RANKIN-COHEN BRACKETS ON HILBERT MODULAR FORMS
AND SPECIAL VALUES OF CERTAIN DIRICHLET SERIES

MONI KUMARI AND BRUNDABAN SAHU

ABSTRACT. Given a fixed Hilbert modular form, we consider a family of linear maps
between the spaces of Hilbert cusp forms by using the Rankin-Cohen brackets and
then we compute the adjoint maps of these linear maps with respect to the Petersson
scalar product. The Fourier coefficients of the Hilbert cusp forms constructed using
this method involve special values of certain Dirichlet series of Rankin-Selberg type
associated to Hilbert cusp forms.

1. INTRODUCTION

W. Kohnen [16] constructed certain linear maps between spaces of modular forms
with the property that the Fourier coefficients of image of a modular form involve
special values of certain Dirichlet series attached to these forms using the existence of
adjoint linear maps and properties of Poincaré series. In fact, Kohnen constructed the
adjoint map with respect to the usual Petersson scalar product of the product map
by a fixed cusp form. This result has been generalized by several authors to other
automorphic forms (see the list [17, 19, 4, 22]). In particular, M. H. Lee [18], X. Wang
and D. Pei [23] and Wang [24] have analogous results for Hilbert modular forms.

There are many interesting connections between differential operators and modular
forms and many interesting results have been found. In [20, 21], R. A. Rankin gave a
general description of the differential operators which send modular forms to modular
forms. In [7], H. Cohen constructed bilinear operators and obtained elliptic modular
forms with interesting Fourier coefficients. In [25, 26], D. Zagier studied the algebraic
properties of these bilinear operators and called them Rankin—Cohen brackets.

Recently the work of Kohnen in [16] has been generalized by S. D. Herrero in [15],
where the author constructed the adjoint map using the Rankin-Cohen brackets by
a fixed cusp form instead of product map. Rankin-Cohen brackets for Jacobi forms
were studied by Y. Choie [1, 2] by using the heat operator. The Rankin-Cohen type
differential operators for Siegel modular forms of genus two were studied by Choie
and W. Eholzer [3] explicitly and the existence of such operators for general genus
were established by W. Eholzer and T. Ibukiyama [8]. A. K. Jha and second author
generalized the work of Herrero to the case of Jacobi forms in [12, 14] and to Siegel
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modular forms of degree two in [13]. We generalize the work of Herrero to the case of
Hilbert modular forms in this article. As an application one can give a different proof
of a result of Y. Choie, H. Kim and O. K. Richter ([5], Theorem 3) using our method.

2. PRELIMINARIES

Let K be a totally real number field over Q with degree n and O be the ring of its
algebraic integers. Let

Ik = SLy(Ok) := {( (Cl Z ) | a,b,c,d € Ok, ad — be = 1}.
aq b1 Ay, bn
Let H be the upper half plane. For v = AR € SLy(R)™
C1 d1 Cn dn
and z = (21, -+, 2,) € H" define the action,
a121 + b QnZn + by
f}/ 0z = S X
c121 + dy Cn2n + dy,

Let 01,09, ...,0, be all the embedding of K into R, then I'x can be embedded into
SLy(R)™ by

()= (i o) (2 2t )

We write a; = 0;(a) for @« € K and 1 < @ < n. The trace and norm of a € K are defined
by tr(a) = > ¢, a; and N(a) = [[;_, ;. The trace and norm of an element o € C™ are
given by the sum and by the product of its components, respectively. More generally,
ifc=(c1,-+,¢),d=(dy, - ,dp), k= (k1, - ,kn) and m = (mq,ma,--- ,m,) € C",

then the trace and norm are defined by

tr(mz) == Zmlzl
i=1

and
(cz +d)f = H(cizi +d;)k
=1
Let k = (k- k) € NI. For v = (( ‘2 Zi ) , ( o Z” )) € SLy(R)" and

a function f : H" — C define the slash operator
(f 1) (2) =j(y,2) " f (yo2), where j(v,2) = (cz + d).

