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Spin Hydrodynamics: Basics cRc'-rm

» Hydrodynamics is based on conservation laws
m Consider a system of uncharged fields
— Should conserve energy-momentum and total angular momentum

Conservation laws

BT = 8y T = g (),

» 10 equations for 16424 quantities

» Additional information about dissipative quantities has to be provided
— Use kinetic theory with spin as effective microscopic model

» Rest of the presentation:

m Construct such a kinetic theory
m Perform hydrodynamic limit
m Obtain expressions for observables

AWBYl .= A*BY — AYB¥

David Wagner Spin Hydro from QKT 02.02.2023



How to: Quantum kinetic theory cRc’-rm

» Spin is a quantum property
— Start from quantum field theory
— Use Wigner-function formalism

David Wagner Spin Hydro from QKT



How to: Quantum kinetic theory cRc'-rm

» Spin is a quantum property
— Start from quantum field theory
— Use Wigner-function formalism

Wigner function (Spin 1)

WH (x,k) == _ﬁi /d4ve_ik'y/h <: VIl (z +y/2)V" (x — y/2) :>

David Wagner Spin Hydro from QKT



How to: Quantum kinetic theory cRc'-rm

» Spin is a quantum property
— Start from quantum field theory
— Use Wigner-function formalism

Wigner function (Spin 1)

WH (x,k) == _ﬁi /d4ve_ik'y/h <: VIl (z +y/2)V" (x — y/2) :>

» Determines a quantum phase-space distribution function
» Equations of motion follow from field equations
m Determined by Lagrangian Lo + Lint

David Wagner Spin Hydro from QKT 02.02.2023 4



How to: Quantum kinetic theory cRc'-rm

» Spin is a quantum property
— Start from quantum field theory
— Use Wigner-function formalism

Wigner function (Spin 1)

WH (x, k) = —ﬁ /d%e‘ik’y/h <: V(x4 y/2)VY (x —y/2) :>

» Determines a quantum phase-space distribution function
» Equations of motion follow from field equations
m Determined by Lagrangian Lg + Lint
» Independent components: scalar fx, axial vector G* and traceless
symmetric tensor F”

fr = (1/3) K WH, G* == —(i/2m)e* *Pk, Wap, Fi* = KLyWw*?
K" =g — k'k" /m® | KL = (KKK + KEKZ) /2 — 1/3K" Kag
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Extending phase space cRc'-rm

Boltzmann equations

» Not one, but nine equations in (x, k)-phase space
k-0fk(,k) =Ck, k-0GM(,k)=Cl, k-OF (x,k)=C
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Extending phase space CRc.-rm

Boltzmann equations

» Not one, but nine equations in (x, k)-phase space
k-0fk(,k) =Ck, k-0GM(,k)=Cl, k-OF (x,k)=C

> Way to compactify this: Enlarge phase space from (z, k) to (z, k, s)
> Measure dS := 22d*s6[s” + o2](k - 5)

Boltzmann equation in extended phase space

5 v
f(z, k,s) = frx —5,G" + ggusyFI’é (2)

» Only on-shell parts (z, k,5) = d(k? — m?)f(z,k,s) contribute
k-0f (. k,5) = €[f] 3)

v,

. 5 v
Q — C]—' - 5/16% + gﬁpsucg(
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Collisions and equilibrium cRc'-rm

Collision kernel

elf) = 5 [ ATATATASEW [F(a + Ar, by, s1) o+ Aoy k)

—flz+ Ak 5) f(x+ ALK, 8] (4)

dr := 2d*ks(k* — m?)dS (k)
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Collision kernel

Q:[f] e %/dFlngdF’dS‘(lﬂ)W [f(a: 4F Al, kl,sl)f(x = AQ, k‘g,ﬁg)

—f(:z:—}—A,k,ﬁ)f(x—i—A/,k:/,s/)] (4)

Local-equilibrium distribution function

h
fea(, k,5) = exp (_ﬁOEk + §Quu2g”> (5)

dl = 2d*k6(k* — m?)dS(k), S = —L2e*Flasg, By = ulky,
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Q:[f] e %/dFlngdF’dS‘(lﬂ)W [f(a: 4F Al, kl,sl)f(x = AQ, k‘g,ﬁg)

—f(:z:—}—A,k,ﬁ)f(x—i—A/,k:/,s/)] (4)

Local-equilibrium distribution function

h
fea(, k,5) = exp (_ﬁOEk + §Quu2g”> (5)

» Lagrange multipliers 3y, u/ and €),,, determine ideal spin
hydrodynamics

dl = 2d*k5(k* — m?)dS(k), S = —L2e*Flasg, By = ulky,
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» Split distribution function f = feq +df

» Perform moment expansion including spin degrees of freedom

Irreducible moments
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Moment expansion CRc.-rm

» Split distribution function f = feq +df

» Perform moment expansion including spin degrees of freedom

Irreducible moments

phih(x) = /dFE{;k;““---k“é>5f(a:,k,5) (6a)
TR () = / dTs" Epkt ... kPO § £ (2, k, 5) (6b)
T / ATK" 506" BI04 - k) §f(w,k,5)  (6c)

» Equations of motion can be derived from Boltzmann equation

> Knowing the evolution of all moments is equivalent to solving the
Boltzmann equation

Eon oo ghe) = ARU TRV Ve

1V
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Polarization observables in kinetic theory cRc’-rm

Vector Polarization (Pauli-Lubanski Pseudovector)

SH(k) = Tr [ﬁﬂ ﬁ(k)] - ﬁ / AB\k / dS(k)shf(z, k,5)  (7)

N(k) = [d2 k7 [dS(k) f(x,k,5),  S* = —(1/2m)e"*F ], Pp
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Truncation cRc’-rm

» Goal: Express polarization observables through fluid-dynamical
quantities
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Truncation cRc'-rm

» Goal: Express polarization observables through fluid-dynamical
quantities
<> Truncate moment expansion
» Which moments are contained in conserved quantities and
polarization observables?

