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Motivation

* There is ample evidence of QGP being produced in a heavy ion collision, at
RHIC and LHC.

* Based on comparison between hydrodynamic simulation and experimental data,
it was found that QGP has a finite but very small value of7) / S .

* These calculations were done in the absence of magnetic field, but we know that
an intense transient magnetic field is expected to be produced initially.

* Phys. Rev D 100, 114004 (2019) and , Phys. Rev. D 102, 016016 (2020) are
some of the works that aims to obtain the Transport coefficients in the presence
of magnetic field using Relaxation time approximation.

* Here we aim to obtain the transport coefficients using a modified Chapman-
Enskog formalism.



Irreversible Flows

The Thermodynamic flow :- F—VX

X — Thermodynamic force

The Irreversible Pressure tensor :- P = AR NRTP

= 1" (0eUs) + ¢ (0:Us) A

The Heat flow :- It = (U,T" — hN7) Ak
= —\YAP (95T — TDUSg)



Boltzmann

Transport Equation

The Covariant form:  p*0,, f + qF””p,,g—zi = C(f)

FHY — _Bv. = ewpa%Ua

No pf particle with p** gain —No pf particle with p** loss:

C<f> :/drkdrp’drk’{fp’fk’(lj:fp><1:|:fk)_fpfk(lifp’><1ifk’)}w

The differential scattering cross-section: 11/ = %3—5(2@%4 (p+k—p —k)

Qo=@ +m?




Single Particle
Distribution Function

The Single particle distribution function :

The Particle flow :

The Energy Momentum tensor :

Eckart :
The Hydrodynamic velocity :

The particle density :

The Energy density :

Landau :

J = f(xap)

NH :/de“f

TH = / dl'pp” f

el
N, NV
Y U,
- /U, T7°T,, U™
n = N"U,



Linearisation of

Boltzmann Equation

The distribution function is expanded as :  f(z,p) = f°(z,p) + ef*(z,p) + € f*(z,p) + ...

The equilibrium distribution function:  f° = [exp (W) T 1] _

)
predu (fP+ef +€f+ ) +aF"po—

g [ Hel HEf+) =00

Equating the coefficients of € in B.E. we get
O 1
PO = —L(f) - aF"p, L

Oph
: : : : 1 U-p
Relaxation time approximation : £(f ) = — f!

C

Series method :
‘C’(fl) — /drkdrp'drk’f()(xap)fo(x? k) (1 -+ fo('rap/)> (fo(aj7 kl))
(gb(ﬂ?,p) + (b(xa k) o gb(aj,p/) o gb(:c, k/)) W



Conservation Equations

Continuty equation: 9, N* = 0; (Dn)' = —nd,U*

Equation of Energy conservation : U,8,7"" =0; = D(ne)" = —hnd,U"

Equation of Momentum conservation: A, 0,77 =0, (DU*)" = —hiV“P
n

Gibb's Duhem Relation : n~'0,P =509,T +T0, (%)



Transport equations in terms of

Thermodynamic Forces

Equating the conservation equation we get :
DT = (1-+")To,U"

TD (%) =100 ~1) = +"T) .U

The hydrodynamic equations contains space derivative of temperature and velocity. In
order to make the Boltzmann equation look somewhat like the hydrodynamic equation,
the time derivatives will be replaced using these relations.

P+ s
1T

{Q@ U+ (1 - %) PPV, (%) —pMpV@”U”ﬂ

— —L(f) = aF" by [ (14 1) o]
7’



Deviation from equilibrium

The deviation of the distribution 10 0
function from equilibrium : f=rasf)e

2
Y ACE) (04Us) + YuCllpa (T~ 05T — DUp)

n=0

4
¢ = Z XnC(n)ul/aﬁ pupvvozﬁ +
n=0

No magnetic field : ¢ = XA vap p'p"VF + AN (8,Us) + YA po (T~ 05T — DUp)

(0)
C(O)MVaﬁ P(,ul/)@ﬁ
_ p) (=1) _(p (=1)
C(l)/“/aﬁ o P( v)yaS T P(;w)aﬁ’ 0(2)1“/0‘/8 =1 (P(,tw)aﬁ + P(,uu)aﬁ)

_ bl (~2) _ o (p® (-2)
Clopuvat = Puyas + Poupag Cltnwes =1 (Plyas + Plya)

Cm5 P0n5

0) —

Cly =P + P71 Ol =i (P — PTI™)



