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Rough Singular Integral

Let Q:S971 — C with [y, Q(6)d6 = 0.
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Rough Singular Integral

Taf(x) = p.v./}Rd S|2}(/}|/;)

Let Q:S91 — C with [g_, Q(#)df = 0. Define

f(x — y)dy, (y’ = |y—|)
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Rough Singular Integral

Let Q:S91 — C with [g_, Q(#)df = 0. Define

Taf(x) = p.v./Rd S|2}(/}|/dl) f(x —y)dy, <y' = |§—|)

If Qe LlogL(S9 1) ie
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Rough Singular Integral

Let Q:S91 — C with [g_, Q(#)df = 0. Define

Taf(x) = p.v./Rd S|2)(/}|/dl) f(x —y)dy, <y' = |§—|>

If Q€ LlogL(S97Y) ie [|Q|log(e+ Q) < oo
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Rough Singular Integral

Let Q:S91 — C with [g_, Q(#)df = 0. Define

Taf(x) = p.v./Rd S|2)(/}|/dl) f(x —y)dy, <y' = ’i—|>

If Q€ Llog L(S9~ 1) i.e [|Q]log(e +|Q|) < oo then

To:LP—LP, 1< p<oo.
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Rough Singular Integral

Let Q:S91 — C with [g_, Q(#)df = 0. Define

Taf(x) = p.v./Rd ST)(/T;) f(x —y)dy, <y' = ’i—|>

If Q€ Llog L(S9~ 1) i.e [|Q]log(e +|Q|) < oo then

To:LP—LP, 1< p<oo.

@ Calderén and Zygmund (1956) by method of rotations.
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Rough Singular Integral

Let Q:S91 — C with [g_, Q(#)df = 0. Define

Taf(x) = p.v./ ST)(/T;) f(x —y)dy, (y' Y )

R S
If Q€ Llog L(S9~ 1) i.e [|Q]log(e +|Q|) < oo then

To:LP—LP, 1< p<oo.

@ Calderén and Zygmund (1956) by method of rotations.

@ Duoandikoetxea and Rubio de Francia (1986) by a double dyadic
decompostion (Q € L9(S971),1 < g < ).
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Endpoint Estimate (p = 1)

If Q € Lip(S?71), then Tq : L} — L1
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Endpoint Estimate (p = 1)

If Q € Lip(S971), then Tq : L} — L1

Natural to ask: If Q € Llog L(S91) then is it true

To: L' — V7
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Endpoint Estimate (p = 1)

If Q € Lip(S971), then Tq : L} — L1
Natural to ask: If Q € Llog L(S91) then is it true

Tq: L' — (17

e Christ and Rubio de Francia (Invent. Math, 1988):For d = 2
(Independently by Hofmann (Proc. AMS, 1988)),

To : [Y(R?) — LM°(R?).
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Endpoint Estimate (p = 1)

If Q € Lip(S971), then Tq : L} — L1
Natural to ask: If Q € Llog L(S91) then is it true

Tq: L' — (17

e Christ and Rubio de Francia (Invent. Math, 1988):For d = 2
(Independently by Hofmann (Proc. AMS, 1988)),

To : [Y(R?) — LM°(R?).

@ Seeger (J. AMS, 1996) For all dimensions d > 2,

To : LY(RY) — L1>°(RY).
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Rough Maximal Singular Integral TJ
Let Q € Llog L(S9~!) and S, Q(8)d(#) = 0. Denote
-

/ g‘z%) f(x —y)dy

ly|>e

Tof(x) = sup
e>0

= sup | Tof(x)|.
e>0
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Rough Maximal Singular Integral TJ
Let Q € Llog L(S9~!) and S, Q(8)d(#) = 0. Denote
-

/ g‘z%) f(x —y)dy

ly|>e

Tof(x) = sup
e>0

= sup | Tof(x)|.
e>0

It well known that

TS o LP(RY) — LP(RY), 1 < p < .
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Rough Maximal Singular Integral TJ
Let Q € Llog L(S9~!) and S, Q(8)d(#) = 0. Denote
-

Q(y")

ly|>e

Tof(x) = sup

= sup | Tof (x)].
e>0 e>0

It well known that
T o LP(RY) — LP(RY), 1 < p < oo.
A longstanding open problem is

T« LY(RT) — LM2(RY)?
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Rough Maximal Singular Integral TJ
Let Q € Llog L(S9~!) and S, Q(8)d(#) = 0. Denote
-