A Hilbert modular form of weight & € Nj} for the group 'k is a holomorphic function
f :H" — C such that f |, v = f, for all v € I'k. In addition, f is called a cusp form
if f vanishes at all cusps of I'g. Let My(I'x) denotes the space of Hilbert modular
forms of weight k£ € Nj for the group ' and Si(I'x) be the subspace of cusp forms.
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These are finite dimensional complex vector spaces and Sy (') is a Hilbert space with
respect to the Petersson inner product
dxdy

R SRETO (1)

where z = x + 1y, dv = dxy ---dx, and dy = dy; - - - dy,.

For a« € Ok, by a@ = 0 we mean either « = 0 or « is totally positive (all the
conjugates of a are positive) and by a > 0 we mean « is totally positive. By Koecher
principle, f € M (T'k) has a Fourier expansion at the cusp oo of the form

_ § am627rztr(mz) ’

meOy,

m>=0
where O3 = {u € K | tr(u)\) € Z for all A € O }. For an integer 2 € Ny, we denote
Z = (z,,x) ENE.Forv= (v, - ,v,) €ENFand z = (21, - , 2,) € C", we denote

= E vi, vl = Hyil and 2" = Hzl”z
i=1 i=1 i=1

One has the following growth condition on the Fourier coefficients of a Hilbert modular
form.

Proposition 2.1. (Hecke) Let f(2) = . ape?™™2) ¢ M, (Tk), then
meOy,
ey
%
A < ML (2)

If f is a cusp form, then
k
3

(3)

Ay, K M2,

For a proof, we refer to [10].

%
2.1. Eisenstein series. Let ', = {( L1 ) |t e OK} and let k = (k,--- k) €

01
Ng. Define
E(z):== > (lp)(2), (4)

'Yeroo\FK
the Hilbert Eisenstein series. It is well known that (see [10]) Ej is a Hilbert modular

%
form of weight k& on 'k for k > 2.
2.2. Poincaré series. For € Ok, pu> 0 and k = (ky,--- , k,) € Nj, define

Pru(z) = Y (™ |y)(2). (5)
')’GFOO\FK
It is well known that Py, € S;(T'k) if p>> 0 and k; > 2 for all 1 < j < n.
One has the following characterization:
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Theorem 2.2. [10] If f(2) = Y. ane?™™) ¢ S, (T'g), then

%
kE— 2)!
(f P = vol(OK/R%W (6)

For more details on the theory of Hilbert modular forms, we refer to [10].

2.3. Rankin-Cohen Brackets. Fort = (t,--- ,t,) € NI, let f) := %f{z}.

zil Bz;2 ..0zin
Let f; : H" — C be holomorphic for i = 1,2 and k = (ky, -+ , k,),l = (I, -+ ,1,,) € Nj.
For all v = (v, -+ ,v,) € N, define the v-th Rankin-Cohen bracket by

Fofi = 3 (C1)l (’””‘?) (Z+V_?>ff”(2) ¢,

v—t t
tEND
0<t; <y
Theorem 2.3. [5] For all M € SLy(R)",
ileM, f2liMy = [f1, fol lbtian M. (8)

In particular, if fi € My(T'x) and fo € Mi(U'k) then

Lf1, foly € Miqivan (T,
and if v # 0, then
L1, ol € Skir20 ().

Remark 2.1. For each v € N, [, ], is a bilinear operator on the space of Hilbert
modular forms.

Remark 2.2. Let s = (s1,--+ ,s,) € C". The series

1
Z mS
meO0y,
m>0

converges absolutely if Re(s;) > n for some i, 1 <7 < n.

Remark 2.3. Let s = (s1,---,s,) € C". Then the series

D ——
m,ne0% (m - n)s

n>0,m>>0

converges absolutely if Re(s;) > 2n for some i, 1 <i < n.
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3. STATEMENT OF THE THEOREM

For a fixed g € M;(I'x) and v € Nj, consider the linear map,
Tov: Sk(T) — Skriva(Tik)

defined by
fr= 119l (9)
Since Si(I'x) is a finite dimensional Hilbert space, there exists the adjoint map
T;V : Sk+l+2u(FK) — Sk(FK) (10)
satisfying

<T;,u f’ h) = <fa Tg,uh>7 v f € Sk-l—H-QV(FK) and h € Sk(FK)

We compute the Fourier coefficients of Ty (f) explicitly which involve certain Dirichlet
series associated to the Fourier coefficients of f and g.

