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Uncertainty principle

e For f € L}(R), we define the Fourier transform of f by

Fly) = / f(x)e™™ dx, forallyeR.
R
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Uncertainty principle

e For f € L}(R), we define the Fourier transform of f by

Fly) = / f(x)e™™ dx, forallyeR.
R

@ Uncertainty principle in harmonic analysis roughly says that a
non-zero integrable function and its Fourier transform cannot
be simultaneously “small”.
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Uncertainty principle

e For f € L}(R), we define the Fourier transform of f by

fly) = / f(x)e™™ dx, forallyeR.
R

@ Uncertainty principle in harmonic analysis roughly says that a
non-zero integrable function and its Fourier transform cannot
be simultaneously “small”.

@ An example

Theorem
Let f € L}(R) satisfying

|f(y)| < Ce "l forally € R for some a > 0.

If f vanishes on any non-empty open subset of R, then f is
identically zero.

V.
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Levinson's uncertainty principle

Theorem (Levinson, 1936)

Let f € LY(R) and 1 : [0,00) — [0, 00) increasing function

satisfying
> (&)
= 1
0 1+§2 d§ o= ( )
and N
17(&)| < Ce ™ UED | for almost every ¢ € R. (2)

If f vanishes on any non-empty open set in R, then f is identically
zero.
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Levinson's uncertainty principle

Theorem (Levinson, 1936)

Let f € LY(R) and 1 : [0,00) — [0, 00) increasing function

satisfying
> (&)
= 1
0 1+§2 d§ o= ( )
and N
17(&)| < Ce ™ UED | for almost every ¢ € R. (2)

If f vanishes on any non-empty open set in R, then f is identically
zero.

o We note that as ¢ is increasing, from equation (1), we have
P(x) T oo as x — oo. So from equation (2) it follows that f
decays to zero.
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Levinson's uncertainty principle

Theorem (Levinson, 1936)

Let f € LY(R) and 1 : [0,00) — [0, 00) increasing function

satisfying
> (&)
= 1
0 1+§2 d{ o= ( )
and N
17(&)| < Ce ™ UED | for almost every ¢ € R. (2)

If f vanishes on any non-empty open set in R, then f is identically
zero.

o We note that as ¢ is increasing, from equation (1), we have
P(x) T oo as x — oo. So from equation (2) it follows that f
decays to zero.

@ Levinson actually worked with a more general estimate of the
form / |f(£)|ew(‘5l)d§ < oo instead of (2).
R
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Beurling’s uncertainty principle

Beurling improved the result and replaced open set with set of
positive Lebesgue measure. He proved the result for complex Borel
measure 1 on R. We define the Fourier transform 1 of u by

a(A) = / e Mdu(t), for A € R.
R
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Beurling’s uncertainty principle

Beurling improved the result and replaced open set with set of
positive Lebesgue measure. He proved the result for complex Borel
measure 1 on R. We define the Fourier transform 1 of u by

a(A) = / e Mdu(t), for A € R.
R

Theorem (Beurling, 1989)

Let p be a complex Borel measure on R and v : [0, 00) — [0, 00)
be an increasing function satisfying

< (x)
/0 1+X2dx-oo,

/ 0D dpu(x)| < 0.
R

If i vanishes on A C R such that m(A) > 0 then u is identically 0.




@ Beurling assumed the estimate

[ o)
X = 00,
o 1+ B\ du(t)]

but the one we work with follows from the above.
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@ Beurling assumed the estimate

[ o)
X = 00,
o 1+ B\ du(t)]

but the one we work with follows from the above.

@ Also Beurling assumed the vanishing set A to be a set of
positive Lebesgue measure but since j1 is continuous, it is
enough to assume that A is a set of positive Lebesgue
measure.
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@ Beurling assumed the estimate

[ o)
X = 00,
o 1+ B\ du(t)]

but the one we work with follows from the above.

@ Also Beurling assumed the vanishing set A to be a set of
positive Lebesgue measure but since j1 is continuous, it is
enough to assume that A is a set of positive Lebesgue
measure.