Q(y")

ly|>e

Tof(x) = sup
e>0

= sup | Tof(x)|.
e>0

It well known that
T o LP(RY) — LP(RY), 1 < p < oo.
A longstanding open problem is
T4« LN(RY) — LM°(RY)?
For a unit cube @ in RY,

T : Llog L(Q) — LY*°(RY).
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Rough Maximal Singular Integral TJ
Let Q € Llog L(S?~1) and S, Q(8)d(#) = 0. Denote
-

Q(y")

ly|>e

Tof(x) = sup

= sup [ Tof(x).
e>0 e>0

It well known that

T o LP(RY) — LP(RY), 1 < p < oo.
A longstanding open problem is

T4« LN(RY) — LM°(RY)?
For a unit cube Q in RY,
T : Llog L(Q) — LY*°(RY).

Honzik (IMRN, 2020) showed that for Q € L>(S9"1) and ¢ > 0,

T - Lloglog L) (Q) — LY®(RY).
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A, weights

Let w : R? — R be a non-negative function.
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A, weights

Let w : R? — R be a non-negative function. We say w € A; if

wla, = s (o / ) dt) |w <o)

QCRA

is finite.
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A, weights

Let w : R? — R be a non-negative function. We say w € A; if

wla, = s (o / ) dt) |w <o)

QCRA

is finite. For 1 < p < oo, wesay w € A, if

W]a, = ;;Ed (ﬁo/w(t) dt) (ﬁQ/W(t)_pil dt)

is finite
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A, weights

Let w : R? — R be a non-negative function. We say w € A; if

wla, = s (o / ) dt) |w <o)

QCRA

is finite. For 1 < p < oo, wesay w € A, if
[W]a, = sup (1/W(t) dt) (1/W(t)Pll dt)
QCRA 1Q |Q|
Q Q
is finite, and w € Ay if

wha. = sup ([ we)de) ([ M(wxa)(e) o)
QCR 2 A

is finite, where M is the Hardy-Littlewood maximal function.
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Weighted inequalities

o Lerner (New York J., 2016):

” Tcz||L2(w)—>L2(w) SJ [W]Az'
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Weighted inequalities
o Lerner (New York J., 2016):

H Tcz||L2(w)—>L2(w) SJ [W]A2'

o Lerner, Ombrosi, Pérez (Math Res. Lett., 2009):

I Tzl w)— 100 (w) S [Wa, log([w]a,, +1).
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Weighted inequalities
o Lerner (New York J., 2016):

H Tcz||L2(w)—>L2(w) SJ [W]A2'

o Lerner, Ombrosi, Pérez (Math Res. Lett., 2009):

I Tzl w)— 100 (w) S [Wa, log([w]a,, +1).

The above inequalities also holds for T, (Hytonen, Pérez, 2015).
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Weighted inequalities
o Lerner (New York J., 2016):

H Tcz||L2(w)—>L2(w) ,S [W]A2'

o Lerner, Ombrosi, Pérez (Math Res. Lett., 2009):

I Tzl w)— 100 (w) S [Wa, log([w]a,, +1).

The above inequalities also holds for T, (Hytonen, Pérez, 2015).
o Hytdnen, Roncal, Tapiola (Israel J. Math, 2017): For Q € £°°(S91),

I Talli2(w)—s12(w) S [W,-
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Weighted inequalities
o Lerner (New York J., 2016):

[Tl 2(wy=2(w) S W,

@ Lerner, Ombrosi, Pérez (Math Res. Lett., 2009):

I Tzl w)— 100 (w) S [Wa, log([w]a,, +1).

The above inequalities also holds for T, (Hytonen, Pérez, 2015).
o Hytonen, Roncal, Tapiola (Israel J. Math, 2017): For Q € £>°(S91),

I Talli2(w)—s12(w) S [W,-

o Li, Pérez, Rivera-Rids, Roncal (J. Geom. Anal., 2019):
[ Talli(wy—rreow) S Wla [w]a, log([w]a,, + 1).
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Main result

Diplinio, Hytonen, Li (Ann. Inst. Fourier, 2020) proved the
(14 €,1 4 €)-sparse domination of T&
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Main result

Diplinio, Hytonen, Li (Ann. Inst. Fourier, 2020) proved the
(14 €,1 4 €)-sparse domination of T i.e.

|<TQf g | S - Z|Q| 1+eQ >1+€,Q7
Qes
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Main result

Diplinio, Hytonen, Li (Ann. Inst. Fourier, 2020) proved the
(14 €,1 4 €)-sparse domination of T i.e.

