RANKIN-COHEN BRACKETS AND VAN DER POL-TYPE
IDENTITIES FOR THE RAMANUJAN’S TAU FUNCTION

B. RAMAKRISHNAN AND BRUNDABAN SAHU

ABSTRACT. We use Rankin-Cohen brackets for modular forms and quasimodular
forms to give a different proof of the results obtained by D. Lanphier [5] and D.
Niebur [9] on the van der Pol type identities for the Ramanujan’s tau function 7(n).
We also obtain new identities for 7(n) and as consequences we obtain convolution
sums and congruence relations involving the divisor functions.

1. INTRODUCTION

Let
Alz) =q[Ja =) => 7(n)q"
n>1 n>1
be the Ramanujan’s cusp form of weight 12 for SLy(Z), where ¢ = €™, z belongs to
the upper half-plane H. The function 7(n) is called the Ramanujan’s tau-function.
Using differential equations satisfied by A(z), B. van der Pol [10] derived identities

relating 7(n) to sum-of-divisors functions. For example,

(1) 7(n) = no3(n) + 60 2(271 —3m)(n — 3m)os(m)os(n —m),

m=1

where oy(n) = de . Using the relation between o3(n) and o7(n) (see Theorem 3.1
din
(i) below), this is equivalent to the following identity:

n—1
(2) 7(n) = no7(n) — 540 Y m(n — m)os(m)os(n —m).

m=1
In [5], D. Lanphier used differential operators studied by Maass [6] to prove the above
van der Pol identity (2). He also obtained several van der Pol-type identities using
the Maass operators and thereby obtained new congruences for the Ramanujan’s
tau-function.

In [9], D. Niebur derived a formula for 7(n) similar to the classical ones of Ra-

manujan and van der Pol, but has the feature that higher divisor sums do not appear
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(see Theorem 2.5 (i) below). Niebur proved the formula by expressing A(z) in terms
of the logarithmic derivatives of A(z).

In this paper we show that the identities for the Ramanujan function 7(n) proved
by Lanphier in [5] can be obtained using the Rankin-Cohen bracket for modular
forms and the basic relations among the Eisenstein series. By our method we also
obtain new identities for 7(n) which are not proved in [5]. Next we show that the
theory of quasimodular forms can be used to prove Niebur’s formula for 7(n). The
method of using quasimodular forms gives new formulas for 7(n). Though one can
obtain many identities for 7(n), here we restrict only those identities in which only
the convolution of divisor functions appear. Finally, we observe that the identities
of 7(n) give rise to various identities for the convolution of the divisor functions. As
a consequence, we also present some congruences involving the divisor functions.

2. STATEMENT OF RESULTS
Theorem 2.1.

—

n—

(i) 7(n) = n®o7(n) — 540

(]

m(n —m)oz(m)os(n —m),

(ii)) 7(n) = —Zn207(n) + %7120'3(71) + 540 z_: m?as(m)os(n —m),
(i) 7(n) = nZos(n) — % " 2 (1 — m)ors(m)os(n — m),
(iv) 7(n) = —%n207(n) + gn203(n) + ? 2 mios(m)os(n —m).
Theorem 2.2.
(i) 7(n) = —%n o(n) + %TLO};(”) + 350 z_:(n —m)os(m)os(n —m),

(ii) 7(n) = %nag(n) + %nag(n) — 350 i mos(m)os(n —m),

(iii) 7(n) = énag(n) + gnag(n) — % z_: m-oz(m)os(n —m),

(V) 7(n) = noy(n)— % "~ m(n — m)os(m)os(n — m),

(v) 7(n) = —inag(n) + gn%(n) + % - (n —m)“o3(m)os(n —m)
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Theorem 2.3.
() = %an(n) + %0—5@) 261N~ s — m).
Theorem 2.4.
i) 7(n) = —% 11(n) + %Ug('ﬂ) + 4-691 gmag(m)a7(n —m),
() 7(n) = —(%an(n) + %wm) 42 '5(:?1 nzl(n _ m)os(m)os(n — m).

m=1
Remark 2.1. Theorems 2.1 to 2.4 are exactly the same as Theorems 1 to 4 of [5].

The following theorem gives identities for 7(n) in which the convolution part
contains only the divisor function o(n)(= o1(n)).

