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Introduction: Conformal Invariance

I Conformal transformations are a
particular set of transformations on
the coordinates of a space, which
preserve the angles between any pair
of tangent vectors.

I If the equations of a physical system
are invariant under these
transformations, we say the system is
conformal invariant.



I To mathematically define conformal transformations, let xi be
the coordinates of a d-dimensional manifold.

I Next, consider all transformations that preserve the angle
between any two infinitesimal vectors:

xi → x′i such that
dx′1 · dx′2
|dx′1||dx′2|

=
dx1 · dx2

|dx1||dx2|

I Clearly this includes all translations and rotations, which in
fact preserve both the numerator and denominator separately.
These are common invariances in physics.

I Another conformal transformation is scaling: x′i = λxi.

I Finally, the special conformal transformations:

x′i

|x′|2
=

xi

|x|2
+ ai

also satisfy this requirement.



I Let us identify the group/algebra of these transformations.

I Rotations form SO(d) with d(d−1)
2 generators.

I Translations add d generators and extend this to ISO(d) with

a total of d(d+1)
2 generators.

I Scale and special conformal transformations add d+ 1
generators together, further extending the total to
(d+1)(d+2)

2 generators.

I The corresponding Lie group/algebra is SO(d+1,1).
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Statistical systems and Conformal Fields

I Several physical systems have (exact or approximate)
conformal invariance. For illustration, we focus on statistical
systems such as magnets.

I These are made up of molecules that behave as microscopic
magnetic dipoles, or “spins” {σI} where I labels the location
of the molecule.

I To these spins, one can associate statistical averages called
“correlation functions” 〈σIσJ〉. These typically have the
following behaviour:

〈σIσJ〉 ∼ e−
|I−J|
ξ , T > Tc

〈σIσJ〉 ∼
1

|I − J |α
, T = Tc

where ξ is called the correlation length and α is called a
critical exponent. Tc is the critical temperature.



I At the critical temperature Tc, the system acquires scale
invariance.

I We relabel the spins as continuous variables σ(~x) and assign
them a “scale dimension” ∆:

σ(λ~x) = λ−∆σ(~x)

I It follows that the correlation function is scale invariant:

〈σ(~x1)σ(~x2)〉 =
1

|~x1 − ~x2|α

I Moreover, the exponent α in the critical correlation function is
determined by the scale dimension: α = 2∆.

I Generically, the continuum theory has other local variables
besides the spins, for example the energy at each site.



I Thus we assume a collection of scaling variables called
“primary fields”:

II, φ1(~x), φ2(~x), · · · , φn−1(~x)

where we have included the identity II as a field.

I Each primary field transforms in a standard way under
conformal transformations. In particular under scalings, each
one has its own scaling dimension ∆i, i = 1, 2, · · · , n.

I Formally we can set up a correspondence between these fields
and “states” in an infinite-dimensional vector space:

φi(~x)↔ |φi〉, II↔ |0〉

where |0〉 is the vacuum state of the field theory.



I The fields are defined over the complex plane: φi(z, z̄) and
each configuration is assigned a “Hamiltonian” or energy
functional H({φi}).

I Correspondingly there is a weight or probability measure
e−βH .

I These fields have correlation functions that are of physical
interest:

〈φi1(z1, z̄1)〉〈φi2(z2, z̄2)〉 · · · 〈φin(zn, z̄n)〉 =∑
{φi}

(
φi1(z1, z̄1)φi2(z2, z̄2) · · ·φin(zn, z̄n) e−βH

)∑
{φi} e

−βH
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Conformal field theory

I We are going to focus on 2-dimensional systems, whose
conformal group is:

SO(3,1) ∼ SL(2,R)× SL(2,R)

I Label the generators of each SL(2,R) as:

{L−1, L0, L1} {L̄−1, L̄0, L̄1}

I The Lie algebra is then:

[L±1, L0] = ±L±1, [L1, L−1] = 2L0

with a similar one for the L̄i.