(Taf,8)| < = ZIQI 1+¢,0(8)1+¢,0;
Qes

where S is a %—sparse family of cubes

Ankit Bhojak (IIT Kanpur, India)

Rough Maximal Singular Integrals



Main result

Diplinio, Hytonen, Li (Ann. Inst. Fourier, 2020) proved the
(14 €,1 4 €)-sparse domination of T i.e.

(Tof.8) < - ZIQI 1+4¢,0(8) 14¢,0;
Qes

where S is a %—sparse family of cubes i.e.

o For each Q € S there exists Eg C Q such that |Eg| > 3|Q].
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Main result

Diplinio, Hytonen, Li (Ann. Inst. Fourier, 2020) proved the
(14 €,1 4 €)-sparse domination of T i.e.

(Tof.8) < - ZIQI 1+4¢,0(8) 14¢,0;
Qes

where S is a %—sparse family of cubes i.e.

o For each Q € S there exists Eg C Q such that |Eg| > 3|Q].
o {Eg: Q € S} are pairwise disjoint.
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Main result

Diplinio, Hytonen, Li (Ann. Inst. Fourier, 2020) proved the
(14 €,1 4 €)-sparse domination of T i.e.

(Tof.8) < - ZIQI 1+4¢,0(8) 14¢,0;
Qes

where S is a %—sparse family of cubes i.e.
o For each Q € S there exists Eg C Q such that |Eg| > 3|Q].
o {Eg: Q € S} are pairwise disjoint.

Corollary: || Tall 2(w)—2(w) S W15,
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Main result

Diplinio, Hytonen, Li (Ann. Inst. Fourier, 2020) proved the
(14 €,1 4 €)-sparse domination of T i.e.

(Taf,8)| < = Z|Q| 14¢,0(8)1+¢,0;
Qes

where S is a %—sparse family of cubes i.e.
o For each Q € S there exists Eg C Q such that |Eg| > 3|Q].
o {Eg: Q € S} are pairwise disjoint.

Corollary: HTSHL2(W)_>L2(W) < [W]%2.

Theorem(Bhojak and Mohanty, 2021)

Let Q € L>°(S9"1) and [Q(#)df = 0. For w € Ay, we have
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Main result

Diplinio, Hytonen, Li (Ann. Inst. Fourier, 2020) proved the
(14 €,1 4 €)-sparse domination of T i.e.

(Tof.8) < - Z|Q| 1+¢,0(8)1+¢,0;
Qes

where S is a %—sparse family of cubes i.e.
o For each Q € S there exists Eg C Q such that |Eg| > 3|Q].
o {Eg: Q € S} are pairwise disjoint.

Corollary: HTSHLz(W)—)L2(W) < [W]%2.

Theorem(Bhojak and Mohanty, 2021)

Let Q € L>°(S9"1) and [Q(#)df = 0. For w € Ay, we have

H TéHLIog log L(w)—L1:2°(w) S [W]Al[W]Aoo |Og([W]Aoo + 1)'
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Discretising the supremum

i€Z

Let B € C=(RY), supp(B) C {% < |x| <2} and Y Bi(x) =1 for x # 0,
where 3:(x) = B(27/x).
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Discretising the supremum

Let B € C=(RY), supp(B) C {% < |x| <2} and Y Bi(x) =1 for x # 0,
i€z

where 3;(x) = 8(27'x). We have

TEF < MF + sup ‘ K
4 e |2

where K/(x) = K(x)Bi(x).
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Discretising the supremum

Let B € C=(RY), supp(B) C {% < |x| <2} and Y Bi(x) =1 for x # 0,
i€z

where 3;(x) = 8(27'x). We have

TEF < MF + sup ‘ K
4 e |2

where K/(x) = K(x)Bi(x).
Proof.
For an € > 0, let k. = [log, €]

Ankit Bhojak (IIT Kanpur, India) Rough Maximal Singular Integrals



Discretising the supremum

Let B € C=(RY), supp(B) C {% < |x| <2} and Y Bi(x) =1 for x # 0,
i€z

where 3;(x) = 8(27'x). We have

TEF < MF + sup ‘ K
4 e |2

where K/(x) = K(x)Bi(x).
Proof.

For an € > 0, let k. = [log, €]
TSf <IKM[x |fl + 13 K+ f]|

i>ke
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Discretising the supremum

Let B € C=(RY), supp(B) C {% < |x| <2} and Y Bi(x) =1 for x # 0,
i€z

where 3;(x) = 8(27'x). We have

TEF < MF + sup ‘ K
4 e |2

where K/(x) = K(x)Bi(x).
Proof.