Theorem 2.5.
(i) 7(n) = n'c(n)—24 §(35m4 — 52m®n + 18m*n?)o(m)o(n — m),
(i) 7(n) = n*(7o(n) — 6o3(n)) — 168 Z — 4m®n)o(m)o(n —m),
(iii) 7(n) = n'os(n)— 168 nzll(mrﬁ — 8m*n + 3m*n?)o(m)o(n — m),
(iv) 7(n) = %(70—( ) — 4o3(n)) — 56 Z (15m* — 20m*n 4 6m*n?)o(m)o(n — m).

Remark 2.2. In Theorem 2.5, formula (i) was proved by Niebur [9]. The rest of the
formulas are obtained while proving (i) by using quasimodular forms.

In the above theorems we presented results that are already proved by Niebur
and Lanphier and a few more identities like Niebur’s. We now state some more new
identities using our method. As mentioned in the introduction we restrict ourselves
to the identities which involve only the convolution of the divisor functions. We list
these identities in two theorems, one uses the theory of modular forms and the other
uses the theory of quasimodular forms.

Theorem 2.6.
5 7 n—1
i) 7(n) = Endg(n) + Ends,(n) + 70 ;Qn — 5m)os(m)os(n —m),
n—1

(i) 7(n) = n’os(n)+60) (4n® — 13mn + 9Im*)os(m)os(n — m).

m=1



Theorem 2.7.

(i)

(iii)

(iv)
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65 5691 691

= 75671 () F 5756, 77+ 130, 72 (Y
n—1
5-691
0 mzl(?)n — Tm)os(m)oz(n —m)
n—1
13-691
i mZ m(n —m)os(m)os(n —m),
65 (n) . 3-691 (n) . 5-691 (n)
= —0 — o o
756 8-441"° 24 - 4417
n—1
5-691
yYIrS] Z(91m2 — 65mn + 10n?)o3(m)o(n —m)
—1
13 69
Z )0'5(71 - m)v
65 25 - 691 11-691

75671 () + 36-7567103(”) + 36 756070

n—1
Z Tm — 2n)oz(m)og(n —m)

1134n2 2
139;;91 "Zl m(n (m)os(n — m).
m=1
595((5)%11 (m) - WU"W
+%;i<711(n) - % 7:211 o(m)og(n —m),

n(n) — onoo(n) + Son’ar(n) +225 Zma m)oz(n — m),
gnza(n) — gn‘g’as(n) + gn o7(n) —24-18 Z m’o(m)os(n —m),
15—4n30(n) + 15—271403(71) - 25—1”305(”) +24 - QSZLZ:ngU(m)U?»(” —m),
15—2n0(n) + %nm(n) - %”09(71) +25 S(gm —n)o(m)or(n —m),

m=1



(vi) 7(n)

(vii) 7(n)

(viii) 7(n)

(ix)  7(n)
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n—1
9 o 5 2
" o(n) + " 207(n) — 108 ;(4771 —mn)o(m)os(n —m),
8 3 n—1
gnga(n) — gn?’ag)(n) + 96 m21<7m3 — 3m*n)o(m)os(n —m),
1 1 n—1
anQU(n) + 571205(71) —12 z:(%m2 — 16mn + n*)o(m)os(n — m),
m=1

n—1
n3o(n) — 24 Z(leQn — 28m® — 3mn?)o(m)oz(n — m).

m=1

As a consequence of the above theorems, we get the following congruences for
7(n) in terms of the divisor functions. Some of the congruences are already known
(for example (iii) and (iv) are corresponding to (7.15) and (5.6) of [4]) and some are

new.

Corollary 2.8.

(i)  127(n) = b5noz(n) + Tnos(n) (mod 2°-3-5-7),
(ii) 327(n) = 15n0(n) + 50n%07(n) — 33nag(n)

(iii) 7r(n) = 6n’c(n) — In’os(n) + 10n o7 (n)

(iv) 57(n) = 14n’c(n) + 12n*os(n) — 21n’0s(n)

(v) 241(n) = 10no(n) + 25n07(n) — 11nog(n)
(vi) 147(n) = 9n?0(n) + d5n’o7(n) (mod 2°-3%.7),
(vii) 57(n) = 8n’o(n) —3n’os(n) (mod 2°-3-5),
(viii) 27(n) = n?c(n) +n’os(n) (mod 2%-3).