@ It was proved as a consequence of a characterization of the
Beurling quasianalytic class (a generalisation of the famous
Denjoy-Carleman quasianalytic class and Bernstein
quasianalytic class), which used the concept of harmonic
measure.
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@ Beurling assumed the estimate

[ o)
X = 00,
o 1+ B\ du(t)]

but the one we work with follows from the above.

@ Also Beurling assumed the vanishing set A to be a set of
positive Lebesgue measure but since j1 is continuous, it is
enough to assume that A is a set of positive Lebesgue
measure.

@ It was proved as a consequence of a characterization of the
Beurling quasianalytic class (a generalisation of the famous
Denjoy-Carleman quasianalytic class and Bernstein
quasianalytic class), which used the concept of harmonic
measure.

@ In the book of Koosis, it was shown that the theorem of
Levinson can also be obtained as a consequence of
completeness of linear span of exponentials in certain weighted
space of continuous functions. This leads us to another
problem in harmonic analysis which is of independent interest.
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Weighted Approximation of Exponentials

o First we define a weighted space of continuous functions. Let
¥ 1 [0,00) — [0, 00) be an increasing function such that
Y(x) — 0o as x — oo. Consider

f
Cp(R")=4qf:R" = C | fis continuous and lim ﬁ =05,
x| =00 e¥(Ix])
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Weighted Approximation of Exponentials

o First we define a weighted space of continuous functions. Let
¥ 1 [0,00) — [0, 00) be an increasing function such that
Y(x) — 0o as x — oo. Consider

f
Cp(R")=4qf:R" = C | fis continuous and lim () =05,
|x| =00 ev(Ix))

o We define a norm on Cy(R

") by
[F(x)! n
]l = seuﬂgn SO for f € Cy(R").
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Weighted Approximation of Exponentials

o First we define a weighted space of continuous functions. Let
¥ 1 [0,00) — [0, 00) be an increasing function such that
Y(x) — 0o as x — oo. Consider

f
Cp(R")=4qf:R" = C | fis continuous and lim ﬁ =05,
x| =00 e¥(Ix])

o We define a norm on Cy(R") by

)
_ [F(x)! n
[flly = jeulgnm, for f € Cy(R").

@ It is easy to see that (Cy(R"), || - ||y) is a normed linear space.
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Weighted Approximation of Exponentials

o First we define a weighted space of continuous functions. Let
¥ 1 [0,00) — [0, 00) be an increasing function such that
Y(x) — 0o as x — oo. Consider

f
Cp(R")=4qf:R" = C | fis continuous and lim ﬁ =05,
x| =00 e¥(Ix])

o We define a norm on Cy(R") by
_ [F(x)! n
[flly = jeulgnm, for f € Cy(R").
@ It is easy to see that (Cy(R"), || - ||y) is a normed linear space.
@ For any A € R", we define the continuous functions
er:R"—= C by
ex(x) = e ™ for x € R,
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@ For any A C R”, we consider the linear span of the above
functions given by

DOA(R") = span{ey : A € A}.
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@ For any A C R”, we consider the linear span of the above
functions given by

DOA(R") = span{ey : A € A}.

o It is easy to see that ®,(IR") is a subspace of Cy(R") for any
AN C R
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@ For any A C R”, we consider the linear span of the above
functions given by

DOA(R") = span{ey : A € A}.

o It is easy to see that ®,(IR") is a subspace of Cy(R") for any
AN CR".

@ Problems regarding weighted approximation of exponentials
pose the question for which type of sets A C R", ®5(R") is
dense in (Cy(R"), [| - [l)-
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@ For any A C R”, we consider the linear span of the above
functions given by

DOA(R") = span{ey : A € A}.

o It is easy to see that ®,(IR") is a subspace of Cy(R") for any
A C R".