For an € > 0, let k. = [log, €]

ToF < |Kke| s |[f| + | S0 KM« f| < MFf +sup | K f|.
i>ke keZ i>k
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Discretising the supremum

Let B € C(RY), supp(B) C {1 < |x| <2} and Y Bi(x) =1 for x # 0,
i€z

where 3;(x) = 8(27'x). We have

TEF < MF + sup ‘ K
4 e |2

where K/(x) = K(x)Bi(x).
Proof.

For an € > 0, let k. = [log, €]

ToF < |Kke| s |[f| + | S0 KM« f| < MFf +sup | K f|.
i>ke keZ i>k

It is well known that [[M[| 1y 1100 (w) S [W]a, -
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Decomposition of the function

For o > 0, we choose a maximal collection {Q}ger of dyadic cubes such

that, )
a< — [ |f] <2%.
o/
Q
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Decomposition of the function

For o > 0, we choose a maximal collection {Q}ger of dyadic cubes such
that,

1
a< — [ |f] <2%.
Q|
Q

Set E = U,_,(100d)Q.
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Decomposition of the function
For o > 0, we choose a maximal collection {Q}ger of dyadic cubes such
that, )
a< — [ |f] <2%.
a/
Q

Set E = U,_,(100d)Q. Therefore

w((100d)Q)
w(E) < Qze;: W'Ql
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Decomposition of the function
For o > 0, we choose a maximal collection {Q}ger of dyadic cubes such
that, )
a< — [ |f] <2%.
a/
Q

Set E = U,_,(100d)Q. Therefore

w(E) S 3 aap @ < Y e wly) | f

5 @ F%ye(100d)Q
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Decomposition of the function

For o > 0, we choose a maximal collection {Q}ger of dyadic cubes such

that,
a< — [ |f] <2%.
a/
Set E = U,_,(100d)Q. Therefore

w((100d)Q) [W]A1
w(E) 5 QI < 11l rw
Qze; (100d)Q) EHw):
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Decomposition of the function

For o > 0, we choose a maximal collection {Q}ger of dyadic cubes such
that,
a<—/\f!§2do¢.
Q|

Set E = U,_,(100d)Q. Therefore

w((100d)Q) [W]A1
w(E) 5 QI < 11l rw
Qze; (100d)Q) EHw):

We write

f=g+ Y f

QeF

8 = Xarue T NXuonanaa

fQ - fXQﬂ{\f\>2C1a}'
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Decomposition of the function

For o > 0, we choose a maximal collection {Q}ger of dyadic cubes such
that,
a<—/\f!§2do¢.
Q|

Set E = U,_,(100d)Q. Therefore

w((100d)Q) [W]A1
w(E) 5 QI < 11l rw
Qze; (100d)Q) EHw):

We write

f=g+ Y f

QeF

8 = Xarue T NXuonanaa
fQ - fXQﬂ{\f\>2C1a}'

We have |g| < a.
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Decomposition of the function
Further f, = >~ £, where
n=1

fn

Q

= QX{2c12("*1)a<|fQ|S2<:12"a}'
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Decomposition of the function
o0
Further f, = nZ::l fo where
n __
fQ - fQX{2c12("*1)a<|fQ|S2cl2"a}'

We write ! = g7 + bg, where

go(x) = |Q| /f” xq(x), and by = f —
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Decomposition of the function
Further f, = >~ £, where
n=1

n _
fQ - fQX{2c12("*1)a<|fQ|S2cl2"a}'

We write ! = g7 + by, where

(x

For n € N, we set g”

Ankit Bhojak (IIT Kanpur, India)

I‘l n _
|Q|/f xq(x), and by = f —

= > &

QeF
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Decomposition of the function
o0
Further f, = nZ::l fo where
n __
fQ - fQX{2c12("*1)a<|fQ|S2cl2"a}'

We write ! = g7 + by, where

go(x) = |Q|/f” xq(x), and by = f —

For n € N, we set g" = Zgo,b”— > b7,
QeF QeF
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Decomposition of the function
o0
Further f, = nZ::l fo where
n __
fQ - fQX{2c12("*1)a<|fQ|S2cl2"a}'

We write ! = g7 + by, where

g,(x) = |Q|/f” xq(x), and by = —g/.

