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≤ 𝛼 ⋅ 𝑂𝑃𝑇

𝑂𝑃𝑇
Super-polynomial runtime

Polynomial runtime

Approximation Algorithm 
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Approximability of Group Steiner Tree Problem



1 Ω(log2 ℎ)
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1 1 + 𝜖 𝑂(log2𝑛 log ℎ)Ω(log2 ℎ)

[Bateni, Demaine, Hajiaghayi,Marx,  2016]

Planar Graph, each Group completely contained in disjoint faces

[Chekuri,Pal (time 𝑛𝑂(log 𝑛)),  2005]

[Garg,Ravi,Konjevod, 1998 +

Fakcharoenphol,Rao,Talwar 2003]

[Halperin, Krauthgamer, 2002]

Even when input instance is a tree

Approximability of Group Steiner Tree Problem

O(log𝑛 log ℎ)

[Chalermsook, D., Laekhanukit,  Vaz, ‘17 ]

Graphs of bounded treewidth



Key Technique : Probabilistic Embedding  in to a Tree Metric
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[Bartal `99,  Fakcharoenphol, Rao, Talwar, `03]

lose 𝑂(log 𝑛) -factor

𝑂(𝑛) -size

𝑂(log 𝑛 log ℎ)-approximation

[Garg, Konjevod, Ravi, `98] (GKR)

(Via Rounding a suitable Linear 

Program)
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[Bartal `99,  Fakcharoenphol, Rao, Talwar, `03]

lose 𝑂(log 𝑛) -factor

𝑂(𝑛) -size

𝑂(log 𝑛 log ℎ)-approximation

[Garg, Konjevod, Ravi, `98]

Bottleneck 1:  Ω(log2 ℎ) -hard on Trees

Bottleneck 2: Ω(log 𝑛) for Bartal embedding (even for treewidth 2)

Key Technique : Probabilistic Embedding  in to a Tree Metric



𝑂(log 𝑛 log ℎ)-approximation

[Garg, Konjevod, Ravi, `98]

[Bartal `99,  Fakcharoenphol, Rao, Talwar, `03]

lose 𝑂(log 𝑛) -factor

𝑂(𝑛) -size

No loss in factor

Size = O(𝑛𝑤 log 𝑤 ) , 𝑤 = treewidth of the graph

[Chalermsook, D., Laekhanukit, Vaz, 2017]

Key Contribution :An Alternate notion of “Embedding”



Tree decomposition and Treewidth :  A Primer



Bags



Bags



Bags



Tree-decomposition width = 

Max Bag Size - 1 = 3



Separator

Property



Warmup :A Dynamic Program Idea for Steiner Trees





What is a subproblem that we want to solve at this bag?



What is a subproblem that we want to solve at this bag?

Want to find the cheapest possible
way of connecting certain nodes 
inside the bag with each other 



What is a subproblem that we want to solve at this bag?

Want to find the cheapest possible
way of connecting certain nodes 
inside the bag with each other….

With the additional information 
that… 



This connection will be 
implemented at the ancestors

This connection HAS BEEN 
already implemented at the 
children subproblem



Parameters of the Dynamic Programming Table

• 𝑋𝑡 :  A particular bag in the tree decomposition 

• Connections implemented at ancestor nodes

• Connections that are required to be implemented at this 

bag (by buying some edges) and at children nodes



Parameters of the Dynamic Programming Table

• 𝑋𝑡 :  A particular bag in the tree decomposition 𝑂(𝑛)

• Connections implemented at parent node  𝑂(2𝑤 logw)

• Connections that are required to be implemented at this bag

(by buying some edges) and at children nodes 𝑂(2𝑤 log 𝑤)

Total size of DP Table ~ 𝑛 ⋅ 2𝑂(𝑤 log 𝑤)



Dynamic Programming Table Represented as a Graph

An edge represents ‘consistency’ : Connections 
assumed at the child subproblem are correctly 
implemented at the parent subproblem and vice 
versa 

Local Rule !!



Dynamic Programming Table Represented as a Graph

Local Rule !!

The Main Lemma : 

Local Rules ֞ Global Connectivity

Proof : Using simple properties of 
tree decomposition



In Simpler Words…..

All connections that were 
promised here will be 
correctly implemented by 
buying edges along its path to 
the root subproblem



But….How do we ensure that terminals are connected ??

Subproblems that 
promised to connect 
the purple terminal 
with the root 



But….How do we ensure that terminals are connected ??

Subproblems that 
promised to connect the 
purple terminal with the 
root 

Make sure we hit at least 
one such node in the DP 
graph for each terminal



But how do we find this tree ??

• Bad news : This boils 

down to solving another 

Group Steiner Tree 

Problem in the DP 

Graph
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Graph itself is actually a 

tree of size 𝑛 ෨𝑂(𝑤) !!



But how do we find this tree ??

• Good News : The DP 

Graph itself is actually a 

tree of size 𝑛 ෨𝑂(𝑤) !!

• Apply GKR rounding 

(with some additional 

constraints) , lose 

𝑂(log 𝑛 log ℎ)-factor



Story thus far …. 

• Theorem (CDLV ‘17)

There exists a 𝑂(log 𝑛 log ℎ) -approximation algorithm 

for Group Steiner Tree running in time 𝑛෪𝑂 (𝑤)

First 𝑂(log2 𝑛)-approximation for bounded treewidth 

graphs



Extensions…. 

Theorem (CDLV ‘17)

There exists a 𝑂(log 𝑛 log2 ℎ) -approximation 

algorithm for Group Steiner Trees on node-weighted 

graphs running in time 𝑛෪𝑂 (𝑤)

First polylog approximation for any non-tree graph

(Metric Tree embedding does not work with node 

weights !) 



Extensions…. 

Theorem (CDELV ’18)

There exists a 𝑂(log 𝑛 log ℎ)-approximation 

algorithm for k-connected Group Steiner Problem on 

edge/node-weighted graphs running in time 𝑛𝑓(𝑘,𝑤)

First polylog approx for any class of graphs other 

than trees and k > 2



Open Problems 

• FPT 𝑂(log2 𝑛)-approximation for Group Steiner 

Trees (Running time 𝑂(𝑓 𝑤 , 𝑝𝑜𝑙𝑦 𝑛 ) )



Open Problems 

• FPT 𝑂(log2 𝑛)-approximation for Group Steiner 

Trees (Running time 𝑂(𝑓 𝑤 , 𝑝𝑜𝑙𝑦 𝑛 ) )

• What is the right answer for general graphs ??

Ω(log3 ℎ) or 𝑂(log2 ℎ)