@ Problems regarding weighted approximation of exponentials
pose the question for which type of sets A C R", ®5(R") is
dense in (Cy(R™), || - ||4)-

@ For example, when A C R" is a non-trivial open set then
PA(R™) is always dense in (Cy(R"), || - ||4)- This result was
used in the alternative proof of Levinson's theorem.
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@ To get the result regarding exponential density from
Beurling’s theorem, we first need to explicitly find the dual of
(Cy(R"), || - ||), denoted by (Cy(R"), || - ||)*, the space of all
bounded linear functionals on (Cy(R"),|| - [|y). For that we
required to assume that 1) is continuous.
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@ To get the result regarding exponential density from
Beurling’s theorem, we first need to explicitly find the dual of
(Cy(R"), || - ||), denoted by (Cy(R"), || - ||)*, the space of all
bounded linear functionals on (Cy(R"),|| - [|y). For that we
required to assume that 1) is continuous.

Lemma

(Cy(R"), || - ||y) is a Banach space isometrically isomorphic to
(G(R"), | - lleo) and its dual is given by

(Co®I o) = {8 MEY: [ Dlaseo] < oo

(M(R™) is the space of all complex Borel measure R".)

Santanu Debnath On Some Analogues of Beurling’s Theorem



Theorem

Let ¢ : [0,00) — [0,00) be a continuous, increasing function
satisfying
* ¥ 4

0 1 +X2
For A C R such that m(A) > 0, ®A(R) is dense in (Cy(R), || - [|)-

= OQ.

Santanu Debnath On Some Analogues of Beurling’s Theorem



Theorem

Let ¢ : [0,00) — [0,00) be a continuous, increasing function

satisfying
o
¢(X)2 dx = oo.
0 ]. + X

For A C R such that m(A) > 0, ®5(R) is dense in (Cy(R), || - || )

<

Proof.
o Let T € (Gu(R), | )" such that T vanishes on ®a(R),
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Theorem

Let ¢ : [0,00) — [0,00) be a continuous, increasing function

satisfying
o
¢(X)2 dx = oo.
0 ]. + X

For A C R such that m(A) > 0, ®5(R) is dense in (Cy(R), || - || )

<

Proof.

o Let T € (Gu(R), | )" such that T vanishes on ®a(R),
(]

T(f):/Rf(t) da(t), for f € Cu(R),

where 5 € M(R") satisfies / eV |dB(x)] < .
R
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Theorem

Let ¢ : [0,00) — [0,00) be a continuous, increasing function

satisfying
o
¢(X)2 dx = oo.
0 ]. + X

For A C R such that m(A) > 0, ®5(R) is dense in (Cy(R), || - || )

<

Proof.

o Let T € (Gu(R), | )" such that T vanishes on ®a(R),
(]

T(f):/Rf(t) da(t), for f € Cu(R),

where 5 € M(R") satisfies / eV |dB(x)] < .
R

@ T vanishes on ®5(R) implies

/ e Pdp(t) =0, VY AeA O
R
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@ Now we will extend this theorem to R”.
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@ Now we will extend this theorem to R”.

@ An open set U C R" always contains a set of the form
U x Uz x -+ x U, where each U; C R is open in R for
1 < j < n. This type of property of the set is an important
tool in the technique of extending the result to R" using the
result of R. However, this property does not hold for sets of
positive Lebesgue measure in R”.
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@ Now we will extend this theorem to R”.

@ An open set U C R" always contains a set of the form
U x Uz x -+ x U, where each U; C R is open in R for
1 < j < n. This type of property of the set is an important
tool in the technique of extending the result to R" using the
result of R. However, this property does not hold for sets of
positive Lebesgue measure in R”.

@ It is due to this property of sets of positive Lebesgue measure
in R"” that we have assumed sets of the special form instead
of any set of positive Lebesgue measure in R”.
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@ Now we will extend this theorem to R”.

@ An open set U C R" always contains a set of the form
U x Uz x -+ x U, where each U; C R is open in R for
1 < j < n. This type of property of the set is an important
tool in the technique of extending the result to R" using the
result of R. However, this property does not hold for sets of
positive Lebesgue measure in R”.

