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ABSTRACT. We construct Jacobi cusp forms by computing the adjoint of a cer-
tain linear map constructed using bilinear holomorphic differential operators
with respect to the Petersson scalar product. The Fourier coefficients of the
Jacobi cusp forms constructed involve special values of the shifted convolution
of Dirichlet series of Rankin-Selberg type.

1. Introduction

The derivative of a modular form is not in general a modular form, but one can
construct modular forms by using certain combinations of derivatives of modular
forms. Rankin [13, 14] gave a general description of differential operators which
map modular forms to modular forms. For every non-negative integer v, Cohen [7]
explicitly constructed certain bilinear operators from My x M; to Mjy4i42,, where
M; denotes the space of holomorphic modular forms of weight ¢ for the group
SLo(Z). Zagier [16] studied algebraic properties of these bilinear operators and
called them Rankin-Cohen brackets. For example, the first bracket [-,-]; satisfies
the Jacobi identity

([f,gl1, b1 + [lg, 1, fli + {17, fli, gl = 0, (f € My, g € My, h € My,)

giving M, the structure of a graded Lie algebra. Kohnen [12] constructed certain
elliptic cusp forms whose Fourier coefficients involve special values of certain Dirich-
let series of Rankin-Selberg type by computing the adjoint of the product map (i.e.
the map f +— fg, for a fixed modular form g) with respect to the Petersson scalar
product. Recently, Herrero [10] generalized the work of Kohnen by computing
the adjoint of certain linear maps constructed using Rankin-Cohen brackets with
respect to the Petersson scalar product. Herrero constructed cusp forms whose
Fourier coefficients involve special values of Dirichlet series similar to those which
appeared in the work of Kohnen, with additional factors arising due to the binomial
coefficients appearing in the Rankin-Cohen brackets.

The work of Kohnen [12] has been generalized by Choie, Kim and Knopp [5]
and Sakata [15] to the case of Jacobi forms. Choie [2, 3] studied the Rankin-
Cohen brackets for Jacobi forms by using the heat operator acting on Jacobi forms.
Recently in [11], we generalized the work of Herrero to the case of Jacobi forms. We
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explicitly computed the adjoint of certain linear maps constructed using Rankin-
Cohen brackets with respect to the Petersson scalar product. Béecherer [1] studied
the general bilinear holomorphic differential operators on the Jacobi group by using
the Maass operator and proved that the space of bilinear holomorphic differential
operators raising the weight by v is in general of dimension equal to | 5]+ 1. Choie
and Eholzer [4] explicitly constructed a family of dimension |%| + 1 of Rankin-
Cohen type operators defined on the space of Jacobi forms raising the weight by
veN.

In this article, we consider certain linear maps defined on the space of Jacobi
forms which are constructed using Rankin-Cohen type operators (studied in [4]).
We explicitly compute their adjoints with respect to the Petersson scalar product.
The Fourier coefficients of the image of a Jacobi cusp forms under the adjoint maps
involve special values of shifted convolutions of Dirichlet series of Rankin-Selberg

type.

2. Preliminaries on Jacobi forms of scalar index

Let C and H be the complex plane and the complex upper half-plane, respec-
tively. The Jacobi group I'V := SLy(Z) x (Z x Z) acts on H x C in the usual way

by
a b at+b 24+ AT+ 1
(@ 5).oum) - (r) = (20 ZEATER,

Let &k and m be fixed positive integers. If v = ((% 2), (A,,u)) €T’ and ¢ is a

complex-valued function defined on H x C, then define

clz T 2
Blhmy = (o7 + d) R TEEETIN T 4 (7, 1)),

Let Jk m be the space of Jacobi forms of weight k and index m on I'/| i.e. the space
of holomorphic functions ¢ : H x C — C satisfying |,y = ¢, for all v € '/ and
having a Fourier expansion of the form

d(r,2)= 3. elnr)g"¢" (g =eT, (=),
n,re’,
dnm—r?>0

Furthermore, we say ¢ is a cusp form if and only if c(n,r) # 0 = n > r?/4m.
We denote the space of all Jacobi cusp forms by J;"'Y. We define the Petersson

scalar product on J. P as

[ —4mmy?
@)= [ oln Rt v,
DI\ HxC
dudvdzxd
where 7 = u + v,z = x + iy and dV; = w is an invariant measure under
v

the action of I'/ on H x C. The space (J; ', (., .)) is a finite dimensional Hilbert
space. For more details on the theory of Jacobi forms, we refer the reader to [8].
The following lemma describes the growth of the Fourier coefficients of a Jacobi

form.
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LEMMA 2.1. If k>3 and ¢ € Ji m has Fourier coefficients c(n,r), then
c(n,r) < |r? — dnm|F3,
and, moreover if ¢ is a cusp form, then
k
E_

c(n,r) < |r? —dnm|3 3.