(mod 2° - 3% - 5%),

(mod 2*-3%.7),
(mod 2°-3-5-7),

(mod 2° - 3 - 5%),

Finally, we state some identities for certain convolution of divisor functions. Some
of these identities are obtained while using our method and the rest follow from the

identities for 7(n) mentioned in the above theorems.

We remark that except for

(vii), all other formulas are different from the ones obtained by E. Royer [12] .

Theorem 2.9.

S 3 L 5 3

m§:1m o(m)o(n —m) = " os(n) — 21" (3n —1)o(n),
S 2 L L

mEZIm o(m)o(n —m) = 3" o3(n) — 21" (4n — 1)o(n),
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(i) :é mo(m)o(n —m) = 2—1471(1 — 6n)o(n) + 2—547103(71),
(iv) 7:21177120(771)03(71 —m) = —Tion%—(n) _ Elon203(n) + $n205(n),
(v) mé mo(m)oy(n—m) = —zno(n) — n’os(n) + 5 nos(n),
(vi) :g mo(m)os(n —m) — ﬁn (n) — 8i4n205(n) + 5%47107(71),
(vil) mzll om)os(n—m) = oo(n) — snos(n) + Sos(n) + ocor(n),
(vii) :L_:lla(m)m(n —m) = —ﬁa(n) + 21—407(n) + %ag(n) _ 1i6na7( )
Corollary 2.10.
(3) ;le@mg —3m*n +mn*)o(m)o(n —m) = 0.

Using Theorem 2.8 (i)—(iii) and Theorem 2.5 (i), we get another formula for 7(n),
given in the following corollary.

Corollary 2.11.
n—1

(4) 7(n) = 50n*o3(n) — Tn*(12n — 5)0(n) — 840 Z mto(m)o(n —m).
m=1

We end by stating some congruence relations among the divisor functions. These
congruences follow as a consequence of the above convolution identities and the
congruences of 7(n) (Corollary 2.8).

Corollary 2.12.

(i) (6n —5)o(n) = o3(n) (mod 24), ged(n,6) =1,
(ii) o(n) 4+ 2no3(n) = 3o0s(n) (mod 16), 2 fn,
(iii) no(n) +5no7(n) = 6n°os(n) (mod 2°-3%-7), ged(n,42) =1,
(iv) 2007(n) + 1log(n) = o(n) + 30no7(n) (mod 2°-3-5),
(v) 50(n) + 6no7(n) = 1log(n) (mod 2°), 2 Jn,
(vi) o(n) +2no3(n) = 30s(n) (mod 2*-5), ged(n,10) =1,
(vii) o(n)+10(3n — 2)o7(n) = 1log(n) (mod 2*-3-5), ged(n,30) = 1.
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3. PRELIMINARIES

In this section we shall provide some well-known facts about modular forms and
give the definitions of Rankin-Cohen bracket and quasimodular forms, which are
essential in proving our theorems. For basic details of the theory of modular forms
and quasimodular forms, we refer to [13, 2, 7, 12].

For an even integer k > 4, let My(1) (resp. Sk(1)) denote the vector space of
modular forms (resp. cusp forms) of weight k for the full modular group SLs(Z).
Let Ej be the normalized Eisenstein series of weight & in Mj(1), given by

x " B
ex—lzz—!x '

The first few Eisenstein series are as follows.

E,=1+240 Zag(n)q",

n>1

Eg=1-504) o5(n)q",

n>1

5) By =1+480) o7(n)q",

n>1

Eig=1-264) oo(n)q",

n>1

Since the space My(1) is one-dimensional for 4 < k < 10 and for £ = 14 and
Si12(1) is one-dimensional, we have the following well-known identities:

Theorem 3.1.

(i) Es(z) = Ei(2),
(11) Elo(Z) = E4(Z)E6(Z),
(iii) Eia(2) — Es(2)Ea(z) = (8220 —720) A(z),

691

(iv) Ein(z) — E3(z) = (%5204 1008) A(2),

691
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Rankin-Cohen Brackets: The derivative of a modular form is not a modular
form. However, the works of Rankin and Cohen [11, 1] lead to the concept of
Rankin-Cohen brackets which is defined in the following.