Forne N, weset g"= > g, b"= > bland f"= % fI.
QeF QeF QeF
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Decomposition of the function
Further f, = >~ £, where
n=1

n __
fQ - fQX{2c12("*1)a<|fQ|S2cl2"a}'
1 n __ n n
We write fQ = g, + by, where

g,(x) = |Q|/f” xq(x), and by = —g/.

Forne N, weset g"= > g, b"= > bland f"= % fI.
QeF QeF QeF

1l < 29%a
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Decomposition of the function
Further f, = >~ £, where
n=1

n _
fQ - fQX{2c12("*1)a<|fQ|S2cl2"a}'

We write ! = g7 + by, where

g,(x) = |Q|/f” xq(x), and by = —g/.

Forne N, weset g"= > g, b"= > bland f"= % fI.
QeF QeF QeF

1l S 29%a

/bg = 0,VneN, Qe F.

Ankit Bhojak (IIT Kanpur, India) Rough Maximal Singular Integrals



Decomposition of the function
Further f, = >~ £, where
n=1

n _
fQ - fQX{2c12("*1)a<|fQ|S2cl2"a}'

We write ! = g7 + by, where

g,(x) = |Q|/f” xq(x), and by = —g/.

Forne N, weset g"= > g, b"= > bland f"= % fI.
QeF QeF QeF

1l S 29%a

/bg = 0,VneN, Qe F.

H; ggg

AN

Q.
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Breaking of the Kernel

Let ¢ € C2°(RY) with supp(¢) C B(0, 3) satisfying [ ¢ = 1. Set
®i(x) = 29¢(2x).
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Breaking of the Kernel

Let ¢ € C°(R?) with supp(¢) C B(0, 3) satisfying [ ¢ = 1. Set
¢i(x) = 29¢(2/x).Define

Ki=K'x¢_;,
K,I7 = Ki * PAdn_; forne N,

where A € N depends on the weight w and is to be chosen later.
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Breaking of the Kernel

Let ¢ € C°(R?) with supp(¢) C B(0, 3) satisfying [ ¢ = 1. Set
¢i(x) = 29¢(2/x).Define

Ki=K'x¢_;,
K,I7 = Ki * PAdn_; forne N,
where A € N depends on the weight w and is to be chosen later.

Need to estimate the level set {x € E€ :sup |>. K' % f| > a}.
keZ >k
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Breaking of the Kernel

Let ¢ € C°(RY) with supp(¢) C B(0, 3) satisfying [ ¢ = 1. Set
¢j(x) = 29p(2x). Define

K=K «¢_j,

K,I7 = Ki * pAdn_; forne N,

where A € N depends on the weight w and is to be chosen later.

Need to estimate the level set {x € E€ :sup |>. K'* f| > a}. We write
keZ i>k

ZKi*f:ZKi*g—i—ZZKi*f"

i>k i>k i>k n>1
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Breaking of the Kernel

Let ¢ € C°(RY) with supp(¢) C B(0, 3) satisfying [ ¢ = 1. Set
¢i(x) = 29(2x). Define

Ki=K' xo¢_;,
K,’; =K' x ¢pon_jforn e N,

where A € N depends on the weight w and is to be chosen later.
Need to estimate the level set {x € E€ :sup |>_ K'* f| > a}. We write

k€Z i>k
STKuF= Y Kag+ D S (K =K« "+ 3 D (Kh— Kb) « "
i>k i>k i>k n>1 i>k n>1
+Y ) KGxfn
i>k n>1
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Breaking of the Kernel

Let ¢ € C°(RY) with supp(¢) C B(0, 3) satisfying [ ¢ = 1. Set
¢i(x) = 29(2x). Define

Ki=K' xo¢_;,
K,’; =K' x ¢pon_jforn e N,

where A € N depends on the weight w and is to be chosen later.
Need to estimate the level set {x € E€ :sup |>_ K'* f| > a}. We write

k€Z i>k
STKF= Y Kag+ D S (K =K« f"+ 3 > (K — Kby« "
i>k i>k i>k n>1 i>k n>1
+Y ) KGxfn
i>k n>1
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Breaking of the Kernel

Let ¢ € C°(RY) with supp(¢) C B(0, 3) satisfying [ ¢ = 1. Set
¢j(x) = 29p(2x). Define

Ki=K' xo¢_;,
K,’; =K' x ¢pon_jforn e N,

where A € N depends on the weight w and is to be chosen later.
Need to estimate the level set {x € E€ :sup |>_ K'* f| > a}. We write

keZ >k
ZKi*f:ZKi*g—l—ZZ(Ki—K,';)*f"+ZZ(Kr';—Ké)*g"
i>k i>k i>k n>1 i>k n>1
YD KT Y (K- K§)  b"
i>k n>1 i>k n>1
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Breaking of the Kernel