Needed moments

m2 LV
L= —Tpo, ™ =pf" (T (9a)
L W 1), (V Ly A), v v
pu — Té” , 5; — 7_1(</ ),{v)) , q)\/ — 7_(§ )l (J)\,u ) (gb)
WL (o) (9)
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Results I: Dissipative Spin Hydro CRc.-rm

Dissipative Hydro: Evolution equations

mll+1I = —¢d+hot. (10a)

TR ) 4 = 2t 4 ot (10b)

mop# L p = OO — Yy, 4 hott. (10c)

30 4 g hot. (10d)

V) W) — @) g5 eI By 4 hot. (10e)

T + 9t = €fom +hot. (10f)
T¢I 4 pir = hot. (10g) |

@ = =5 (Bou), AP = VP Ang
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Results I: Dissipative Spin Hydro CRc.-rm

Dissipative Hydro: Evolution equations

mll+1 = —Cf+hot. (10a)

TR ) 4 = 2pot 4+ hoo.t. (10b)

™ L p = O — Yy, + hot. (10c)

S50 00— oy (10d)

TGN L N = @) gyg (BeINeBy g 4 ot (10e)

o™ ™ = Efort + hodt. (10f)
T¢I 4 pir = hot. (10g)

» Evaluate polarization and alignment in the Navier-Stokes limit

otV = —%a[ﬂ(ﬁouv])’ AHV — EuuaﬁAaB

David Wagner Spin Hydro from QKT 02.02.2023 10



Results II: Alignment cRc’-rm

» Moments of spin-rank 2:

G e B g 0 (11)
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e Bort ™ =0 (11)

» For an uncharged fluid in the Navier-Stokes limit, tensor polarization
is induced by the shear-stress tensor 7"
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Results II: Alignment cRc'-rm

» Moments of spin-rank 2:
P om0 (11)

» For an uncharged fluid in the Navier-Stokes limit, tensor polarization
is induced by the shear-stress tensor 7"

> We can estimate the coefficient £ for a four-point interaction
Line = (VT-V)?/2 0.02

0.01 | 2

David Wagner Spin Hydro from QKT



Results II: Alignment cRc'-rm

Alignment: Explicit expression

poolk) = 1 4 JdBak*E ﬁofOk%I(fl’O)ego)e(ﬁo)Kﬁy’B =

3 15 [ 4%,k fou (1 - 3G Ty/m? + 1D movk, b, )

» Main contribution from projected shear-stress tensor
» Only remnant of collisions is ¢

Hl(fn ). Thermodynamic integrals

fox = exp(—poEx)
~ N
By = A+ S0

= — 1= = = = _
) Spv,afB T g (HuaHVﬁ + Huﬁuva)
KM o= g — kFEY /m? | KM =

David Wagner

1o =g, =6
Ejuuyuy —§a— B

1= (KEKY + KEKE) /2 — 1/3K™ Kap
Spin Hydro from QKT




Results Ill: Polarization cRc’-rm
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Results Ill: Polarization CRc.-rm

» Polarization is determined by the Pauli-Lubanski (pseudo)vector

Pauli-Lubanski pseudovector (spin 1/2)

SHk) = % / dX\k NS (k)st f(x, k, 5) (12a)

z
/dZ P { Gk, 4 <55——“ <”>>
2m Ek

X |:2Xp (QVP — @VP> Up — anﬁoo’p@eﬁ)uffﬂugk(ak}m] }(12b)

12

v

N = [dS kS (k) f(z, k, 5)
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» Polarization is determined by the Pauli-Lubanski (pseudo)vector

Pauli-Lubanski pseudovector (spin 1/2)

SHk) = % / dX\k NS (k)st f(x, k, 5) (12a)

z
/dZ P { Gk, 4 <55——“ <”>>
2m Ek

X |:2Xp (QVP — @VP> Up — anﬁoo’p@eﬁ)uffﬂugk(ak}m] }(12b)

12

v

» Contains novel contributions from fluid shear

N = [dS kS (k) f(z, k,5)
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Summar CRC-TR2n
y

» Developed dissipative spin hydrodynamics from kinetic theory

m Applied quantum kinetic theory consistently
m Employed method of moments to extract hydrodynamic limit

— Introduce multiple sets of moments dependent on spin
— Follow standard procedure to obtain equations of motion
— Truncate such that the evolution of S** can be described
» Connected polarization and alignment to fluid quantities in the
Navier-Stokes limit

David Wagner Spin Hydro from QKT



Future perspectives cRc'-rm

» Evaluate expressions for polarization and alignment with
hydrodynamic simulations

» Numerically implement full spin hydrodynamics

> Move towards Spin-Magnetohydrodynamics from Quantum Kinetic
Theory
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Relevant time scales: An estimation cRc'-rm

4 -t
__________________ ""TH/Amfp
s SRR et _ ""Tn/)\mfp
_,—"— ""Tﬂ/)\mfp
21 e ] _Tp/)\mfp
1 1= 7/ Amfp
0 | | | |

» Simplest interaction: constant cross section

» Spin-related relaxation times shorter than standard dissipative time
scales, but not much
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