ € J'V o) anaans € T iy, and Eg, , is the Eisentein series of weight ky and
index M. To compute the Petersson scalar product (¢, (¢, Ex, am]y), they expressed the
Rankin-Cohen bracket [¢, Eg, as,], as a linear combination of Poincaré series and then used
Lemma 2.2. As an application, we observe that, following the proof of Theorem 3.1 one can



8 ABHASH KUMAR JHA AND BRUNDABAN SAHU

compute the Petersson scalar product (¢, [¢, Ex, as].), by evaluating the integral

/ 67, )b, Brpara] 0" exp(—dm Mylo™)dV?
r{ \HxClo:D)

explicitly using the Rankin-Selberg unfolding argument.

Remark 4.3. We remark here that the structure theorem for Jacobi forms of several variables
has not been still well understood. However, one can get some arithmetical examples and
application to the Theorem 3.1 similar to the case of Jacobi forms of scalar index (see Remark
3.2 in [7]).

Acknowledgements. The first author would like to thank Science and Engineering
Research Board (SERB), India for financial support through NPDF (PDF/2016/001598).
Finally, the authors thank the referee for careful reading of the paper and many helpful
suggestions.

REFERENCES

[1] S. Boecherer and W. Kohnen, Estimates for Fourier coefficients of Siegel cusp forms, Math. Ann., 297
(1993), no. 3, 499-517.
[2] Y. Choie, Jacobi forms and the heat operator, Math. Z., 1 (1997), 95-101.
[3] Y. Choie and H. Kim, Differential operators on Jacobi forms of several variables, J. Number Theory,
82 (2000) 140-163.
[4] Y. Choie, H. Kim and M. Knopp, Construction of Jacobi forms, Math. Z., 219 (1995) 71-76.
[5] M. Eichler and D. Zagier, The Theory of Jacobi Forms, Progr. in Math. vol. 55, Birkh&user, Boston,
(1985).
[6] S.D. Herrero, The adjoint of some linear maps constructed with the Rankin-Cohen brackets, Ramanujan
J., 36, (2015), no. 3, 529-536.
[7] A. K. Jha and B. Sahu, Rankin-Cohen brackets on Jacobi forms and the adjoint of some linear maps,
Ramanugan J., 39 (2016), no. 3, 533-544.
[8] A. K. Jha and B. Sahu, Rankin-Cohen brackets on Siegel modular forms and special values of certain
Dirichlet series, Ramanujan J., 2016, 44 (2017), no. 1, 63-73
[9] W. Kohnen, Cusp forms and special value of certain Dirichlet Series, Math. Z., 207 (1991), 657-660.
[10] B. Ramakrishnan and B. Sahu, Rankin’s method and Jacobi forms of several variables, J. Aust. Math.
Soc., 88 (2010), 131-143.
[11] H. Sakata, Construction of Jacobi cusp forms, Proc. Japan. Acad. Ser. A, Math. Sc., 74 (1998), 117-119.
[12] C. Ziegler, Jacobi forms of higher degree, Abh. Math. Univ. Hamburg, 59 (1989), 191-224.

DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF SCIENCE, BANGALORE- 560012, INDIA
E-mail address: abhashjha@iisc.ac.in, abhashkumarjha@gmail.com

SCHOOL OF MATHEMATICAL SCIENCES, NATIONAL INSTITUTE OF SCIENCE EDUCATION AND RE-
SEARCH, HBNI, BHUBANESWAR, PO: JATNI, KHURDHA, ODISHA- 752 050, INDIA
FE-mail address: brundaban.sahu@niser.ac.in



	1. Introduction
	2. Preliminaries on Jacobi forms over H C(g 1) 
	2.1. Poincaré series
	2.2. Differential operators on Jacobi forms

	3. Statement of the Theorem
	4. Proofs
	References