Tensors

1 1

(pv)yap uvaf vuaB? uvp' v’ v/

Pﬁﬁl)P(m2)5 (m,my + ma)

-

m1:—1 m2:—1

Hamilton-Cayley equation for the rotational tensor :  H> 4+ H = 0

H—im/
Pr= T —%; mm =01

im —im’’

S. Hess; Tensors of i
Physics. (2015) P), = bub,
1 1 717 . —1 1 92 % ;
P, = 5 (=AM —b,b, + b)) P = 5 (=AY —b,b, —ib,,)
Properties :
(m) p(m' )k _ (m) m f . —m) _ p(m
PP = 8 P, (Pa) =P = P
1 (m) p(n)ap (m)
Z PASTVn) = O PA(LZL) =1 Pw/aﬁp wv' 0 (m, n) PMM’VV’

m=—1



Transport Coefficients

() = / dr (php”) f!

Shear viscosity : i
NG =D / dr (p"p")p p” fO (1 + f°) X,C00
n=0

T AMY = /dI’p“p”f1
Bulk viscosity :

1 2
M — 5 Z /dFAWp“prO (1 + fo) AnCZf)
n=0

Thermal Conductivity :

2
V= 3 [dr, AR (14 A0®) (b U = ) YuCpe
n=0
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Expandin_g t_he
Coefficients

The coefficients: Xy =Y ™ (B)LE ('), =S (BY LY (r
1=0 1=0
Without magnetic field : & = Y_ i (), A=S"a;L? (r) D. Davesne; Phys. Rev C
gnetic el ;o ;0 53, 3069 (1996)

Depending on how precise we want the coefficients to be we truncate the series accordingly. Depending on
the truncation we get different order of the same transport coefficient

PT2 - 0 0
m=" D
n=0

aﬂré

{ZC@) (1) _ Zcm (2)}
) B)
{Z )

&HrA

n=0 n=0

{Z (3)7(3) + i 0%4)%(;1)}
n=0

= S+ 3o

| =
aﬂrﬂ

_PTOO1 _PTOO2¢ _PTOO:;
§||—HZO%0{7'> CL—E;CLJ‘O{M CX—Egajaj 12



Expandin_g t_he
Coefficients

The coefficient: Y. (B.7) = 3_ o (B) Lz, (')
m=0
Without Magnetic field : ' (7/) = > b L2, (')
m=0

The expression for the thermal conductivity in terms of the expanded coefficient

PT o 1.(0) 4(0)
_PT Ny
mnzzjonﬁn

Ao =
_ T ZOO (1) (1) | #(2) a(2)
AL = 2m ot (b" B+ by By )
PTOO 2) n(1 1) A(2

A:__Z@()() b()())
2 2Wln:0 n Bn n 6n
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Relation

between Coefficients

From the Boltzmann equation we get relation between the coefficients c(?).

Using the orthogonality condition of - 2™} ., and then integrate it over after multiplying it with £ > :

L 0 _ v (0) 1 TN 5
STl T ;cn Cnj; Cnj = 3 [L% p'p”), L (p"p >} col
I @ - 2 - 1
QIO—T%( )= Z Cnl) (dm + gfzj)) + Z 07(12) (em - 57(13)>
n=0 n=0
L@ _N 0 (1) ) (g 1O
29T 7 = e (e +67 ) = D P (dug + &
n=0 n=0

1 o0 oo
—7§3) — Z ngg) <lnj + 57(;)) + Z 0%4) (knj - gﬁ?)

1 ) <~ @3 3\ = 4 @)
n=0 n=0
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Expressions

n afBnd
7 pT2 defO (1 + f0> papgpnp5L2 (7p) C( o

(L,i (m) () + Li () (b8} - L% () (9"} = Lt () (£4))
(

3 3 S
Lj (Tp) <p77p5> + L; (Tk‘) <k77k5> o sz (Tp/) <plnp,6> - L; (Tk:/) <k/77k’5>) C(l)uunép,upuvnéw

d 5 ST

n T 2T [ "I oy, “ni T 2T [ g }0(2)
1 5 57 1 5 5

bnj = m2T? [LTQL’L;_ C(s) Fnj = m2T1"2 [L%’L;]C(@
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Relation

between Coefficients

Using the orthogonality condition of P;(LT) we get relation between aq(f ) the coefficients

1
Then we integrate it over after multiplying it with L~ -

N a?l Lé,L% — N ala,; = o
2 an [E4 7] = 3 dhans = e
m 0 0 2
=T dUpf* (1+ f°) QL2 ()
1 2 1
a0, L7 (7)] = —% AT dT Dy dTy fO £ (14 £9) (14 f2) WLZ (7)

(af+af —af —ab') (L3 () + L§ (m) = LG (1) — L§ (7))
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Relation

between Coefficients

From the Boltzmann equation we get relation between the coefficients 5(%).