I The action of these generators on the 2d space (complex
plane) can be represented by the purely
holomorphic/anti-holomorphic differential operators:

L−1 ∼ −
∂

∂z
, L0 ∼ −z

∂

∂z
, L1 ∼ −z2 ∂

∂z

L̄−1 ∼ −
∂

∂z̄
, L0 ∼ −z̄

∂

∂z̄
, L1 ∼ −z̄2 ∂

∂z̄

I It is easy to verify that these are non-singular both at z = 0
and at z =∞ (the latter requires to change variables to
w = 1

z ).

I Notice also that L†n = L−n for n = −1, 0, 1.



I It is also easy to give a physical interpretation to some of
these generators: L−1 and L̄−1 generate translations, while
L0 ± L̄0 generate scaling and rotation.

I These act on the space of states of the physical theory. In
particular, the vacuum state must be conformally invariant:

Ln|0〉 = 0, n = −1, 0, 1

I If we allow conformal transformations that are singular at the
origin and infinity, then the conformal algebra enlarges.

I This is a key result in the study of such systems, and is closely
related to the role of modular forms.



I Allowing for singular conformal transformations, each SL(2,R)
factor is enlarged to an infinite-dimensional Lie algebra:

Ln = −zn+1 ∂

∂z
, n ∈ Z

I These also satisfy L†n = L−n for all n.

I The Lie bracket (commutator algebra) for these vector fields
is:

[Ln, Lm] = (n−m)Ln+m

[L̄n, L̄m] = (n−m)L̄n+m

I Now we must realise these infinitely many generators on the
states of the theory.



I This realisation must satisfy the relations above but crucially,
can admit a central extension – a single new generator which
commutes with all the Ln. This modifies the above algebra to
a Virasoro algebra:

[Ln, Lm] = (n−m)Ln+m + c
n(n2 − 1)

12
δn+m,0

along with another copy involving L̄n and an independent
central extension c̄.

I Since c, c̄ commute with all other generators, they take a fixed
value in any representation.

I The subalgebra with n = −1, 0, 1 has no central extension and
corresponds to the original SL(2,R).

I As operators on this Hilbert space, we continue to require the
hermiticity condition: L†n = L−n.



I Note that the operator L0 + L̄0 generates scaling. Hence
primary states are taken to satisfy:

L0|φi〉 = hφi |φi〉, L̄0|φi〉 = h̄φi |φi〉

with ∆φi = hφi + h̄φi .

I Let us consider the commutators involving L0, L−m:

[L0, L−m] = mL−m

I This defines a “grading” on the algebra: if any state |ψ〉
(primary or not) satisfies

L0|ψ〉 = hψ|ψ〉

then the state L−m|ψ〉 satisfies:

L0 (L−m|ψ〉) = (hψ +m)L−m|ψ〉



I Thus the L−n are like “raising operators”.

I It is postulated that the states |φi〉 corresponding to primary
scaling fields form “lowest weight” representations of the
Virasoro algebra:

Ln|φi〉 = 0, n ≥ 1

I Since the vacuum state is conformally invariant, it actually
satisfies the above relation for all n ≥ −1.



I In this way, all states of the theory are classified into Verma
modules: infinite towers of “descendants” or “secondaries” of
each primary field, of the form:

|φ; {ni}, {mj}〉 ≡ L−n1L−n2 · · ·L−npL̄−m1L̄−m2 · · · L̄−mq |φ〉

with

L0|φ; {ni}, {mj}〉 =
(
hφ +

∑
i

ni

)
|φ; {ni}, {mj}〉

L̄0|φ; {ni}, {mj}〉 =
(
h̄φ +

∑
j

mi

)
|φ; {ni}, {mj}〉

I A rational conformal field theory is one with a finite number
of primary fields. It can be shown that in this case c, hφ, h̄φ
are all rational numbers.



I One of the earliest breakthroughs was to classify all unitary
representations for which c < 1.

I Their Verma modules are truncated due to the presence of
null vectors: secondary states of vanishing norm, which
decouple and reduce the total number of states.

I The c < 1 theories were successfully matched with specific
statistical systems, for example:

Ising model c = 1
2

Tricritical Ising model c = 7
10

3-state Potts model c = 4
5

Tricritical Potts model c = 6
7

I Conformal invariance can be used to compute the operator
content, scaling exponents, multi-point correlation functions
etc for these systems.
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The partition function

I We would now like to show that the spectrum of states of a
conformal field theory is described by modular forms.