@ It is due to this property of sets of positive Lebesgue measure
in R"” that we have assumed sets of the special form instead
of any set of positive Lebesgue measure in R”.

o We call A C R” to be “a set of positive rectangle type” if A
contains a set of the form Ay x --- x A,, where A; C R for
each 1 < j < nsuch that the closure of A; has positive

Lebesgue measure in R, that is, m(A;) > 0.
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Weighted Approximation of Exponentials

@ We have the following theorem regarding weighted
approximation of exponentials:

Santanu Debnath On Some Analogues of Beurling’s Theorem



Weighted Approximation of Exponentials

@ We have the following theorem regarding weighted
approximation of exponentials:

Theorem

Let 1) be a non-negative, continuous, increasing function on [0, c0)
such that ¢(x) — oo as x — 0o. The space ®A(R") is dense in
(Cy(R"), || - ||y) for any positive rectangle type set A C R" if and

only if
> ()
dx = oo.
o 1+4x2 = (3)
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Let ¢ : [0,00) — [0,00) be an increasing function such that

o V00

Y(x) = 00 as x = oo and | = [ 1022
x

(a) Let u be a complex Borel measure on R" satisfying

/ 4| dp(x)] < oo. (4)

If [t vanishes on a set A C R" of positive rectangle type and
| = oo, then y is identically zero.
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Let ¢ : [0,00) — [0,00) be an increasing function such that

o V00

Y(x) = 00 as x = oo and | = [ 1022
x

(a) Let u be a complex Borel measure on R" satisfying

/ 4| dp(x)] < oo. (4)

If [t vanishes on a set A C R" of positive rectangle type and
| = oo, then y is identically zero.

(b) If I < oo, then there exists p € M(R") satisfying (4) such
that [i vanishes on a set of positive rectangle type.
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Let ¢ : [0,00) — [0,00) be an increasing function such that

o V00

Y(x) = 00 as x = oo and | = [ 1022
x

(a) Let u be a complex Borel measure on R" satisfying

/ 4| dp(x)] < oo. (4)

If [t vanishes on a set A C R" of positive rectangle type and
| = oo, then y is identically zero.

(b) If I < oo, then there exists p € M(R") satisfying (4) such
that [i vanishes on a set of positive rectangle type.

Proof.
o If T)(f) = / f(x)du(x), (4) implies, T), € (Cp(R"), |- [ly)*.
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Let ¢ : [0,00) — [0,00) be an increasing function such that

o V00

Y(x) = 00 as x = oo and | = [ 1022
x

(a) Let u be a complex Borel measure on R" satisfying

/ 4| dp(x)] < oo. (4)

If [t vanishes on a set A C R" of positive rectangle type and
| = oo, then y is identically zero.

(b) If I < oo, then there exists p € M(R") satisfying (4) such
that [i vanishes on a set of positive rectangle type.

Proof.
o If T,(f) = /R f(x)du(x), (4) implies, T, € (Cp(R™), || - [[4)*
@ /i vanishes on a set A C R” implies T, vanishes on ®;(R").
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Theorem

Let ¢ : [0,00) — [0,00) be a continuous increasing function such
that 1)(x) — 0o as x — oo. Then the following are equivalent:

> Y(x)

0 1 + X2

2) ®A(R") is dense in (Cy(R™), | - , for any positive rectangle
P (!
type set A C R".

X = OQ.

(3) There does not exist a non-zero complex Borel measure . on
R" such that

/ D] dpu(x)| < oo,
Rn

and [i vanishes on a set A C R" of positive rectangle type.
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Theorem

Let ¢ : [0,00) — [0,00) be a continuous increasing function such
that 1)(x) — 0o as x — oo. Then the following are equivalent:

> Y(x)

0 1 + X2

2) ®A(R") is dense in (Cy(R™), | - , for any positive rectangle
P (!
type set A C R".

X = OQ.

(3) There does not exist a non-zero complex Borel measure . on
R" such that

e?PDdu(x)| < oo,
Rn

and [i vanishes on a set A C R" of positive rectangle type.

Beurling's result on R ——— Exponential density on R

I !