Let ¢ € C°(RY) with supp(¢) C B(0, 3) satisfying [ ¢ = 1. Set
¢j(x) = 29p(2x). Define

Ki=K' xo¢_;,
K,’; =K' x ¢pon_jforn e N,

where A € N depends on the weight w and is to be chosen later.
Need to estimate the level set {x € E€ :sup |>_ K'* f| > a}. We write

keZ >k
ZKi*f:ZKi*g—l—ZZ(Ki—K,';)*f"+ZZ(Kr';—Ké)*g"
i>k i>k i>k n>1 i>k n>1
YD KT Y (K- K§)  b"
i>k n>1 i>k n>1

=Hi1+ Hrko +Hiz + Hicz + Hip-
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Estimate for Hy 1
Fefferman-Stein inequality: For 1 < r < p, we have

[sup [>o K7+ of
ko Visk

where M,w = M(w")~.

< 2 nEoonl+d
bty = PP () gl o),

S
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Estimate for Hy 1
Fefferman-Stein inequality: For 1 < r < p, we have
Jsur [ K7
ki lisk
where M,w = I\/I(W’)%.
Reverse Holder: For w € Az, there exists ¢y > 0 such that
M, w < [w]a,w for r, =1+ d[;

cd[wlas

< 2 n / 1+ﬁ
oy < P (PP Mgl o),
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Estimate for Hy 1

Fefferman-Stein inequality: For 1 < r < p, we have
i 2, nE,on1+d

SUP‘ K’*g’H S PP () P gl e (mowy,

|0 > vy = PPV gl oqu

1

where M,w = M(w")~.

Reverse Holder: For w € A1, there exists ¢y > 0 such that
M, w < [w]a,w for r, =1+ m.
We choose p,, =1+ m.
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Estimate for Hy 1
Fefferman-Stein inequality: For 1 < r < p, we have
. 1 ]__|_L
SUP‘ K’*g’H <P () T lIg oMy w)s
|0 > vy = PPV gl oqu
where M,w = M(Wr)%.

Reverse Holder: For w € A1, there exists ¢y > 0 such that
M, w < [w]a,w for r, =1+ m.
We choose p,, =1+ m.

W{XG E¢: sup ‘ZKi*g‘ > %}
ko lisk
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Estimate for Hy 1
Fefferman-Stein inequality: For 1 < r < p, we have

i 20 INEo
Hsip‘;K 8]y SPE O e,
1

1

where M,w = M(w")~.

Reverse Holder: For w € Ay, there exists ¢4 > 0 such that
M, w < [w]a,w for r, =1+

m
We choose p,, =1+ m.
W{XG E¢: sup ‘ZKi*g‘ > g}
ko lisk >
S o BB gl
~ aPw w LPw (M, w)
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Estimate for Hy 1
Fefferman-Stein inequality: For 1 < r < p, we have
. 1 ]_+L

SUP‘ K’*gH‘ <P () T lIg oMy w)s

|0 > vy = PPV gl oqu

where M,w = M(Wr)%.

Reverse Holder: For w € Ay, there exists ¢4 > 0 such that
M, w < [w]a,w for r, =1+

Cd[W]Aoo

We choose p,, =1+ m.

W{XG E¢: sup ‘ZKi*g‘ > %}
ko lisk

2 w w+ M w
S P pl, (e ) P ||g|ipw(MrWW)

~

an

1 .
S = o ()P Il (M )
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Estimate for Hy 1
Fefferman-Stein inequality: For 1 < r < p, we have

1
HSUP ‘Z K gH‘ < p2(p') (f/)1+”' g llo(mw),

where M,w = M(Wr)%.
Reverse Holder: For w € Ay, there exists ¢4 > 0 such that
M, w < [w]a,w for r, =1+

Cd[W]Aoo

We choose p,, =1+ m.

