RANKIN-COHEN TYPE OPERATORS FOR HILBERT-JACOBI FORMS

MONI KUMARI AND BRUNDABAN SAHU

ABSTRACT. We construct Rankin-Cohen type differential operators on the space of Hilbert-
Jacobi forms. This generalizes a result of Choie and Eholzer (J. Number Theory, 68, 160-177
[1998]) in the case of Jacobi forms to Hilbert-Jacobi forms.

1. INTRODUCTION

There are many interesting connections between differential operators and modular forms
and many interesting results have been studied. In particular, Rankin [7, 8] gave a general
description of the differential operators which send modular forms to modular forms. Co-
hen [5] constructed certain covariant bilinear operators and obtained modular forms with
interesting Fourier coefficients. Zagier [10, 11] called these covariant bilinear operators as
Rankin—Cohen operators and studied their algebraic properties.

Rankin-Cohen type operators for Jacobi forms on H x C have been studied using heat
operators in [2, 3]. Using Maass operator Bocherer [1] showed that the space of bilinear
holomorphic differential operators raising the weight v is in general of dimension 1+ [v/2]
for Jacobi forms on H x C. In [4], Choie and Eholzer explicitly give a family of bilinear
holomorphic differential operators using Rankin-Cohen type operators of right dimension
1+ [v/2] and also remark (in section 8) that it would be interesting to understand how their
construction can be generalized to higher Jacobi forms.

Skogman [9] extended the theory of Jacobi forms over a totally real number field, known
as Hilbert-Jacobi forms. In this paper, we study differential operators of Rankin-Cohen type
on the space of Hilbert-Jacobi forms which give an answer to the question posed by Choie
and Eholzer in [4].

The paper is organized as follows. In section 2 we recall basic facts about Hilbert-Jacobi
forms and define Rankin-Cohen type operators for the Hilbert-Jacobi forms and state the
main result. We develop certain tools for our proof in section 3 and give a proof of the main
result in section 4. We follow the same exposition as given in [4].

2. PRELIMINARIES AND STATEMENT OF RESULT

Let K be a totally real number field of degree g := [K, Q] over Q with ring of its algebraic
integers Ok and we denote its g real embedding by oy, --,0,. We denote i-th embedding
of an element o € K by a¥ := o;(a) for any 1 < i < ¢g. An element o € K is said to be
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totally positive, a > 0, if all its embeddings a® into R are positive. The trace and norm
of a € K are defined by tr(a) = Y7 a@ and N(a) = []2_, a®, respectively. The trace
and norm of an element o« € CY are given by the sum and by the product of its components,
respectively. More generally, for ¢ = (¢1,...,¢5),d = (dv,...,dg). k = (k1,...,k,) and m =
(my,...,my) € C9, we define the following:
g g
tr(mz) = Zmizi and (cz +d)" = 1_[(022z +d;)ki.

i=1 i=1
a b
Let FK = SLQ(OK) = d
Jacobi group as I'/(K) defined by
I'(K) := SLy(Ok) x (O x Ok),

with the group multiplication

a; b as b as, b
Y12 = (( 011 di)(ci dZ)v(/\laﬂl)(C; dZ)‘i‘(/\%lh)),

where v; := (( Ccl’ ZZ ) y (i ,uz)) for i = 1,2. The Hilbert-Jacobi group I'’(K) acts on the

space HY x C9 by

((ZZ)K%M)MHWWQJHHJQ

A7y +d07 7 @, 4 d9) Dy 4 dD T @, 4+ d9)

) :a,b,c,d € Okg,ad — bc = 1} . We denote the Hilbert-

where ((CCL b), ()\,u)) e M'(K) and (11, ..., Ty, 21, ..., 2,) € HI x CY.
For an integer & € Ny, we denote 7’ := (,...,2) € N§. For v = (v, ...,v,) € NI,
l=(l,....l;) e N and z = (z,..., z,) € C9, we denote
g9 g9

g
lv| = E Vi, I/!:HVZ'! and z”:Hz;”'.
i=1

i=1 i=1
Also we denote v < L if v; < I for all 1 < j < g and e[z] for e*™* for z € C.