Beurling's result on R" <—— Exponential density on R”
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Another Version Weighted Approximation of Exponentials

@ In another version, one studies conditions on A C R"” and p
that ensure completeness, that is, density of ®(R") in
LP(R™, 1).
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Another Version Weighted Approximation of Exponentials

@ In another version, one studies conditions on A C R"” and p
that ensure completeness, that is, density of ®5(R") in
LP(R™, 1).

Theorem

Let ¢ : [0,00) — [0,00) be an increasing function such that

A 11%)22 dx = 0o (5)

and yu be a positive measure satisfying

/ X gy (x) < oo. (6)

For any set of positive rectangle type N C R", the space Pp(R") is
dense in LP(R", 1), 1 < p < oo.
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Proof.

@ Since C.(R") is dense in LP(R", u), for 1 < p < oo itis
enough to prove that ®5(R") is dense in C.(R") with respect
to the corresponding || - ||, norm of LP(R", ), for 1 < p < oo.
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Proof.

@ Since C.(R") is dense in LP(R", u), for 1 < p < oo itis
enough to prove that ®5(R") is dense in C.(R") with respect
to the corresponding || - ||, norm of LP(R", ), for 1 < p < oo.

o Define 11(x) = M, which satisfies * )

dx = o0.
p o T4x2" %
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Proof.
@ Since C.(R") is dense in LP(R", u), for 1 < p < oo itis
enough to prove that ®5(R") is dense in C.(R") with respect
to the corresponding || - ||, norm of LP(R", ), for 1 < p < oo.
¥(x) > (x)
p o l1+x?
e Consider f € C(R") C Cy, (R"). Given any € > 0, we get
g € ®A(R") such that ||f — gl|4, < €. From (6) we get C >0

o Define ¢1(x) = , which satisfies dx = oo.

such that
[F(x) —g(X)IP wix
If —glp = /epwl(x) () ()
< |If—gl?, /R e Mgu(x) < Ce. O
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A Generalisation of Beurling's theorem

For f € L}(R", ), we define its Fourier transform by
Fu(N) = / f(x)e™ ™ dpu(x).

Theorem

Let 1) : [0,00) — [0, 00) be an increasing function such that

o
0 1 + X2

and p be a positive measure satisfying

/ e?(IMdp(x) < co.

If f € LP(R", 1), for 1 < p < oo, is such that F,(f) vanishes on a
set of positive rectangle type, then f is zero a.e. y.
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Another analogue of Beurling's theorem

@ We first prove an analogue of Beurling’'s theorem for Hankel
transform by following the line of arguments.
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Another analogue of Beurling's theorem

@ We first prove an analogue of Beurling’'s theorem for Hankel
transform by following the line of arguments.

@ Let D C C be a bounded domain with finitely many
connected components whose boundary 9D consists of several
piecewise smooth Jordan curves. It is well known that the
solution of Dirichlet problem exists in the domain D, that is, if
¢ : 0D — C is a continuous function, then there is a unique
function U, harmonic in D and continuous upto 0D such that

Ug(¢) = ¢(¢), for all ¢ € 9D.
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Another analogue of Beurling's theorem

@ We first prove an analogue of Beurling’'s theorem for Hankel
transform by following the line of arguments.

@ Let D C C be a bounded domain with finitely many
connected components whose boundary 9D consists of several
piecewise smooth Jordan curves. It is well known that the
solution of Dirichlet problem exists in the domain D, that is, if
¢ : 0D — C is a continuous function, then there is a unique
function U, harmonic in D and continuous upto 0D such that
Ug(¢) = ¢(¢), for all ¢ € 9D.

e For any fixed z € D, there is a unique measure wp(-,z) on
0D determined by Uy(z) in the following way

Us(2) = - ¢(C) dwp(C, 2).

This positive Radon measure wp(+, z) on 9D, of total mass 1
is called the harmonic measure relative to D as seen from z.
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A theorem regarding harmonic measure

Theorem

Let E be a closed set lying on a single component [ of 0D and
E C D be a simply connected domain whose boundary contains T.
For almost every (s € E, if z € £ tends to (o from within an acute
angle with vertex at (o, lying strictly in £, (henceforth denoted by
z %4 (p), then

wD(E,z) — 1.