I For this purpose, we interpret the total conformal dimension
of a state, i.e. the eigenvalue of L0 + L̄0 as the “energy” or
“Hamiltonian” (this is justified by the procedure of radial
quantisation).

I For convenience we will multiply it by a factor and also add a
constant. Accordingly we define the CFT Hamiltonian to be:

H = 2π

(
L0 + L̄0 −

c+ c̄

24

)
I The additive constant has an a priori explanation which we

will not go into. It also plays an essential role to relate the
answers to modular forms.



I The eigenstates of the Hamiltonian define a Hilbert space of
states.

I Let us now define the “partition function” of this system by:

Z(β) = tr e−βH

where β = 1
kT is the inverse temperature, and the trace is

taken over the Hilbert space.

I If we can determine this quantity for any quantum system, we
know its spectrum of states En because:

tr e−βH =

∞∑
n=0

an e
−βEn

where an ≥ 0 are integer degeneracies of states.

I We can use Z to determine statistical averages of “quantum
operators” which represent the scaling fields of the statistical
system.



I Although β was defined as a real parameter, it is natural to
complexify it. Define the complex parameter:

τ =
θ

2π
+ iβ

I Since β > 0, τ is valued in the upper half-plane.

I Then the partition function is generalised to:

Z(τ, τ̄) = tr e2πiτ(L0− c
24

) e−2πiτ̄(L̄0− c̄
24

) = tr qL0− c
24 q̄L̄0− c̄

24

where q = e2πiτ .

I This can be re-expressed as:

Z(β, θ) = tre−βH+iθJ

where H has been previously defined, and J = L0 − L̄0 − c−c̄
24

is the angular momentum.



I Thus the quantity of interest is:

Z(τ, τ̄) = tr qL0− c
24 q̄L̄0− c̄

24

I Since the eigenvalues of L0 are of the form hφ +N for
positive integer N , the partition function has an expansion:

q−
c
24 q̄−

c̄
24

(
1 + qh1 q̄h̄1 [1 + aq + bq̄ + · · · ] + · · ·

)
I We will soon encounter objects related to the partition

function that have simpler q-expansions and are more closely
related to familiar mathematical structures: modular forms.



I Now we borrow a result from quantum/statistical mechanics,
that traces of the form given above can be computed by a
“functional integral” or “‘path integral” of the form:

Z(τ, τ̄) =

∫
[dφ] e−SE [φ]

where SE is a (Euclidean) action functional:

SE ≡
∫

torus
d2z LE(φ(z, z̄)

and the integral is over a torus of sides 1, τ .



I This observation gives us insight into an important property of
the partition function: it must be invariant under all global
diffeomorphisms of the torus.

I It is well-known that such diffeomorphisms are of the form:

τ → γτ ≡ aτ + b

cτ + d
, γ =

(
a b
c d

)
∈ SL(2,Z)

I It follows that the CFT partition function satisfies an infinite
set of constraints:

ZCFT(τ, τ̄) = ZCFT(γτ, γτ̄), γ ∈ SL(2,Z)

I Thus Z is said to be “modular invariant”. This invariance is
closely related to certain holomorphic objects called modular
forms, to which we now turn.
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Modular forms and meromorphic theories

I A modular form fk(τ) of weight k is a holomorphic function
of the complex variable τ valued in the upper half-plane,
satisfying the following properties:

(i) fk

(
aτ + b

cτ + d

)
= (cτ + d)kfk(τ),

(
a b
c d

)
∈ SL(2,Z)

(ii) fk(τ) is non-singular as τ → i∞ (q → 0)

I Note that in the literature, modular forms are defined with
respect to various discrete subgroups of SL(2,Z), however in
these lectures I will only consider the case of SL(2,Z).

I It turns out that there are no modular forms of weight zero.
But if there had been such a form f0(τ), we could have
constructed a candidate partition function for a Conformal
Field Theory by taking Z(τ, τ̄) = |f0(τ)|2.



I Suppose we relax the second condition and allow functions
that are singular as τ → i∞. Such objects do exist with
weight 0.

I Indeed, a modular function is a holomorphic function on the
upper half-plane with a pole of finite order in q as q → 0.