Theorem 3.1. Suppose k,l,v € Ny with k; > 4n + 2 for some i. Let g € M;(I'x) with

Fourier expansion
g(Z) — Z bm€2m'tr(mz)'

meOy,
m>0

Suppose that either (a) g is a cusp form or (b) g is not cusp form and k; —l; > 4n for
some i. Then the image of any cusp form f(z) € Sgii1e, with Fourier expansion

f(Z) _ Z am€27ritr(mz)’

meO7
m>0

under Ty, is given by

Tg*,y(f)(z) _ Z Cﬂe2ﬂitr(uz)’

neOy
u>0
where - B
Pk+i+20—1) 7 Gt Om ol
C,u = 1420 — :u Z k+l+2y—?€/""m (11)
(4m)H> (k= 1) meos, (m + p)
m>0
and
— —
Y E+v—1\[l+v—-1 Y
= coe () (7 e (12
teND
0<t; <y

Remark 3.1. Using the estimates in Proposition 2.1, we observe that the series in (11)
converges absolutely.

Remark 3.2. The above result generalises the work of Wang and Pei [23] and Wang
[24] where the authors computed the adjoint map for v = 0.
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We need the following Lemma.

Lemma 3.2. Let f and g be Hilbert modular forms with Fourier coefficients a,, and
b,, respectively as in Theorem 3.1. Then the series

Z |, bm? | (13)

k+14+2v—1
Wppery (n+m+p)
n>0,m>0

CONVETGES.

k+142v
2

Proof. Using Proposition 2.1, we have a,, < n and b, < ms (if ¢ is a Hilbert

cusp form). Hence the series (13) satisfies

>

n,me0}
n>0, m>—0

n—i—m—l—,u)k/2 T

which converges absolutely using Remark 2.3 as k; > 4n + 2 for some ¢. If g is not a
cusp form, then b,, < m!~! and the series (13) satisfies

< )
anEO* n +m + lu)k/Q /2
n>0, m>0

which converges absolutely using Remark 2.3 as k; — [; > 4n for some . U

Proposition 3.3. Let f and g be Hilbert modular forms as in Theorem 3.1 and
u(>>0) € O%. Then the series

A L, dxdy
/ Ty, g (=) 2| 2 (14)
I \H" Yy

YEl\I'k
converges.
Proof. For any v = (CCL 3) € 'k, changing the variable z to v~! o z for each integral,
the sum (14) equals to

k+1+2v
. _ Y dxdy
Z)[GQW”T(MZ)|]€’7, g]y(,y 1 o Z)| .
ver%FK / (T \H") (v, 2) PRy

By (8), the sum is equal to

. dxd
[ e g g,
’YEFoo\FK W(FK\Hn) y

Now using the Rankin-Selberg unfolding argument, the above sum is equal to

A Ldxdy
/ |f(2)[e2mitrua), g], (2) |y ==,
T'oo \H? Y
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Replacing f(z) and g(z) with their Fourier expansions and using the definition of
Rankin-Cohen brackets, the last integral is majorized by

= tr(ns) e dxd
Z al/vu(t)\/l:‘ \H Z ’anbmml/_tEZﬂ-Ztr(nz)62ﬂltr((m+N)Z)‘yk+l+21/ Z y

y2
teNy n,me0}
O<ti<v; n>>0
m>=0

where

v—t

a,u(t) = [(=1)1 (k e ?) (l * ”t_ ?) (2mip)|.

The above sum is a finite sum and now it suffices to show that the integral

— . - dxd
_ v—t 2mitr(nz ; k+1+2v Y
Loo\H" 1) e, Y
n>0
m>=0

is finite for each t. We choose R" \ Oy x (0,00)" as a fundamental domain for the
action of I'y, on H" and integrating over it, we have

< Z |anbmm”|

(TL +m+ M)k+l+2u—? )

n,me0},
n>0,m>0

Using Lemma 3.2, the above series converges.