W{XGECZ sup‘g Ki*g‘>%}
k'
i>k

<

~

M
— 2PWpW(r ) Pw ||g”‘zgw(l\/lrww)
1 _
S - P2pwpw(f$v)2pw Sl (v, w)
< E log([w]a., + 1)[wW]a. [W]alIfllL1(w)-
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Breaking of the Kernel

Let ¢ € C°(RY) with supp(¢) C B(0, 3) satisfying [ ¢ = 1. Set
¢j(x) = 29p(2x). Define

Ki=K' xo¢_;,
K,’; =K' x ¢pon_jforn e N,

where A € N depends on the weight w and is to be chosen later.
Need to estimate the level set {x € E€ :sup |>_ K'* f| > a}. We write

k€Z i>k
STKAF= Y "Kag+d DK —K)x "+ (Ki— K§) *
i>k i>k i>k n>1 i>k n>1
YD KT Y (K- K§)  b"
i>k n>1 i>k n>1

=Hi1+ Hrko+Hiz + Hkcz + Hip-
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Estimate for Hyj,j = 2,3

Expand (K' — K;) = X (Kp, — Ki_1), (Ki — Kg)
m=n+1

n . .
= 3 (Ki— Ki )
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Estimate for Hyj,j = 2,3

. . S . . . . n . .
Expand (K' - Ki) = >0 (Kn — Kipa), (Ko = Ko) = > (Ko — Kipa).

m=n+1 m=1
We define T;,f = sup |3 (Kl — Ki_1) * f|.
k i>k
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Estimate for Hyj,j = 2,3

. . S . . . . n . .
Expand (K' - Ki) = >0 (Kn — Kipa), (Ko = Ko) = > (Ko — Kipa).

m=n+1 m=1
We define T f = sup |3 (KL — Ki_,) * f‘.
k li>k

Sparse domination for T: For 0 < e <1 and A = [¢7!], we have

_C22m—1

(Taf )l S ——— > 19[(F11eolg)1te0;
QeS

where S is a %—sparse family of cubes.
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Estimate for Hyj,j = 2,3

. . o0 . . . . n
Expand (K' — K;) = > (Kyh — Kioq), (Kp — Kg) = 22 (Ko —
m=n+1 m=1
We define T f = sup |3 (KL — Ki_,) * f‘.
k li>k

Sparse domination for T: For 0 < e <1 and A = [¢7!], we have

—p2m— 1

(Taf, &)l Z|Q\ 1+6,0(8) 146,90,
Qes

where S is a %—sparse family of cubes.
Fefferman-Stein inequality: Let 1 < r < p, (r —1) = 2¢(pr — r + 1) and
A = [¢71]. Then we have

_eom—1 1 1+L
I Tmgllowy S 272 P2 (PP (r) % gl Loqa, w)-
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Estimate for Hyj,j = 2,3

&S

Expand (K' = K;) = > I(K/;q — K1), (Ki— Kg) = ZI(K/;, —Ki1):
m=n+ m—=
We define T f = sup |3 (KL — Ki_,) * f‘.

k li>k
Sparse domination for T: For 0 < e <1 and A = [¢7!], we have

_C22m—1

. 2
’<Tmfag>’ SJ f Z‘QKf)l-l-e,Q(g)l-l-e,Q:
Q€S

where S is a %—sparse family of cubes.
Fefferman-Stein inequality: Let 1 < r < p, (r —1) = 2¢(pr — r + 1) and
A = [¢71]. Then we have

_eom—1 1 1+L
ITmglliewy S 27" P2(P)2 (') 7 llg o, wy-

Choose Pw = ]. —+ m
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Estimate for Hyj,j = 2,3

Expand (K' — Kj) = > (Kh— Kb 1) (Ki— K§) = > (Kf, —
m=n+1 m=1
We define T = sup | S (Ki — Ki ) » f‘.
k li>k

Sparse domination for T: For 0 < e <1 and A = [¢7!], we have

_C22m 1

. 2
(Tmf, &)l > 19[(F11eolg)1te0;
Q€S

where S is a %—sparse family of cubes.
Fefferman-Stein inequality: Let 1 < r < p, (r —1) = 2¢(pr — r + 1) and
A = [¢71]. Then we have

_eom—1 1 1+L
ITmglliewy S 27" P2(P)2 (') 7 llg o, wy-

1
Choose p, =1+ fog(WianT1)’ W =1+ cd[W]A
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Estimate for Hyj,j = 2,3

&S

Expand (K' = K;) = > I(K/;q — K1), (Ki— Kg) = ZI(K/;, —Ki1):
m=n+ m—=
We define T f = sup |3 (KL — Ki_,) * f‘.

k li>k
Sparse domination for T: For 0 < e <1 and A = [¢7!], we have

_C22m—1

. 2
’<Tmfag>’ SJ f Z‘QKf)l-l-e,Q(g)l-l-e,Q:
Q€S

where S is a %—sparse family of cubes.
Fefferman-Stein inequality: Let 1 < r < p, (r —1) = 2¢(pr — r + 1) and
A = [¢71]. Then we have