Definition: Let f € M (1) and g € M;(1) be modular forms of weights k& and [
respectively. For each v > 0, define the v-th Rankin-Cohen bracket (in short RC
bracket) of f and g by

0 =S (VHE ) (T pog by,

vV—r r
r=0

1 d
where we have set D := i d When v = 1, we write [f, g] instead of [f, g];.
midz

Theorem 3.2. ([14, pp. 58-61]) Let f € My(1) and g € M;(1). Then [f,g], is a
modular form of weight k + 1 + 2v for SLy(Z). It is a cusp form if v > 1.

Quasimodular forms: We now present some basics of quasimodular forms. An-
other important Eisenstein series is the weight 2 Eisenstein series Fs given by

(7) Ey(z)=1-— 24Za(n)q".

It is not a modular form because it doesn’t satisfy the required transformation
property under the action of SLo(Z). However, it plays a fundamental role in

defining the concept of quasimodular forms, which was formally introduced by M.
Kaneko and D. Zagier [2].

Definition: Let £ > 1,s > 0 be natural numbers. A holomorphic function f : H —
C is defined to be a quasimodular form of weight k, depth s on SLy(Z), if there
exist holomorphic functions fy, f1,..., fs on ‘H such that

S

) v () = 200 (5 1)

for all (CCL 2) € SLy(Z) and such that fs is holomorphic at infinity and not iden-

tically vanishing.

Remark 3.1. It is a fact that if f is a quasimodular form of weight k£ and depth s,
not identically zero, then k is even and s < k/2.

The space of all quasimodular forms of weight k, depth s on SLy(Z) is denoted
by M, =°(1). Note that Ej is a quasimodular form of weight 2 and depth 1, and so
By € Ms'(1).

We need the following lemma (see [12] for details).
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Lemma 3.3. ([12, Lemma 1.17]) Let k > 2 be even. Then

k/2—1

M*(1) = €D D'My_i(1) & CD*?7' B,
1=0

Definition: (Rankin-Cohen bracket of quasimodular forms) Let f € Mfs(l) and

g€ ]T]lgt(l) be quasimodular forms of weights k, [ and depths s, ¢ respectively. For
each n > 0, define the n-th Rankin-Cohen Bracket (in short RC bracket) of f and ¢
by

(9)  Ppsus(fsg) = Z(_l)r (k —s5+n— 1) (l —t —:n — 1) DO F Py,

n-—r
r=0

Theorem 3.4. ([8, Theorem 1]) Let k,l > 2 and s,t > 0 with s < k/2 and t <1/2.
Then for n > 0, the RC bracket @, 51:(f,9) is a quasimodular form of weight
k414 2n and depth s+t for SLy(Z).

4. PROOFS
4.1. Proof of Theorem 2.1: Differentiating (i) of Theorem 3.1 twice, we get
(10) D?Eg = 2(DE,)* + 2E,D*E}.
Now consider the RC bracket [Ey, Ey|s = 20D?E,E, — 25(DE,)? € S15(1) = CA.
Substituting for E4D?E, from (10), we get
(11) 2D*Fg — 9(DE,)* = 960A.

Comparing the n-th Fourier coefficients we obtain (i).
On the other hand, in (11) substituting for (DE,)? from (10), we get

—5D?*Eg + 18E,D*E, = 1920A,

from which we obtain the identity (ii). To obtain (iii) we differentiate (11) and
compare the coefficients. Finally to prove (iv), we differentiate (10) and use it in
(11) to get

960DA = —D’Eg + 6E,D*E}.

Now comparing the n-th Fourier coefficients we get (iv). This completes the proof
of Theorem 2.1.

4.2. Proof of Theorem 2.2: We now take differentiation of Theorem 3.1 (ii) to
get

(12) DE,y = EsDE, + E4DFE;.