U
Now we give a proof of the Theorem 3.1.
Proof. Let Ty, (f)(2) = Y. c,e*™"(#2) Using Theorem 2.2 we have
O*
=
- —
vol (O /R™) (dmp) V(b — 2) ey = (T, f  Pry)
=/  Tow(Prp))
= <f 7[7316,;“ g]u>
i dady
— [ P Y
I \H" Yy
[ P, g e
T \H" €T oo\ )

By Proposition 3.3, the above expression is absolutely convergent, hence one can in-
terchange the summation and the integration. The change of variable z to y~! o z for
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each integral gives

dxd
vol( O /R (dmp) T F(k=2)le, = 3 / TG gl () g+
GFOQ\F FK\H” y
(15)
Using the Rankin-Selberg unfolding argument, the right hand side of (15) is equal to
oy S e dxd
[ g g (16)
oo \H" Yy

Using the definition of Rankin-Cohen bracket (7), the above integral is equal to

— —
S ()T [ eyt
v—t t T'oo \H? 2

teNy Y
0<t; <y,

Substituting f(z) and g(z) by their Fourier expansions and observing the repeated
action of differential operators,

627ritr(uz)<t) — (271_2#)15 2mitr(uz)
g(uft) (Z) _ Z (27T,lm)1/7tbm€27ritr(mz)’
meO0y
m>=0

the integral (16) equals

- -
E+v—1 l4+v—1
— 1) 2min)t
> () (T e
0<ti<0w

dxdy

X/ E anbm(QZ',n.m)l/*temwtr(nZ)627rit7“((m+u)z)yk+l+2y -
RO (009" 1 me 0y, y
n>>0
m>~0

Writing z = x + iy and choosing R™ \ O} x (0,00)" as a fundamental domain for
[ \ H" (see [10]) the above expression equals

> (= (k o ?) (l T ?) (2mip)

teND
0<t;<y;
— : dxd
% / Z anbm(22'7rm>1/7t62mtr((n7(m+u))x)6727Ttr((n+(m+,u))y)yk+l+21/ $2y.
R™M\OF x(0,00)™ n,me0% y

n>0
m>=0
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Integrating over z first, we have ([10])
/ el =mtm)n) gy — pol (R™ \ O) (17)
R™M\O

if n = m + p and zero, otherwise. Using (17) in the previous integral, the integral (16)
equals

— ol o) Y (-0(* ?) (" ?) (2rmip)

v—t t
teNT
0<t; <y;
/ At ) b_(2ﬂzm)y—t€—4rtr((m+,u)y) yk+l+2vd_y.
m>0
Integrating over y, we have
_>
6747rtr((m+,u)y) yk+l+2u@ _ F(k +1+2v—1 ) 1 (18)
(0.00) y? (47T)k+l+2u—_f (m + u)k+z+2u—?’

%
where T'(k+1+2v — 1) =[], ['(k; + l; + 2v; — 1). Finally, substituting (18) in the
previous integral, the integral (16) is equal to

> (T ?) (" ?) (2mip) vol (O /R)

v—t
teND
0<t; <y

Tlk+1+20 - T) > s (Zri)*
(47T)k;+l+2u—? (m + p)k+it2— T

meO07y,
m>0
Hence,
: — _
@ri)"T(k+1+20— 1) 4 3 Gt b el
Cu = = Z - /,1’77)17 (19)
(Am)+2T(k — 1) S ()T
m>>6(
where et is given by (12). This completes the proof. O

As an application one can give a different proof of Theorem 3, [5]. Choie, Kim
and Richter [5] computed the Petersson scalar product (f,[Ek,g],) in terms of special
values of a certain Rankin-Selberg convolution of Hilbert modular forms f, g which
generalises the work of Zagier for the case of modular forms [25].
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Theorem 3.4. [5] Let k > 2 be a natural number and l,v € N§ with k —1; > 2n for
some i,1 < i < n. Suppose that f € Sy112,(T'x) with Fourier expansion

f(Z) _ Z ameQWitr(mz)’
meOy
m>0

and g € My(T' k) with Fourier expansion

g(Z) _ Z bneZMtr(mz).

meOy,
m>=0

Then

— . - —

(kz+l+2u—2)!(k+l/—1)!z by
(4ﬂ)|?+l+2uf?|(? _ 7 k-1

(f, [Er, glv) = vol((’)K/R")(zm)\VI
)'V' neQr,
>0

Following the method of Zagier [25], the authors [5] expressed [Ej,g], as a linear
combination of Hilbert-Poincaré series and then used the characterization property of
Hilbert Poincaré series given in Theorem 2.2 to compute the inner product. Following
the method of proof of Theorem 3.1, one can give a different proof of Theorem 3.4 by
evaluating the integral

_ dad
/ F)Err gl
T \H"? Y

using the Rankin-Selberg unfolding argument.
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