I There is a very special function called the Klein invariant j(τ),
which is holomorphic, modular invariant and has a simple pole
in q as q → 0:

j(τ) = q−1 + 744 + 196884q +O(q2)

I We can add any constant to it and it will still have the same
properties. Thus one can propose a partition function:

Z(τ, τ̄) = |(j(τ) +N )|2

as a possible partition function of a CFT.



I Although this gives us infinitely many possibilities (depending
on the additive constant N ), it turns out that far fewer
choices are realised in conformal field theory. For this we need
to make a few relevant points:

I First, let us note that the q-expansion of the above partition
function goes like:

Z(τ, τ̄) = q−1q̄−1(1 + · · · )

from which we read off that if there is a CFT, it has
c = c̄ = 24.

I Second, we may consider the simpler partition function:

Z(τ, τ̄) = j(τ) +N

which is actually independent of τ̄ . In this case, c = 24 and
c̄ = 0. Such CFT’s are called chiral.



I Chiral CFT’s with c = 24 were classified in ... by Schellekens,
who found 71 theories with various N . For some values of N
there were multiple theories.

I We see that for most N between −744 and ∞ there are no
theories!

I All the theories of Schellekens have a partition function equal
to j(q) +N . But we have not yet examined a requirement for
a CFT: the coefficients in the q-expansion must be
non-negative integers.

I It turns out that the j-function indeed has this property! In
fact the coefficients of j(τ)− 744 count the dimensions of
(reducible) representations of the largest finite simple discrete
group, the monster group.



I This is a remarkable convergence of properties of physics and
mathematics: coefficients must be non-negative integers on
one side because they count states of a physical system, and
on the other because they count dimensions of representations
of a group.

I This also tells us that the additive constant N must satisfy
−744 ≤ N <∞. But as mentioned above, only a very small
subset of these values are realised as CFT’s.

I One of these is the one with N = −744. This describes a
famous theory, the so-called Monster CFT.



I We can propose more general partition functions using j(τ).

I For example, we may use the fact that j(τ)
1
3 has non-negative

integers in its q-expansion.

Z(τ, τ̄) =
(
j(τ)j̄(τ̄)

) 1
3

I Remarkably this power also has the property that the
q-expansion has non-negative integer coefficients. However,
because of the fractional power, we have:

j
1
3 (τ + 1) = e

2πi
3 j

1
3 (τ)

I So j
1
3 is a modular function only upto a phase. Still, the

partition function obtained by taking its squared modulus is
modular invariant, and that is sufficient. In fact this is the
“affine E8,1 theory” with c = c̄ = 8.



I Within the class of partition functions that are the
modulus-squared of a holomorphic (meromorphic) modular
function, the general solution is:

Z(τ, τ̄) = |χ(τ)|2

where:
χ(τ) = j

n
3 (j − 1728)

m
2 Pk(j)

Here m = 0, 1; n = 0, 1, 2 and P (j) is a polynomial of degree
k in j. The various factors must be arranged so that the
coefficients in the q-expansion are non-negative integers, for
example this is ensured by taking m = 0 and the polynomial
to have non-negative integer coefficients.

I The leading term of the polynomial must be normalised to
have unit coefficient (non-degeneracy of the vacuum) and the
central charge is given by c = 24k + 12m+ 8c.



I However the general solution of how many CFT’s exist for
these cases, is unsolved.

I Even at c = 48 there seem to be a finite but enormous
number of solutions.

I Of course these include tensor products of the 71 theories at
c = 24, but the important question is to find the new ones.



I Before concluding this section, let us list some results on
modular forms that will be useful in what follows.

I Modular forms, as defined above, exist only for even weights
k = 4, 6, 8, · · · .

I A useful set of modular forms is given explicitly by the
Eisenstein series:

E2k =
1

2ζ(2k)

∑
(m,n)∈Z2\(0,0)

1

(m+ nτ)2k

They are normalised to have an expansion of the form
1 +O(q).

I It is quite straightforward to verify that E2k is a modular form
of weight 2k.