For a proof, we refer to [6].

2.1. Poincaré series. Let m,n and r be fixed integers such that r? < 4mn.

Let
Tl = {((5 {),(0,@) tue Z}

be the stabilizer of ¢"¢" in T'V. Let
(21) Pk,m;(nm) (T7 Z) = Z 627”.(”7—’_7.2) |k,m7
yETLA\LY
be the (n,r)-th Poincafe series of weight k and index m. It is well-known that

Prminry € Ty for k> 2 [9]. This series has the following property:

LEMMA 2.2. Let ¢ € J.°F has the Fourier expansion

d(r.2)= > cnr)g"¢

n,r€Z,
Anm—r2>0

Then
mF2T (k — 3)(4mn — r2)2—*
(22) <¢7 Pk,m;(n,r)> = 227_‘_;97% C(TL, 7”),

where T'(+) denotes the usual gamma function.

One can get explicit Fourier expansion of Py y,.(n.r), for details and a proof of
the Lemma 2.2, we refer to [9].

2.2. Differential operators on Jacobi forms. For an integer m, we define
the heat operator

Ly, = (8mim 0, — 9?),

1
(27mi)?
where 0, and 0, are the derivative with respect to 7 and z, respectively. Note that

Lm(e(27ri(nr+rz))) — (4mn _ 7,2)6(27ri(n'r+rz)).

Let k1, ko, m1 and mso be positive integers, and let ¢ and ¢ be two complex-valued
holomorphic functions defined on H x C. Then, for any complex number X and
non-negative integer v, define the 2v-th and (2v+1)-th Rankin-Cohen type brackets
of ¢ and ¢ as

[, IR = " gy (b k2) (1 +ma X)P (2 — ma X) LY, 4y (L6, (S)LE,, (1))

a,3,7eNU{0}
a+pB+y=v

6, YIRIRTET = ma [, 0.3 — ma[0.0, Y13,
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where the coefficients C, g ~(k1, k2) are given by
(k1 + v = 3/2)50n (kv = 3/Dars (— O+ 2+ v — 3/2)ass
a! B! ~! ’

(X)m = H (x — 1),
0<i<m—1
with 2! = T'(x 4 1). Using the action of the heat operator, one can verify that
k1 ,ka,ma, k1 ,ka,ma, ,
(23) [¢|k1,M175 ¢|k2,m2rﬂ)(17y2 = [¢7 1/’])(171,2 " m2‘k1+k2+u,m1+”b277 V’Y S F]'

This implies the following result, which was proved in [4].

Ca,ﬁ,fy (kh kQ) =

and

THEOREM 2.3. Let ¢ € Ji,, m, and ¥ € Jy, m,, where ki, ko, mq and mo
are positive integers. Then, for any X € C and any non-negative integer v, the
function [, w]};;y’fz’ml’WZ is a Jacobi form of weight k1 + ks +v and index mq +mo.

ki k . ) o ke
Moreover, [¢, 9] ;>"""™ is a Jacobi cusp form for v > 1. In fact, [, |3
is a bilinear map from Jiy, my X ks, ma 10 Jky1hotv, mi+ma-

v/2

d
REMARK 2.1. For v € 2N, the operator (dX> [¢7w]§g)f2,m17m2 is, up to

a scalar multiple of the Rankin-Cohen bracket, studied in [2]. If we take v = 1
in Theorem 2.3, we obtain Theorem 9.5 [8]. These are some applications of the
Rankin-Cohen brackets.

3. Statement of the Theorems

Let ¢ € Ji'*0 and v be a non-negative integer. For a complex number X, we
define the map
. ycusp cusp
T¢aX7V . Jkl, my - Jk1+k:2+l/, mi+mo
by
k1,k2,m1,
Tw7X,V(¢) = [¢a w]Xlﬂ,z e,

This is a C-linear map of finite dimensional Hilbert spaces and therefore there exists
an adjoint map
TlZ»X,V : Jlg?j};m-‘rl/, mitms T Jz?,szfjnl’
such that
<¢7 Tl/hX,V(w» = <Tw*, X, l/(¢)7 w))

for all ¢ € J'Wh L s, and w € J

As an application one can obtain certain arithmetic information of Fourier
coefficients of Jacobi forms using 77 y , (refer to [11]) and analogous results in the
case modular forms (refer to [12, 10]). In the following theorems, we exhibit the
Fourier coefficients of T y ,(¢) for ¢ € J' - . forveven and odd. These
Fourier coefficients involve special values of certain shifted convolution of Dirichlet
series of Rankin-Selberg type associated to ¢ and .