Now consider the RC bracket [Ey, Fg] which belongs to S12(1) and so is a constant
multiple of A. Thus, we have

(13) AE,DFEs — 6EsDE, = —3456 A.
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Substituting for E4DFEg from (12) in (13) and comparing the n-th Fourier coeffi-
cients, we get the identity (i). Instead, if we substitute for FgDE, from (12) in (13),
we get the identity (ii). Taking derivative of (12) we get

(14) D?E\y = E¢D*Ey + 2(DE,)(DEg) + E4D?Eg.
Differentiating (13) we get

(15) —2(DEy)(DEg) + 4E,D*Eg — 6EsD*Ey = —3456 DA.
Eliminating E4D?FE¢ from (14) and (15) we obtain

(16) 2D*Ey — 5(E¢D*E, + (DEy)(DEg)) = —1728 DA.

Now, consider the RC bracket [Ey, Fgls. Since it belongs to Si4(1), it must be zero.
So, we get the following

(17) 10E,D*Eg — 35(DEy)(DEg) 4 21 D*Ey = 0.
Eliminating (DE,)(DEs) from (14) and (16), we get
(18) —D?FE\g — 5EsD*E, + 5E,D*Eg + 3456 DA = 0,
and from (14) and (17), we get
(19) —35D%E,y + TTE¢D*E, + 55E,D*Eg = 0.
Now, eliminating F;D?Fg from (18) and (19), we obtain

24D*E\ — 132E¢D?*E, + 38016 DA = 0,

whose n-th Fourier coefficient give the identity (iii). In the last step if we eliminate
E¢D?E, instead of E;D*Eg, we obtain the identity (v). For the proof of identity
(iv), we first eliminate FgD?*E, from (14) & (16) and (14) & (17) to get
—3D?Ey + 5(DE,)(DEg) + 5E,D*Eg + 1728 DA = 0,
—21D?*Ey + 7T7(DE,)(DEs) + 11E,D*Es = 0.

The required identity (iv) follows by eliminating E,;D?Fg from the above two equa-
tions. This completes the proof of Theorem 2.2.

4.3. Proof of Theorem 2.3: This identity follows easily by differentiating (iv) of
Theorem 3.1 and comparing the n-th Fourier coefficients.

4.4. Proof of Theorem 2.4: Differentiating (iii) of Theorem 3.1 gives

65520

Next, using the fact that the RC bracket [FEy, Es] is zero (because it belongs to the
space S14(1)) we get

(21) E4DE8 - 2E8DE4
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Substituting for £, D Eg from (21) in (20) and comparing the n-th Fourier coefficients
yield identity (i). On the other hand, substituting for FsDEy from (21) in (20) gives

3 65520
22 DEs — —E,DEg = | —— — 720 | DA
(22) - 5B = (T~ 120) DA,

from which (ii) follows.

4.5. Proof of Theorem 2.5: As mentioned before, we make use of the theory of
quasimodular forms. Recall that the Eisenstein series E is a quasimodular form
of weight 2 and depth 1 on SLy(Z). So, D'E, € M;;\5'(1). Consider the following
6 quasimodular forms of weight 12 on SLs(Z) which are RC brackets of functions
involving D'E.

() fi(z) = Prgani(D?Ey, Ey) =AD3E,DE, — EyD*Ey,
(i) fo(2) = Presus(D*Ey, DEy) = 3(D*E,)? — 2D3E,DE,,
(iil)  f3(2) = Pogso1(D2Ey, Fy) = 6(D%E3)? — 8DPEyDEsy + By D*E,
(iv) fu(2) = Pounus(DEs, DEy) = 6D*EyDEy — 9(D2Ey)?,
(v) f5(2) = Psuo01(DEy, Ey) = 16D*EyDEy — 18(D2E,)? — EyD'E,

(VI) f6(2) = @4;271;271(E2, EQ) = —32D3E2DE2 + 36(D2E2)2 + 2E2D4E2.

First note that fs(z) = —2f5(2) and fi4(2) = —3f2(z). Using the definition of the
RC brackets one finds that fi, fo € M (1), fa, f1 € M5H(1), fs € M52(1) and
fo € M3(1). Considering all the functions f;, 1 < i < 6 in the space M (1) and
using the decomposition stated in Lemma 3.3, we have the following expressions for

the f;’s.

fiz) = ZAE) + 2D,
24 1
(23) f2<2> = —7A(2) -+ 7—OD4E4,

fg(Z) = —7—72A(Z) — 3D4E14,

35
f5(2) = 24A(2),

Using the definitions of f; and (23), we express the RC brackets appearing in the
definitions of f; in terms of A(z) and D*F,(z). This way we get four expressions
corresponding to the functions fi, fo, f3 and f5. Comparing the Fourier expansions
corresponding to f5 gives the required Niebur’s identity (i). It also follows by elim-
inating D*FE, between any two expressions corresponding to fi’s, 1 < i < 3. The
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rest of the identities ((ii) to (iv)) are obtained directly by comparing the Fourier
coefficients of the expressions corresponding to f;, 1 < i < 3, respectively.