I The first two Eisenstein series play a special role:

E4(q) = 1 + 240

∞∑
n=1

n3qn

1− qn
=

45

π4

∑
(m,n)∈Z2\(0,0)

1

(m+ nτ)4

E6(q) = 1− 504

∞∑
n=1

n5qn

1− qn
=

945

2π6

∑
(m,n)∈Z2\(0,0)

1

(m+ nτ)6

I It is a theorem that all modular forms are linear combinations
of (E4)a(E6)b for non-negative integers a, b. These have
weight 4a+ 6b.



I Notice that every Eisenstein series goes to 1 as τ → i∞. (If
they had diverged, they would not have been called modular
forms!)

I At weight 12 something special happens. We can consider the
linear combination:

∆(q) =
E3

4 − E2
6

1728

known as the modular discriminant.

I Clearly this linear combination cancels the constant term as
q → 0. Thus its q-series starts at O(q) and with the chosen
normalisation, ∆(q) = q +O(q2).

I In fact, one can show that the modular discriminant ∆ has a
very simple product form:

∆(q) = q

∞∏
n=1

(1− qn)24



I The fact that ∆(q) vanishes as q → 0 makes it a special kind
of modular form, called a cusp form.

I Independently of the considerations that led to the modular
discriminant, Dedekind had previously proposed the following
function:

η(q) = q
1
24

∞∏
n=1

(1− qn)

I Clearly η(q)24 = ∆(q). But then η is apparently a modular
form of weight 1

2 , which is puzzling.

I In fact the transformation of η under SL(2,Z) is:

η

(
aτ + b

cτ + d

)
= ε(a, b, c, d)(cτ + d)

1
2 η(τ)

where ε(a, b, c, d)24 = 1. It is complicated to write down this
“multiplier system” in detail, but we can list some special
cases:

ε(1, 1, 0, 1) = e
iπ
12 , ε(0,−1, 1, 0) = e

3πi
4



I Thus we have touched upon the modular function j, the
modular forms E4, E6, the cusp form ∆ and the Dedekind
function η.

I All of these play an important role in conformal field theory
and will keep appearing in what follows.
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Some free-field examples

I There are some interesting CFT’s where we can compute the
partition function exactly.

I These are the free-field theories (free scalar fields or free
fermion fields).

I Let us quote some results. First consider the non-compact
free scalar: a field φ(z, z̄) that takes arbitrary real values and
satisfies the Laplace equation:

∂∂̄φ(z, z̄) = 0

I This theory has central charge c = c̄ = 1. The Hamiltonian is
therefore of the form:

H = 2π

(
L0 + L̄0 −

1

12

)



I In this theory we have an explicit form for L0, L̄0:

L0 =
p2

2
+

∞∑
n=1

α−nαn

L̄0 =
p2

2
+

∞∑
n=1

ᾱ−nᾱn

I The modes are quantised by:

[αn, αm] = nδn+m,0, [ᾱn, ᾱm] = nδn+m,0, [αn, ᾱm] = 0

I However, p is an operator with continuous eigenvalues and
appears in both L0 and L̄0. This destroys the holomorphic
factorisation of the answer.



I We have three contributions to the partition function. From
the αn modes we get:

1

q
1
24
∏∞
n=1(1− qn)

and from ᾱ we find its complex conjugate. Thus each set of
modes reproduces the inverse Dedekind η-function!

I The power q−
1
24 came from the fact that we introduced − c

24
into the definition of L0, and this theory has c = 1.

I Finally from the p mode one gets a contribution 1√
Im(τ)

.

Thus the partition function is:

Z(τ, τ̄) =
1√

Im(τ)|η(τ)|2
I This is indeed modular invariant, as one can verify. The

transformation of Im(τ) under SL(2,Z) plays a crucial role in
ensuring this.



I Another interesting example is a compact free scalar field,
where the field takes values on a circle of radius R. In this
case we have:

L0 =
1

2

(
e

R
+
mR

2

)2

+

∞∑
n=1

α−nαn

L̄0 =
1

2

(
e

R
− mR

2

)2

+

∞∑
n=1

ᾱ−nᾱn

where e,m ∈ Z.