2

09
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Another theorem regarding Harmonic measure

Theorem (Theorem on two constants)

Let f be a function which is analytic, bounded in D and
continuous up to OD. If |f(¢)| < M for ¢ € D, and there is a
Borel set E C 9D with |f({)| < m (< M) for ¢ € E, then

If(z)] < m+p(E2) Ml_“D(E’Z), for z € D.
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Preliminaries for Hankel transform

1

e Fora > —3,

dya(N)

we define the measure dv, on [0,00) by
)\2o¢+1

=L _d\
20T (o + 1)
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Preliminaries for Hankel transform

1

e For a > —3, we define the measure dv, on [0, 00) by
)\2o¢+1

W) = =2 d\
N = orG 1)

o For f € LL(Ry) = LY([0,00), dVa), we define its Hankel
transform of order o > —% by

Ha(F)(t) = /0 T FO)a(A) dra(N),
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Preliminaries for Hankel transform

e For a > —3, we define the measure d~, on [0,00) by

)\2o¢+1
dYa(A) = —2——— dA
7N = e T

o For f € LL(Ry) = LY([0,00), dVa), we define its Hankel
transform of order o > —% by

HalF)(E) = [ FNILAE) ().
where the spherical Bessel functions j,, for a > —% are given

o e
byja(z)—r(oz—l—l)nz_;n!r(a+n+1)<2> , for z € C.
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Preliminaries for Hankel transform

1

e For a > —3, we define the measure dv, on [0, 00) by
)\2o¢+1

dVa(A) = =——= dA
7N = e T
o For f € LL(Ry) = LY([0,00), dVa), we define its Hankel

transform of order o > —% by

HalF)(E) = [ FNILAE) ().
where the spherical Bessel functions j,, for a > —% are given

o e
byja(z)—r(oz—l—l)nz_;n!r(a+n+1)<2> , for z € C.

o If f € LL(Ry) such that H,f € LL(R,), then

f(\) = / Haf(t)ja(At) dva(t), for almost every X € [0, c0).
0
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Beurling's theorem for Hankel transform

@ We have the following analogue of Beurling's theorem for
Hankel transform:
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Beurling's theorem for Hankel transform

@ We have the following analogue of Beurling's theorem for
Hankel transform:

Let o> —3, 1p : [0,00) — [0,00) be an increas:(')r;g function such
oW

that 1)(x) — 0o as x — oo and consider | = N x.

(a) Let | =00 and f € LL(R,) satisfying

/Ooo [Ha(F)(t)e¥?) dralt) < oo. (7)

If f vanishes on a set E C [0,00) of positive Lebesgue
measure, then f = 0 almost everywhere on [0, c0).

(b) If I is finite then there exists a non-trivial function f on R
satisfying (7) which vanishes on a set of positive Lebesgue
measure in R,..
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Qutline of proof:

@ We consider the simply connected domain
D={NeC:—-o0<R(N) <00, 0 <IN <1}

and E is a closed set lying on a single component of 0D.
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Qutline of proof:

@ We consider the simply connected domain
D={NeC:—-o0<R(N) <00, 0 <IN <1}

and E is a closed set lying on a single component of 0D.

@ So we get that the harmonic measure wp(-, z) satisfies
wp(E,\) — 1 as A =% N\, for almost every \g € E.

Since E is a set of positive Lebesgue measure, there certainly
exists a € E, a # 0 such that

wp(E,a+it) — 1 as7—0+. (8)
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@ Since a > 0 it easily follows from the fact f € LL(R,) that
f € L1([a, 00)) which implies that the function F on the upper
half plane H defined by

F(z) = / e?f(A\)dX, forz e H, (9)
is analytic and bounded on H and continuous upto H. It is

easy to see that if F(z) =0 for z € H, then f = 0 almost
everywhere on [a, c0).
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@ Since a > 0 it easily follows from the fact f € LL(R,) that
f € L1([a, 00)) which implies that the function F on the upper
half plane H defined by

Fz) = / ePZf(\)dA,  for z € H, (9)

is analytic and bounded on H and continuous upto H. It is
easy to see that if F(z) =0 for z € H, then f = 0 almost
everywhere on [a, c0).