THEOREM 3.1. Let ki, ko, m1, mo be positive integers, such that ki > 4,ko > 3

and v be a non-negative integer. Let ¢ € Ji'*" has Fourier expansion
P(r,2) = Z a(ny,r)g™ ¢
ni,r1€Z,

4771277,177‘%>0
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Then the image of any cusp form ¢ € J' W o, . 1., with Fourier expansion
¢(1,2) = > b(na2,2)q"*¢"

n2,r2€7Z,
4(myi+ma)na—ri>0

under T, x 5, is given by

T’(Z7X,2V(¢) (T7 Z) = Z Cv, X (n? ’r)anT7

n,rez,
Amin—r2>0

where
(dmyn — r2)R1=3/2 (my 4 mg)1 TR t2v=2 D(ky 4 ky + 20 — %)

ke+2v mllc172 F(k‘l _ %)

e x(n,r) =

x Y Capnlky k) (1 +mX)P(2 = maX)™ (4min —r?)*
a+p4+y=v
y Z (4many —72)8 a(ny,r1) b(n+ny,r+71)
D, (Alma + ma)(n+y) — (4 )RR 0D

4m2n1—rf>0

4(m1+m2)(n+n1)7(r+r1)2>0

THEOREM 3.2. Let k1, ko, m1 and mo be positive integers such that k1 > 4, kg >

3 and v be a non-negative integer. Let ¢ € J,*" has Fourier expansion

G(r2)= Y alng,r)gt(n

ni,r1€ZL,
dmani —ri>0

Then the image of any cusp form ¢ € J' o, 1 0 m, With Fourier expansion
$(1,2) = > b(na2,2)q"*¢"
ng,ro €L,

4(m1+m2)n2—r§>0
under T, x 9,41 15 given by

Ty x2041(9) (7, 2) = Z v, x(n,7)q" (",

n,rez,
Amin—r3>0

where
22(4m1n _ 7,2)16173/2 (ml + m2)/€1+k2+2l/71 F(kl + ko + 20 — %)
T

> Capnylky, k)1 +miX)P(2 = maX)® (4myn —r?)
atpB+y=v

Cy, X (n7 ’I") =

X

Z (4many — 12)8 (myry — mar)a(ng,r1) b(n +ny,r +71)
W2 (4t ma)(n 4 ) — (PR CE)
4m2n1—rf>0

4(m14+ma)(ntny)—(r4+r1)%>0
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4. Proofs

We follow the same exposition as in the proof of Theorem 3.1 in [11]. The
following lemma is used to prove the above theorems.

LEMMA 4.1. Using the same notation as in Theorem 3.1, we have

) — 47 (mq4+mo)(S(2))2
Z ‘ ¢(7—7 Z) [627rz(n‘r+7‘z) |k1,m1 7, ’l/)(T, Z)} /;{1,,2722,771171'712 %(T)kl+k2+21/ —anlmy o 2 | v,
TELLAN P s
converges.
PrROOF. The proof is analogous to that of Lemma 4.1 in [11]. O

We now give a proof of Theorem 3.1. Write
T’(Z7X,2V(¢) (T7 Z) = Z Cv, X (TL, ,r)qncr.

n,rez,
Amin—r2>0

Consider the (n,r)-th Poincafe series of weight k; and index mq, as given in (2.1).
Using Lemma 2.2, we have

m’f1_2r(k1 — f)(4m1n —r )’7]“1
orki—3
On the other hand, by the definition of the adjoint map, we have
* k1,k2,m1,m
(T, x, 20 & Prymusnry) = (& Ty, X, 20 (Pryimisn,r)) = (0 [Pry sy V120 0)-
Hence, we obtain

<T1Z, X, 2u¢7Pk1,m1;(n,T)> = CV,X(n>r)-

21k1=% (4myn — r2)hi =3 ok
4.1 Cp n,r)= , P ) iy s 1, 5,7711’7712
( ) ’X( ) m]fl_QF(kl _ %) <¢ [ k1,my;(n,r) w]XQ >