I In this case the partition function is:

Z(τ, τ̄) =
1

|η(τ)|2
∑
e,m∈Z

q
1
2( eR+mR

2 )
2

q̄
1
2( eR−

mR
2 )

2

This too can be verified to be modular invariant. The sum is
reminiscent of Jacobi θ-functions, but does not factorise in a
simple way for generic R. It does factorise if Re(τ) = 0.



I For free fermions, one has c = c̄ = 1
2 and:

L0 =
∑
k

k b−kbk, L̄0 =
∑
k

k b̄−k b̄k

with the modes quantised by anticommutators:

{bk, bk′} = δk+k′,0

I An important subtlety is that free fermions can be taken
either periodic or anti-periodic around the spatial circle. But
they are always anti-periodic around the imaginary-time circle.

I In the former case k are integers and there is an additive piece
1
16 in L0, L̄0. In the latter case, k are half-integers and there
is no additive piece.



I For these two cases, one finds:

Z−− = (qq̄)−
1
48

∞∏
k= 1

2

|1 + qr|2 =

∣∣∣∣θ3(0|τ)

η(τ)

∣∣∣∣
Z+− =

1

2
(qq̄)

1
24

∞∏
n=0

|1 + qn|2 =

∣∣∣∣θ2(0|τ)

η(τ)

∣∣∣∣
where θ3, θ2 are two of the four Jacobi θ-constants.

I (Fill in details about the other two, coming from an index,
and the sum which is modular invariant).

I Finally:

Zfermion =
1

2

(∣∣∣∣θ2(0|τ)

η(τ)

∣∣∣∣+

∣∣∣∣θ3(0|τ)

η(τ)

∣∣∣∣+

∣∣∣∣θ4(0|τ)

η(τ)

∣∣∣∣)
which is indeed modular-invariant.
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Multiple-character CFT’s

I We see that in many simple examples the partition function of
a CFT is not a simple modulus-squared of a holomorphic
function.

I More often, the resulting partition function is of the form:

Z(τ, τ̄) =

p−1∑
i=0

χi(τ)χ̄i(τ̄)

I The χi(τ) are called characters.



I The number of characters can be finite or infinite. If it is
finite then the CFT is called a “rational conformal field
theory” or RCFT.

I From this perspective the holomorphically factorised partition
functions correspond to 1-character theories.

I More generally, for Z to be modular invariant, the χi must be
“vector-valued modular functions”:

χi(τ + 1) = e2πiαiχi(τ)

χi
(
− 1
τ

)
=

p−1∑
j=0

Sijχj(τ)

I The first condition tells us that the characters have a
q-expansion of the form:

χi(τ) = qαi(a0 + a1q + a2q
2 + · · · )



I Let us try to define the characters in the language of L0, L̄0.

I Let us pick a primary state |φi〉 and consider all “holomorphic”
secondaries above it, namely states of the form:

L−n1L−n2 · · ·L−np |φi〉

I Let us denote by Hi the Hilbert space spanned by such states.
Then it seems reasonable to define:

χi(τ) ≡ trHiq
L0− c

24

I Since the eigenvalues of L0 − c
24 are of the form hi − c

24 +N
for integer N , we can identify the exponents:

αi = hi −
c

24



I In terms of characters, one has:

Z(τ, τ̄) = tr qL0− c
24 q̄L̄0− c

24

=
∑
i

(
trHiq

L0− c
24

)(
trH̄i q̄

L̄0− c̄
24

)
=
∑
i

χi(τ)χ̄i(τ̄)

I This picture is basically correct. But the computation of the
characters is non-trivial for reasons we now explain.



I It is easy to count secondary states above a primary, as long
as they are precisely the ones that we just enumerated.

I States of the form

L−n1L−n2 · · ·L−np |φi〉

are counted by the well-known Ramanujan partition function:

∞∏
n=1

1

1− qn

I So one might conclude that every character is simply:

χi(τ) = q−
c
24

+hi

∞∏
n=1

1

1− qn



I There are two basic reasons why this is wrong. One is the
existence of null vectors in the module.

I As a simple example, recall that the vacuum state |0〉
(associated to the identity field) is invariant under SL(2,R)×
SL(2,R), hence L−1|0〉 = 0.