Lemma

Let F be analytic on the upper half plane H = {z € C: (z) > 0}
and bounded in the closed half planes {z € C : J(z) > h}, for
each h > 0. If F satisfies

[l
0

1+ x2 XTI

then F is identically zero on H.

4
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o f = fi + p;, almost everywhere, where
!
- / Ha(F)(2)jalt) (),

and p;(\ / Hao(F)(t)ja(tX) dva(t), for A € [0, 00).
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o f = fi + p;, almost everywhere, where
!
- / Ha () (2)ja(£) da (1),
and p;(\ / Hao(F)(t)ja(tX) dva(t), for A € [0, 00).

F(x+i) = / e/ CHFNAF(N) d)\+/ e/ pi(X) dA, for any x > 0.

a a
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o f = fi + p;, almost everywhere, where
!
- / Ha () (2)ja(£) da (1),
and p;(\ / Hao(F)(t)ja(tX) dva(t), for A € [0, 00).

F(x+i) = / e/ CHFNAF(N) d)\+/ e/ pi(X) dA, for any x > 0.

a a

@ f; is entire function. So by Cauchy’s theorem,

S . . 1 . . .
/ NN AN = i / NI (5 + iT) dr
a 0

’ a+i
es o
a
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+/ ei(x+i)(0+i)f-l(0_ + I) do.




|F(x + )] < 3e=OM-()

where 6§ = 021;21{7 +wp(E,a+iT)} > 0 and

M.(6) = min {xog (ff" )]
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|F(x + )] < 3e=OM-()

where 6§ = 021;21{7 +wp(E,a+iT)} > 0 and

”““0::”““{X”°g<j?w?axfitndvau))}'

- t < P(x) .
| el O () <o [T = o

* log(|F(x + 1))
=

142 dx = —o0.
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|F(x + )] < 3e=OM-()

where 6§ = 021;21{7 +wp(E,a+iT)} > 0 and

”““0::”““{X”°g<j?w?axfitndvau))}'

- t < P(x) .
| el O () <o [T = o

* log(|F(x + 1))
=

142 dx = —o0.

@ Hence f = 0 almost everywhere on [a, 00).
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|F(x + )] < 3e=OM-()

where 6§ = 021;21{7 +wp(E,a+iT)} > 0 and

M.(6) = min {xog (ff" )]

- t < P(x) .
| el O () <o [T = o

* log(|F(x + 1))
=

142 dx = —o0.

@ Hence f = 0 almost everywhere on [a, 00).
*]

a
Ha(N)O) = [ FNIa(re) ().
0



@ H,(f) can be extended holomorphically to C satisfying

[Ho(F)(2)] g/ 1F(N)][eMN¥@dr (V) < €SB for all z € C.
0
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@ H,(f) can be extended holomorphically to C satisfying

[Ho(F)(2)] g/ 1F(N)][eMN¥@dr (V) < €SB for all z € C.
0

Lemma (Bhowmik, 2020)

Suppose f is a holomorphic function on H which extends
continuously to H. Let b be a non negative even function on R
such that for positive constants T and C

1f(2)] < CeS@N . forall z e H

and 500
[F()levt
12 dx < oo
If
O
R1+X2

then f vanishes identically on HL
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Some more analogues for Fourier transform on R”

@ Since Hankel transform is related with the Fourier transform
of a radial function on R”, we obtain the following analogue:
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Some more analogues for Fourier transform on R”

@ Since Hankel transform is related with the Fourier transform
of a radial function on R”, we obtain the following analogue:

Let ¢ : [0,00) — [0,00) be an increasing function such that
) g
0 14 x2
(a) Let | = co and f € LX(R") be a radial function satisfying

(x) — oo as x — oo and consider | =

/R" ()X dx < oo. (10)

If f vanishes on a set of positive Lebesgue measure in R",
then f is zero almost everywhere on R".

(b) If | is finite then there exists a non-trivial radial function f on
R" satisfying (10) which vanishes on a set of positive
Lebesgue measure in R".