For a holomorphic function ¢ : HY x C9 — C, we define the following two slash operators.
For a fixed k € NJ and m € Ok,

Gendt) () = s+ e o (-2 o (0 h ) erma). @

) € SLy(Ok) and

b
d
(gb\m( ,u))(T, z) = eftr (m()\27' + 2)\z))]¢(()\,,u) o(r,z2)) for (\pu) € Ok x Ok. (2)

Definition 2.1. A Hilbert-Jacobi form of weight k and index m for a totally real field K is
a holomorphic function ¢ : HY x C9 — C which satisfies the following conditions:
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(1) ¢lemy = o, for all v € I',
(2) Plm(A, 1) = @, for all (A, pu) € O x Ok,

(3) ¢ has a Fourier expansion of the form,

o(r,2) = Z co(n, r)eftr(nt + rz),

n,rcO%
Anm—r2>0

where O = {p € K | tr(u)) € Z for all A € Ok}.

We note that O} is §5', the inverse of the different ideal of the number field K. Moreover,

such a form ¢ is called Hilbert-Jacobi cusp form if ¢4(n,r) = 0 whenever 4nm —r? = 0. Let
T (Jlf J“""P) denote the space of Hilbert-Jacobi forms (Hilbert-Jacobi cusp forms) of weight

k and index m for the field K. For more details on the theory of Hilbert-Jacobi forms we
refer to [9]. Now we define the heat operators.

Definition 2.2. For 1 < j < g, let e; be j-th unit vector in R9. For a given m € Ok, we
define the m-th heat operator,

: 9 PN\"

In the above definition, we denote “[]” for the composition of operators. Now we state
some properties of these operators which can be proved as in the case of Jacobi forms [2].

Lemma 2.3. Let ¢(7,2) be a holomorphic function on the space H9 x C9, k € 7Z9 and
m € Og. Then
(1) fOTX € Ok X OK,
(Lmqs)‘mX = Lm(¢|mX)a (4)
(2) for any v € N§ and M € SLy(Ok), we have

( |k+2va Z ( ) SWZmC)V (a il 1) lm(¢|k,mM)7 (5)

cr+d)VHa+1-1)!
leNg

l<1/

whereoz:k—%.

We define Rankin-Cohen type differential operators on the space of Hilbert-Jacobi forms
using the heat operators.

Definition 2.4. Let ¢, ¢’ : HY x C9 — C be two holomorphic functions and let k, k', m,m’
be complex numbers. Then for any X € CI, v € N} and | € N} with I; € {0,1} for all
1 <i<yg, define

(6, ™ =3 (1) m im0, 9 R (6)

JENG
j<i

where for any two holomorphic functions f and f" on HY9 x C9

P = > T A (B K DL+ mX) (1= m/ X)LE (L () L5 (),

7,5,pENG,
r+s+p:l/
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with

, —(k+K+1-=3/247r4+54+D))rss
Ar,&p(k’,k},l): (' (| | o / | ’ ))+"

rl st pl (k—=3/24+7r)! (K —3/2+ s)!
Here (x), = Hogignﬂ(m —1).

Remark 2.1. In the above definition we have the following convention.

! ! ! !
[¢7 ¢/]])€é{€2z’/m’m 0 = [¢7 ¢/]])€({€2z’/m’m .

Remark 2.2. Note that constants A, ,,(k, k', 1) are different than C, 5 ,(k, k"), which appeared
in [4] for the field K = Q.

Now we state the main result.

Theorem 2.5. Let ¢, ¢’ be Hilbert-Jacobi forms of weight and index k, m and k', m’ respec-
tively. Then for any X € C9, v € N§ and | € N§ with l; € {0,1} for all1 < i< g,
k,k' m,m’
[¢7 ¢,]X,2u+l (7)
is a Hilbert-Jacobi form of weight k + k' + 2v 4+ 1 and index m + m/'.
There are two known methods to prove result like Theorem 2.5. First one, by showing
that [¢,¢’]]§(’{€2;"l’lm satisfy all the required conditions to be a Hilbert-Jacobi form (see, [4,
section 4]) and second one, by using generating series (see, [6, Theorem 3.2], [4, section 5]).

We prove our result by using generating series. In the next section we shall develop some
tools for the proof of Theorem 2.5.

3. INTERMEDIATE RESULTS

Proposition 3.1. Let ¢(T,z2) € J,fm and o = k— % Then the formal power series associated
with the Jacobi form ¢ defined by

O(r, 2 W)=

I/GNg

Ln(9)(T,2)
1/!(04+V—1)!W ’

satisfies the following functional equation,

(v e ot (5)] [ (359)] e 0

for all M = (% %) € SLy(Ox).

Proof. From the definition of 5, we have

z
Ly M1, ——
T S =) B
"er+d (et +d)?) g Wa+v—=1) (et +d)¥
v&So

mez?

cT + d):| (LZzQS)’k-&-QV,mM(T, Z)

vila+v—1)!

(cT + d)Fe [tr (

w.