I It follows that all descendants of the vacuum state involving
L−1 are vanishing, or in technical terms, null vectors. This
immediately reduces the identity character to:

χ0(τ) = q−
c
24

∞∏
n=2

1

1− qn

where the n = 1 term in the product has been omitted.

I But there could be more null vectors! So even the above is
not necessarily the correct answer for the identity character in
general. More states may need to be omitted.



I The second reason why the general formula can be wrong is
that the theory may have primaries of integer dimension. In
this situation each character may contain many more states
than listed above.

I With suitable properties (“conserved currents”)
integer-dimension primaries are purely holomorphic or
anti-holomorphic. A common example is a set of primaries
Jn, J̄n satisfying:

[Jn, Jm] =
k

2
n δn+m,0

[J̄n, J̄m] =
k̄

2
n δn+m,0

I This is a pair of U(1) Kac-Moody algebras or current algebras.



I The currents Jn are associated to primary states of conformal
dimension h = 1, h̄ = 0.

I In this situation it is natural to choose primaries to satisfy

Jn|φ〉 = 0, n ≥ 1

and consider descendants of the form

J−n1J−n2 · · · J−np |φ〉

.I A natural generalisation is to Kac-Moody algebras based on
arbitrary Lie algebras:

[Jan, J
b
m] = ifabcJcn+m,0 +

k

2
n δabδn+m,0 (1)

I Then the primaries form representations of the
finite-dimensional subalgebra generated by Ja0 :

Ja0 |φi〉 = taij |φj〉



I We do not have time to discuss current-algebra CFT’s in any
detail. The important point about them is that the currents,
rather than Virasoro generators, create the secondary states.

I Indeed, Virasoro generators are bilinears in the currents:

Ln =
1

k + g

∑
m

:Jan−mJ
a
m :

I Now there can be null vectors involving the currents. So the
characters are again different from what one might have
naively enumerated.

I It is also possible to introduce “higher-spin” currents of
h = 2, 3, 4, 5, · · · .



I To conclude this section, we list some of the classic results in
rational conformal field theory.

I First of all, the case of unitary RCFT having no integer-spin
currents other than the Virasoro generators is classified. Such
theories have 0 < c < 1 and are called minimal models.

I Their central charges are given by rational numbers:

c = 1− 6

p(p+ 1)

with p = 3, 4, 5, · · · .

I For each c, one has finitely many primaries of dimensions:

hr,s =
[(p+ 1)r − ps]2 − 1

4p(p+ 1)
, 1 ≤ r < p, 1 ≤ s < r



I The formula for characters of the minimal models is:

χr,s(τ) =
1

η(q)

∑
n∈Z

(
q(2p(p+1)n+pr−(p+1)s)2/4p(p+1)

− q(2p(p+1)n+pr+(p+1)s)2/4p(p+1)
)

where
η(q) = q

1
24

∏
n∈Z

(1− qn)

is the Dedekind η-function.
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Modular invariant differential equations

I Let us first discuss how to differentiate modular forms.

I If fk(τ) is modular of weight k, it is easy to verify that ∂
∂τ fk

has a term that is modular of weight k + 2. However there is
also an inhomogeneous term.

I To remove that, we introduce a connection. It turns out that
the Eisenstein series E2(q) serves that purpose:

E2(τ) = 1 +
1

2ζ(2)

∑
m,n∈Z,m 6=0

1

(m+ nτ)2

I It is not a modular form but transforms as:

E2(
aτ + b

cτ + d
) = (cτ + d)2E2(τ) +

6c

πi
(cτ + d)



I Now define D to be the covariant derivative or Serre
derivative:

D ≡ ∂

∂τ
− iπk

6
E2(τ)

Here k is the modular weight of the object on which it acts.

I It can be shown that Dfk(τ) is a modular form of weight
k + 2.

I We now attempt to classify vector-valued modular forms by
writing modular-invariant differential equations.



I Consider a degree-p modular-invariant differential equation:(
Dp +

p−1∑
k=0

φk(τ)Dk

)
χ = 0

I Here φk(τ) are modular of weight 2(p− k). In general they
can be meromorphic, although the characters themselves are
holomorphic.

I This leads us to classify differential equations by the
maximum number of poles of the φk. The allowed number is
`
6 with ` = 0, 2, 3, 4, · · · .