Santanu Debnath On Some Analogues of Beurling’s Theorem




Some more analogues for Fourier transform on R”

@ We also have the following analogue:
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Some more analogues for Fourier transform on R”

@ We also have the following analogue:

Let 1) : [0,00) — [0,00) be an increasing function such that
¥(x) = 00 as x — oo and consider | = [>° LX) gy

0 1+x2
(a) If | = oo, f € S(R") satisfies

/ 17 (x)|e? D dx < oo (11)

and f vanishes on an annular type set of positive Lebesgue
measure in R", then f is identically zero.

(b) If I < oo, then 3 a non-trivial f € S(R") satisfying (11) which
vanishes on an annular type set of positive Lebesgue measure.

E’ C R" is called an annular type set if x € E' implies that
|x|w € E’, for all w € S"7L.
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Analogue for spectral projections associated to Laplacian

@ For suitable function f, spectral projections associated to the
Euclidean Laplacian given by

Fida(x) = / FOw)e™ do(w),
Sn—1
where ¢5(x) = [g,1 ¥ do(w).
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Analogue for spectral projections associated to Laplacian

@ For suitable function f, spectral projections associated to the
Euclidean Laplacian given by

Frda(x) = / FOw)e™ do(w),
Sn—1
where ¢5(x) = [g,1 ¥ do(w).

Let 1) and | defined as before.
(a) Let | = o0 and f € S(R") satisfying

If % A(x)| < Ce ¥ for A >0, x € R™. (12)

If f vanishes on an annular type set of positive Lebesgue
measure in R", then f is identically zero.

(b) I < oo, then 3 a non-trivial function f € S(R") satisfying (12)
which vanishes on a set of positive Lebesgue measure in R".

V.
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Analogue for Jacobi transform

@ We consider the Jacobi operator

B d>  A(t) d
dt2 = A(t) dt’

where for a > > —%,

A(t) = (2sinh £)2F1(2 cosh £)?**L, for t € [0, 0).

L
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Analogue for Jacobi transform

@ We consider the Jacobi operator

B d>  A(t) d
dt2 = A(t) dt’

where for a > > —%,

A(t) = (2sinh £)2F1(2 cosh £)?**L, for t € [0, 0).

L

@ Foreach A € C, 2p = a + [+ 1, we define ¢, as the unique
solution of

Lf4+ (N +p°)f =0, with f(0) =1,f'(0) =0.
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Analogue for Jacobi transform

@ We consider the Jacobi operator
_ & AW
C o dt2 T A(t) dt’

L

where for a > g > —%,

A(t) = (2sinh £)2F1(2 cosh £)?**L, for t € [0, 0).

@ Foreach A € C, 2p = a + [+ 1, we define ¢, as the unique
solution of

Lf4+ (N +p°)f =0, with f(0) =1,f'(0) =0.

e For a function f € LY(R, A(t)dt), we define the Jacobi
transform of f by

FA) = /OOO F(t)pr(t)A(t) dt, for A € R,.
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Analogue for Jacobi transform

For f € LX(Ry, A(t)dt) and f € LY(R_, |c(A)|"2dA) we have the
following inversion formula

f(t):/ooo FNoA(E)[c(A)|72dA, forae teRy,  (13)

where c()) is the Harish-Chandra c-function.
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Analogue for Jacobi transform

For f € LX(Ry, A(t)dt) and f € LY(R_, |c(A)|"2dA) we have the
following inversion formula

f(t):/ooo FNoA(E)[c(A)|72dA, forae teRy,  (13)

where c()) is the Harish-Chandra c-function.

Theorem

Let | and 1 be defined as before.
(a) Let | = co and f € LY(R, A(t)dt) satisfying

/ IR e(A) 2 dA < oo (14)
0

If f vanishes on a set E C [0,00) of positive Lebesgue
measure, then f = 0 almost everywhere on [0, c0).

(b) If | is finite, then there exists a function f on R, satisfying
14) which vanishes on a set of positive Lebesgue measure.
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Thank You !!!
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