- ¥

I/ENg
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Using (5) and the assumption that ¢ € Jf,, the right hand side of the above equation is
equal to

e (NS el () e e i)

_ 5\ 1
B X mecz
= (et +d)%e _tr (c¢+d>_ Z <

I<v

(8mime)" .
Z Ny —1)! a+l— 1)! (CT+d)”_le(¢>>W

veNy leNd
l<1/
_ 5 N - WA ~
= (cz + d)"e _tr (cchd) e {4tr (ZZ_ z)] o(r,z,W).
This completes the proof. Il

Let fN(T,Z; W) be a power series in W whose coefficients are holomorphic functions on
HY x C9 ie., f(r,z; W) = ZyeNg Xu (T, 2)W". For M = <CCL 3) € SLy(Ok), we define

7] 2
() 759 = et [ (220 ) | o o (295
~far+b =2 W
o (CT—i—d’CT—i—d’ (c¢—|—d)2> .

Next we show that for a given formal power series satisfying certain conditions, one can
construct a family of Hilbert-Jacobi forms like in the case of Jacobi forms [Theorem 5.1, [4]].

Theorem 3.2. Let 5(7’, z; W) be a formal power series in W, i.e.,
7' z; W) Z X (T, 2) (10)
VGNg

satisfying the functional equation
(QﬂkmM) (1,2, W) = $(T,Z;W), for all M = (a b> € SLy(Ok), (11)

for some k € NJ and m € Og. Furthermore, assume that the coefficients x,(7,z) are
holomorphic functions on HI x CY9 with Fourier expansion of the form,

Xu(T,2) = Z c(n,r)eltr(nt 4+ rz)], (12)

n,rcO%
Anm—r2>0

satisfying
XolmY =x, forall Y € O x O. (13)
Then for each v € NJ, the function &,(t, z) defined by

tre) = 3 IR ) (14)

1s a Hilbert-Jacobi form of weight k + 2v and index m.
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Remark 3.1. We call k and m appeared in the equation (11) is the weight and index of the
power series ¢ respectively.

Proof. We show that &,(7, z), defined by (14) is invariant under SLy(Of) action. For 1 <
Jj < g, let e; be the j-th unit vector in RY. Define the j-th differential operator

LY = 8mimW) — _ 6_2 _ (k — 1/2) 0 — W &
km T (973 022 J aWJ ]3W]~2’

J

where k = (ki,ks,....k;) and m € Og. Let kam be the collection of all functions
f(r,z; W)= ZyeNg X, (T, z)W" which satisfy the condition:

(ﬂkmM)(T,z; W)= f(T, z, W), for all M = <CCL 3) € SLy(Ok).

We note that the constant term y;(7, z) in the power series expansion of ]?(7', z; W) € ./\7km
satisfy the following:

(X6|k:,mM) (1,2) = xo(T, 2), for all M = (ccl 3) € SLy(Ok). (15)
Then using the definition of slash operator (11) one can show that
L (Olm M) = (L 300) is2e,m M,
for all M € SLy(Ok). We note that [[{_, E;fm (the composition of all szm for 1 <j<yg),
denoted by Ly, satisfy
Lin(0limM) = (Liyn®)|kromM,  for all M € SLy(Ok).

In other word, Ly, is a map from My, to Mj.2,, which is given in terms of power series
by

- DA+ 1= DA+ — )L O
Lk7m:ZXA(T’Z)WA_>Z(Z< ) (])( + I+ N, (X >>W)‘,

| — 1!
fye? fye? AMA+a—1)!

JjENG
J<i

with @ = k — 1/2. Composing the maps Zk+,~7m for1<i<v—1,

T Zk:,"b "l Zk+2,'m f/1c+21/72,'m T
Mk,m ? Mk+2,m [ ” Mk+21/,m
then it maps >, yo Xa(T, 2) W to
0

(=D A+ v = A+ 20+ o = j = 2)1L, (Xatu—j)
Z<Z N+ atv—2) )WA-

AeN§ *jeN]

Jj<v
We note that the constant term i.e., A = 0 in the above series is v! times &,. Hence from
(15), &, is invariant under SLo(Of) action. The other conditions hold easily from given
hypothesis on function y, (7, 2). O

In the next two lemmas we show how the operator 0, behaves under the group and lattice
actions.
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Lemma 3.3. Let ¢ be a Hilbert-Jacobi form of weight k and index m. For j € Nj with
Ji €4{0,1} for all1 < i < g, we have

3 ar+b 2 w
Z/c”d cr+d er+d (et +d)?