I The differential equation so obtained always has a finite
number of parameters.



I The strategy is to carry out a power-series solution of the
equation as a function of the parameters.

I In general the degeneracies are not integer, but for some
values they will become integer up to a very high order.

I In this case we have a candidate CFT and can investigate
further to verify if it really exists.



I For two characters and ` = 0 the equation takes the form:

(D̃2 + µE4)χ = 0

where D̃ = D
2πi .

I To find potential CFT’s, insert the series expansion:

χ =

∞∑
n=0

anq
α+n

and

Ea(τ) =

∞∑
k=0

Ea,k q
k

into the equation.

I For each character χi, we identify:

αi = − c

24
+ hi



I This leads to:

(n+α)2an−
1

6

n∑
k=0

(n− k+α)E2,kan−k +µ

n∑
k=0

E4,kan−k = 0

The n = 0 equation is the “indicial equation”:

α2 − 1
6α+ µ = 0

I Denote the roots of this equation by α0, α1 in increasing
order, then:

α0 + α1 = 1
6

µ = α0α1 = α0

(
1
6 − α0

)



I Now we can use the n = 1 equation to get:

m1 ≡
a1

a0
= −24α+ 1440µ

5 + 12α

I We get two values m
(0)
1 and m

(1)
1 . In the former case this is

the degeneracy of the first excited state in the identity
character, while in the latter it is the ratio of the degeneracies
of the first excited state and the ground state for the
character of a nontrivial primary.

I Inserting the value of µ in terms of αi we get:

m
(i)
1 =

24αi(60αi − 11)

5 + 12αi

for i = 0, 1.



I We can find some more constraints. Setting i = 0 in the
above equation and using α0 = − c

24 we get:

m
(0)
1 =

c(5c+ 22)

10− c

I This places an upper bound c < 10. Also, by some
manipulation we find (we temporarily drop the (0) superscript
on m1 to simplify the notation):

(5c)2 + 5c(m1 + 22) = 50m1

from which it follows that 5c is an integer. To summarise, for
theories with two characters and ` = 0 we have shown that c
is a multiple of 1

5 and bounded above by 10.



I It is easy to show that only a finite set of values of m1 can
satisfy the previous equation.

I For each of these, one can use the previous equations to find
c, the central charge, and h, the conformal dimension of the
non-trivial primary.

I Now recursively compute mn and m
(1)
n upto large values of n.

If the former is an integer ≥ 0 and the latter a rational number
≥ 0 with bounded denominator, we have a candidate CFT.





I The m1 states above the identity correspond to spin–1
currents in the CFT:

|a〉 = Ja−1|0〉

These currents form a Kac-Moody algebra G.

I Then m1 = dimG.

I A further possibility (though by no means necessary) is that
the characters could describe an affine theory, namely a
Wess-Zumino-Witten (WZW) model.

I In this case the energy-momentum is a bilinear in the currents
(Sugawara construction) and:

c =
k dimG
k + g

, h =
(λ, λ+ 2ρ)

2(k + g)

where k is the level and g is the dual Coxeter number of the
algebra, λ is an integrable weight and ρ is the sum of the
fundamental weights.



I Remarkably, 7 of the cases we found correspond perfectly to
well-known affine theories:

I Interestingly, SU(2), SU(3), G2, SO(8), F4, E6, E7, E8 form
the “exceptional series” of Deligne and other mathematicians.





I The first case with c = 2
5 , h = 1

5 looked consistent. However
from the characters one can compute the modular
transformation matrix Sij and from it, the fusion rules:

Nijk =
S0i S0j S

†
0k

S00

For this theory, some of these numbers are negative.

I The only way out is to interchange the two characters, so
effectively S00 → S11. Then everything is consistent, but now
c = −22

5 , h = −1
5 . This is the famous non-unitary Lee-Yang

edge singularity CFT.

I The second-last line similarly leads to negative fusion rules.
But if one exchanges the two characters, we get instead a
57-fold degenerate identity character.

I Therefore we rejected this case. But recently it was pointed
out to me (by Yuji Tachikawa) that it is also known to
mathematicians!



I Evaluating the above formula for k = 1 and a = 6, we find:

dimg(k=1) = 190
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