Using the orthogonality condition of ..’ ( ) , and then integrate it over after multlplylng it with L2 ;

)
P —1

[©.@)

~a0 = = >0 [l (b80) + 02 (0600

m=1

8

0= 55 0 (o) - ()]

m=1
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Expressions

m 3
B == | dUuf’ (14 40f°) (0 - U = W) p'p" Clamyup L (7')
) — 48m 2 18
051), = T2 dly 7 (1+ Ao f?) p"p” CijyupLi (1p) Lin (1)

3 3 .
Lin () L (77| =mT b,
(4)

2
=z /dF dl'dl), dFk/{fOfO (1+ Aofy) (1+ Aofrr)

(7)o" — L, (7}) k’“}

C @ k@], -
m ) =N C(Z) 4p2
|: Tp/

§w|co

) p" —|—L (i) k* — L

L3 (7)) P =

3
L2
m

)PP + L2 () kP — L (7, k7]

C(i)uBW}'
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Transport Coefficients

Now if the expansion of the coefficients are truncated after the first term then :

0 0 0
T78><() 33()>

Shear: 4
il =3 o
1)2 2)2 2 1) (2 1
) ) e )] | ) o) i )
NLj; = = 9 D) NMxl1 = 7 2 2
4 4
(doo + 58?) t (600 - f(%)> (doo + fég)) + (600 - 53?)
o, = = (67 26" (10 + 2680 ) +206™26" (koo — 2657 ], == {@53)2 =) (1o = 2657) + 22876 (1o + 263 )]
n_]_ 1 n 2 9 X1 4 2 2
! <loo + 256?) + </€00 - 256?) <l00 + 2 ) <k00 - 2 )
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Transport Coefficients

Now if the expansion of the coefficients are truncated after the first term then:

| B _pT oy 0f _
Bulk:  [¢], =[¢u], = gy o —Ta22 : [Cx]; =0

v oo 1 (A7)

_ PL(0) p(0) _ !

[AO]l___bl 51 _E b(o)
11

D\2, (1
T (g)) bgl)

Thermal PL (1) o) | 5(2) 5(2)
2 My = — 2 (8950 4+ b -
Conductivity : Aih = =5 ( L b ) 2m (bﬁ))2+ (%?)2
T T ( §1))29§11)
o, = =2 (6781 — bV B =

2m 0 2 1)\ 2
(v2) "+ (o87)
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Transport Coefficients

Now if the expansion of the coefficients are truncated after the second term

then:
o [ ) (9 ) + (i~ aol?) (- 347
=3 (Con11 — Co1¢10)

2 2
(az303 — 20003023 + a3

(a22a33 — a23a32)

iy =K1l =

[Cx]2 —



Result for Shear

2
B =m;

0.015,_,,(1)—’///

— 7o

— ™

— N2

n (GeV-fm™?)

= 10m?

0.01—

— To

— 73

—

— T4

- 72

0.10

0.12

10—8-
‘B = mi — M3 — Ma
008 010 0412 _ 014 016 018
T (GeV)
U.Gangopadhyaya Et al.;

JHEP 09 (2022) 114

n (GeV-fm™2)

0.14

T (GeV)

0.16

0.18

0.20
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Thermal conductivity

T (GeV-fm™?)

Result for

0.050F

0.010

0.005f

Ao — A1 — A2 | ]

0.050F

Ao — A1 — A2

23




Summary

- Using the Chapman-Enskog method we can get a better result than using the
relaxation time approximation.

* There is momentum dependent relaxation time approximation, but it comes with its
own problems.

* The Chapman-Enskog method can be modified to include system with magnetic field
by making the expansion coefficients a function of magnetic field .
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Future work

- WIll take in-medium cross-section instead of vaccum cross-section.

* Will introduce effects of magnetic field in the cross-section, and study its effect
on the transport properties.

* Will introduce electric field along with magnetic field.
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Thank You
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