2 . a
_ k+3j mcz mcW Amimez o .
(et +d)"e [tr (c7-+d>] e léltr (c¢+d>] %\;g < i d ) (T, W), (16)

a<j

Proof. This Lemma is an easy consequence of Proposition 3.1. U

Lemma 3.4. Suppose f(z) is a holomorphic function on the space H9 and Y = (A, p) €
Ok x Ok. Then for j € N} with j; € {0,1} for all 1 <i < g, we have

(@)Y =Y (=4mimA)* & (flmY). (17)
aeNj
a<j
Proof. One can prove this result using the definition of the action “|,, Y. O

4. PROOF OF THEOREM 2.5

First we prove, for case [ = O and then for general case [ # O
Case I: [ = 0 For a fixed X € CY, consider the series Fx(7, z; W) defined by

Fx(r,z;W) = gb(T, z (L4+m'X)W) ¢’(T, z; (1 = mX)W),

where ¢ and ¢’ are defined by the equation (8). We shall show that the function Fy (7, z; W)
satisfy all the necessary conditions for Theorem 3.2 and consequently deduce the result.
Using the corresponding functional equation for ¢ and ¢’ given in the Proposition 3.1, one
can easily show that the function Fx (7, z; W) also satisfy the same functional equation as
(11) with weight k + k" and index m + m/.
Now we shall look the power series expansion of Fx. Replacing ¢ and ¢’ with their corre-
sponding expressions (8) in Fy, we get

) = (30 UL, (3 (o)

vt (k=3/2+v)! UL (K = 3/2+ )
(1 + m/X>a(1 — mX)V_a a v—a / v
_zxezl\lg<0§i V—a) (k 3/2+a) ( /—3/2_|_V_a)!Lm(¢)Lm’ (¢))W
- Z XV,F(T, Z)W
veN]

where

(1 4+ m' X)*(1 — mX)"™* a (4N Tv—a(
el 2= D G (g bl (B3 o o @T @) 08)
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Clearly x, r(7, z) is holomorphic on HY x CY for all v € NJ. We note that if ¢ has the Fourier
expansion ¢(7,z) = > cy(n,r)eftr(nT 4 rz)], then for any ¢ € N, the function L (¢)

n,re0j,
Anm—r2>0
has the Fourier expansion

LL(&)(m2) = Y csln,r)(dnm —r*)eftr(nT + rz)]. (19)

n,r€0%
Anm—r2>0

Replacing ¢ and ¢" by their Fourier expansions and using the repeated action of the heat
operator from (19), we have

(14 m/X)*(1 — mX)r="
Xr(m2) = D T 8t a (R 82 v a)

aENg
a<v

X ( > (dnm =) cs(n,r)eftr(nT + rz)])

n,r€0%
Anm—r2>0

X ( > @n'm =) ey (! eltr(n'T + r’z)])

n'r'e0
An'm’ —r'"2>0

N,Re0O3, (aeNg
AN (m+m/)—R?>0  a<v

(1+m'X)*(1—mX)"
Z al (v—a)l (k—=3/2+a)! (K —3/2+v—a)!

X Z (4nm — r?)*(4n'm’ — 1) " cy(n, r)cy (0, r')) e[tr(NT + Rz)].

n,n' rr'eO%
n+n'=N,
r+r'=R,

4nm—7‘2207

An'm/—r'2>0

One can check that 4N (m+m') — R? > 0 for the above choices of N and R and the last sum
is a finite sum for a given N and R. From (4), it is clear that x, p|mim'Y = xur for all Y €
Ok x Og. Hence from Theorem 3.2, §, (7, z) is a Hilbert-Jacobi form of weight k+A’+42v and

index m + m/. This completes the proof in this case because [¢, qb’]];(’g’ym’m, (1,2) =& r(T, 2).

Case II: [ # T. For a fixed X € C9, consider the function G x (7, z; W) defined by

Gx(r,z; W) = Z(—l)jml_jm'jﬁggg(ﬂ z (L+m'X)W) 8?%2?’(7’, z; (1 =mX)W). (20)

JENS
J<l
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We show that the function Gx satisfy the same functional equation as (11) with weight
k+ k' + 1 and index m +m’. Let (g 3) € SLy(Ok). Using (20), we have

ar+b 2 W ar+b z  (1+m'X)W
. :E Vml=imi o’
o (c¢+d’cr+d’ (cr+d)2) ENQ( e a/”*dd)<07+d cr+d  (er+dp )
JE€0g

J<l

« 7 ar+b z  (I-mX)W ‘
#lertd” \er +d et +d (cr +d)?