By definition,

ki,k2,m1,
<¢a [Pk1,m1;(n,r)a 1“)& 22ym m2> =

—4m(my +mp)(S(2))?
¢(T7 Z) [Pk1,m1;(n,r) (Ta Z)a ¢(7'7 Z)] ’;{1722D7m11m2(3(7_)k1+k2+2l/€ - MI%T?) - dVJ
7\ HxC
: —4m(my +m)(S(2)?
— Z (1)(7—7 Z) [627rz(n7'+rz) |k1,m1 7, w(,}_’z)]];’k;y,mhmz S(T)kl+k2+2u 1\;(7—2) dVJ

TI\HxCVEL\LY

By Lemma 4.1, we can interchange the order of summation and integration in the

above equation. Hence, (@, [P, my;(n.r)s @[J]])fg’kﬁjml’mz) equals
Z / o(T, 2) [62m(nr+rz) lrms %1/](772)})(1 22Vm1 ma S(r )k1+k2+2u S o) dv;.
TELLAN Py s

Using equation (2.3), the fact that

—47\'7n%‘(z) - —4ﬂ7n8‘(z)2

ST, 209 Jiym (7, 2) S(1)* €™ 5O = $(y(1, )WY [k (7, 2) S(y7)* €7 3G
and the change of variable (7, 2) — v~ (7, 2) and equation (2.3), the above equals

—47(my+mo)(S(2)?
/ e AT AT, AT )t SRR 4,
~yerJ A\ X
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Using Rankin’s unfolding argument, (¢, [Pi, my;(n,r) 7/1}1;6(17’2]6,,2’%’%) equals
; mi,m —Am(m +mg) ($(2))2
/ o(7, 2) [e2mi(nTHr2) 4T, Z)]];k;y P ()Rt ¢ 503 dvy

TLA\HxXC
= Z Ca,g’,y(kl,kg) (1—|—m1X)5 (2—m2X)°‘

a,B,7yeENU{0}

a+B+y=v
) —4m(my+mo)(S(2)?

x / 07, 2) Ly sy (Lt (27T L0 (0(7,2)) ) Sl Hht2 ¢ S5 ayy,

L A\HXC

Inserting the Fourier expansions of ¢ and 1 and using the iterated action of the
heat operators Ly,,, L, :

Le, (6(27ri(n‘r+rz))) = (4min— 7,2)046(271'1'(717+rz))’
L) = Y (man - rd)a(m,m)e@minring),
n1,r1€Z,

4m2n177“f>0

and Ly, +m, using (2.2), (¢, [thml;(nJ%1/)]1)6(17’16221,’7"1’”12) equals

S Capy (ki k) (14 maX)? (2= maX)® (dmyn — r2)°
a,B,7eNU{0}

a+B+y=v
X Z b(ng,ra) Z (4many — r2)P(4(my + ma)(n+n1) — (r +71)%)7 a(ng, )
no,r2€Z, n1,m1€ZL

4(m1+m2)n2—r§>0 4m2n1—rf>0

—dm(my+ma)(S(2)2
()

% GQﬂi(n2T+T2z) e2mi((n+n1)T4(r+r1)z) %(T)k1+k2+2u e - dvy.

TI\HXC
A fundamental domain for the action of I'J, on H x C is given by the set
{(u,v,z,y) : u € [0,1],v € [0,00],z € [0,1],y € R}.
k1 Kz, meg

Integrating in this region, (¢, [Pk, m,:(n.r)» VX 5 ) equals

(my + mo) TR 2V =20 (k) 4 ko + 20 — 3) N
o1 +ka 20— 3 2 Capalkrke)(1+miX)7(2 - myX)

a,B,7yeNU{0}
a+p+y=v

2)a Z (4many — r?)? a(ny,r1) b(n+ny, 7+ r1)
ey (A(my 4 ma)(n+na) — (r 472k thet2r=(043)
4m2n1—rf>0

4(mi+ma)(ntni)—(r+r1)>>0

X (dmin —r

In the above, we use the orthogonality relations for the exponential function to
compute the integrals in « and u, the Gaussian integral to compute the integral in
y and the integral representation of the Gamma function to compute the integral
in v. Inserting the expression for (¢, [Py, my;(n.r)» 1/}];“(17’]“22;7”1”2) in (4.1), we obtain
the required expression for ¢, x(n,r) given in Theorem 3.1.

The proof of Theorem 3.2 is analogous to that of Theorem 3.1.
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