4.6. Proof of Theorem 2.6: The identities (i) and (ii) follow directly by comparing
the Fourier coefficients of the RC brackets [Ey, Fg]; = 3456A and [Ey4, E4]o = 960A
respectively. Now we prove (iii). Differentiating twice the expression (iv) of Theorem
3.1 we get

(24) 2(DE6)2 + 2E6D2E6 = D2E12 - OCD2A7
where v = (%22 +1008). Since dim Sig(1) = 1, we get [Fg, Egly = 42D*Eg —
49(DE6)2 = —%[E&Eg] = —%<8E8DE6 - GEGDEg) Substltutlng for E6D2E6

from equation (24) and comparing the Fourier coefficients both the sides give the
identity (iii). In the above argument, replacing [Fg, Es| by [E4, Esla one gets the
identity (iv) and replacing by [Ejy, E1p] one gets (v).

4.7. Proof of Theorem 2.7: All the identities are straight forward comparison
of the Fourier coefficients of the following quasimodular forms of weight 12 (us-
ing the decomposition given in Lemma 3.3) respectively: EoFE)g, DEyEs, D*EyEg,
DPEy By, ®12180(F2, Es), Pra260(DE2, Es), Pi6340(D*Es, Ey), Poo1:60(E2, Eg)
and (132;472;470(DE2, E4)

4.8. Proof of Theorem 2.9: Using any two the f;’s, 1 < ¢ < 3, in (23) and
eliminating A(z), we get the following expression among the divisor functions.

(25) 24 2(47713 —3m®n)o(m)o(n —m) = no(n) —noz(n).

m=1
From Niebur’s identity, we have
(26) A(2) = EyD*Ey(2) — 16DEy D*Ey + 18(D*Ey)*%.

It is well known that Fs satisfies the following transformation property with respect
*

to SLa(Z). For v = (’C‘ d) € SLy(Z),
(27) Es(7(2)) = (cz + d)? By (2) + %ijd).

Using this transformation property and its successive derivatives, we see that the
right-hand side expression in (26) is invariant under the stroke operation with respect
to SLs(Z) with weight 12, provided the following identities are true.

(28) 3(DE,)* — 2E,D*Ey, +2D°E, = 0,

(29) D4E2 - E2D3E2 -+ 2DE2D2E2 = O
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It is easy to see that the derivative of (28) gives (29) and so it is enough to show
the identity (28). Note that the forms (DE)? and EyD?E, are quasimodular forms
of weight 8 and depth 4. So, by using Lemma 3.3, we have

1
(DE,)* = 5DE6 +2D3 B,

E2D2E2 - %DEG —+ 4D3E2.

Eliminating D Fg from the above two equations, we get (28). Thus we have demon-
strated another proof of the Niebur’s identity. Now (28) and (29) give rise to the
following identities:

(30) 12 i(5m2 —3mn)o(m)o(n —m) = nc(n)—n’c(n),
(31) 24 2(37713 —2m*n)o(m)o(n —m) = nic(n) —n'o(n).

By simple manipulations of the equations (25), (30) and (31), we get the identi-
ties (i) — (iii). Identity (iv) is obtained by taking the difference of the identities
(iii) and (iv) of Theorem 2.7. Next we prove (v). Eliminating the expression
S~ m3a(m)oz(n — m) from (iv) and (ix) of Theorem 2.7 and substituting for the
expression Y m?c(m)oz(n —m) from (iv), we get (v). Eliminating 7(n) from (iii)
and (iv) of Theorem 2.7 gives the identity (vi). To prove (vii) we first eliminate 7(n)
between (vi) and (viii) of Theorem 2.7 and then use the identity (vi) of Theorem
2.9. Finally eliminating 7(n) between (ii) and (v) of Theorem 2.7 gives the identity
(viii). This completes the proof.
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