Using Lemma 3.3, the above equation becomes
ao (o +b =z W
Y\er+d er+d (er + d)?
= (er 4+ ) e |tr [ (m+m') e e [4tr [ (m +m') W
ct+d ct+d
i drimez \* o~
X Z(_l)Jml I ( Z ( o d ) (1,2 (L +m/ X)W)

JEN] aeNj
J<i a<j
Amimlez\" .~
X E O (1,2, (L —mX)W) .
ct+d
beN]
b<l—j

Now we split the above sum into two parts,
atr+b =z %%
GX ) ;
cr+d et +d (et +d)?

= (1 + d)FFHe [tr ((m + m’)CTCi2 d)} e {4@ ((m + m’)cfvrdﬂ
X ( > (=1Ym! TmA 01 (7, 2z (1L +m/ X)W) 07 (7, 2; (1 — mX)W)

JENS
<l
- o (Amimez T fAmimlez P
+ —1VmtIml
Z(Z( ymim ct+d cT +d
a,BeN] JEN]

at+B<l  a<j<i-B

X 82‘5(7’, z; (1+ m'X)W)af&(T, z; (1 — mX)W)) .

An _easy computation shows that for any pair of «, 5 € Nj with o + 8 < [, the coefficient
of 8“@5 o8 gb’ in the second sum of the above equation is zero, which prove our claim. Now
replacing the corresponding power series expression for gzﬁ and (b’ from (8) in (20), we note
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that the function GGx has power series expansion of the form

x (1,2, W) ZXV(;TZ

veNy

where x,.¢(T, 2) is given by

(14+m'X)* (1 —mX)"* jol—j. liTa (9j v—a(al—j it
anNg al (v—a)! (k=3/24+a)! (K —=3/2+v —a) Zg( Ly mem? L (920) Ly " (027 ¢).
a<v i<l
(21)
As mentioned in the previous case one can show that for each v € Nj, the corresponding
function x,, (7, z) has the following Fourier expansion.

Xva(T, 2) = Z ( Z T (1+m'X)*"(1 —mX)"* Z T

[ — l
N ! (k—3/2+a) (K —=3/24v—a) pere!
AN (m+m/)—R?>0 a<v j<l

X Z (4nm — r?)*(4n'm/ — ) =iy ey (n, 1) ey (0, r’)) e[tr(NT + Rz)].

n,n',rr' €%
n+n'=N,
r+r'=R,

4nm77“2>07

An'm/ —r'2>0

Using Theorem 3.2 one can deduce that [¢, qﬁ’]];(’f;l’y’i’lml € J i g 38 [0 gzﬁ’]’;(’gﬁ’lm' -
£v.c(T, z) once we prove X,.¢(7T, 2)|mim'Y = Xuc(T,2) for all v € Nl and Y € Ok x Ok.
From (21) we have

(I+m'X)*(1 —mX)"
X6 (T 2 = D ) (v —a)l (k—3/2+a) (K —3/2+v—a)

aENg
a<l/

X Y (=1 m I m (L5 d)) [mY (017 (L)) Y-
JENG
gl

From Lemma 3.4 the right hand side of the above equation is equal to

(I+m'X)*(1 —mX)" R
2 AT 3Rt sy ey & T mm

aGNg ENg
a<v J<l
(S amm o (,00) ) (X (amim Ay (L) ).

teNg seNg
t<g s<l—j
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Now using the assumption that ¢ and ¢’ are Hilbert-Jacobi forms and (L,,¢)|,Y = Ly (6]mY),
the above expression is equal to

_ (14+m'X)*(1 —mX)"— PR
=2 al (v—a)l (k—3/2+a)l (K —3/2+v—a) ZNQ(_U e

aeNj
a<v j<l
X (Z(—Zlmm/\)t@g_t[/fngb) ( Z (—47Tim’)\)88i_j_stn7a¢').
teNg seNj
1<y s<l—j

For a fixed a € Nj we note the following. For a, f € NJ with a + 3 < [, the coefficient of
0%(Le,¢) P (L¥¢') in the above expression is zero. Thus Y, ¢ is invariant under the lattice
action and this completes the proof.

5. CONCLUDING REMARK

Theorem 2.5 gives justification to expect that the space of bilinear holomorphic differential
operators raising the weight v = (v1,...,v,) € N{ is at least [[_, (14 [1;/2]) for the space of
Hilbert-Jacobi forms over a totally real number field of degree g over Q on HY x C9. It would
be of interest to prove the generalization of the result of Bocherer [1] in case of Hilbert-Jacobi
forms that the dimension is exactly equal to [[7_, (1 + [;/2]).
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