_eom—1 1 1+L
ITmglliewy S 27" P2(P)2 (') 7 llg o, wy-

Choose p, =1+ m, fw =14+ —2— and A = [¢;}}].

cd[W]as
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Breaking of the Kernel

Let ¢ € C°(RY) with supp(¢) C B(0, 3) satisfying [ ¢ = 1. Set
¢j(x) = 29p(2x). Define

Ki=K' xo¢_;,
K,’; =K' x ¢pon_jforn e N,

where A € N depends on the weight w and is to be chosen later.
Need to estimate the level set {x € E€ :sup |>_ K'* f| > a}. We write

keZ >k
ZKi*f:ZKi*g—l—ZZ(Ki—K,';)*f"+ZZ(Kr';—Ké)*g"
i>k i>k i>k n>1 i>k n>1
YD KT Y (K — K§) e b"
i>k n>1 i>k n>1

=Hi1+ Hrko+Hiz + Hkcz + Hip-
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Breaking of the Kernel

Let ¢ € C°(RY) with supp(¢) C B(0, 3) satisfying [ ¢ = 1. Set
¢j(x) = 29p(2x). Define

Ki=K' xo¢_;,
K,’; =K' x ¢pon_jforn e N,

where A € N depends on the weight w and is to be chosen later.
Need to estimate the level set {x € E€ :sup |>_ K'* f| > a}. We write

keZ >k
ZKi*f:ZKi*g—l—ZZ(Ki—K,';)*f"+ZZ(Kr';—Ké)*g"
i>k i>k i>k n>1 i>k n>1
YD KT Y (K~ K§) e b"
i>k n>1 i>k n>1

=Hi1+ Hrko+Hiz + Hkcz + Hip-
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Estimate for Hy p

It remains to estimate W{

i>k n>1

x € EC:sup |0 ST (KL — K§) * b"
k

8]
o)
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Estimate for Hy p

It remains to estimate W{X € EC:sup Y (KL — K§) * b"

k li>kn>1
We collect cubes of same scales, namely b” = > B/., where
SEZ
n __ n
Bl= Y bl
QeF:I(Q)=2°
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Estimate for Hy p

It remains to estimate W{X € EC:sup Y (KL — K§) * b"

8]
o).

k li>kn>1
We collect cubes of same scales, namely b” = > B/., where
SEZ
n __ n
Bl= Y bl
QeF:I(Q)=25

Since supp(K}) C {2/=2 < |x| < 2/*2},vn >0,
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Estimate for Hy s

It remains to estimate W{X € E° :sup

> X (Ky— K+ b

8]
o).

k li>kn>1
We collect cubes of same scales, namely b” = > B/., where
SEZ
n __ n
Bl= Y bl
QeF:I(Q)=25

Since supp(K}) C {2772 < |x| < 2/*2},¥n > 0, we have

ZZZ(KA' — K§) * B (x) =0, for x € E°.

i>k neN s<3
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Estimate for Hy s

> X (Ky— K+ b

It remains to estimate W{X € E° :sup

8]
o).

k li>kn>1
We collect cubes of same scales, namely b” = > B/., where
SEZ
n __ n
Bl= Y bl
QeF:I(Q)=25

Since supp(K}) C {2772 < |x| < 2/*2},¥n > 0, we have

ZZZ(KA' — K§) * B (x) =0, for x € E°.

i>k neN s<3

To estimate: W{X €E:sup |3 Y YKL — K§) * B,-"_S(X)’ > %}
k li>kn=1s=3

Ankit Bhojak (IIT Kanpur, India) Rough Maximal Singular Integrals



Finitely many scales s

S DS

s=3 QeF:(Q)=2i—s

n=1 i€Z

/ / (K]~ KO(x — 1B ) w(x)
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Finitely many scales s

Cnsy,—1

£S5 DI D SN ) [ CRRIIIA RIS

n=1i€Z s=3 QeF:I(Q)=2i—s
Cnsy,—1

=559 DI DISD R ({0 RO LY.

n=1i€Z s=3 QeF:(Q)=2i—s
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Finitely many scales s

Cnsy,—1

1
S - (K5 — K3)(x = Y)IIBZ (y)|w(x)
! % DRD DR (A y

s=3 QeF:(Q)=2-s

>
n=1
00 -1
ZZ Z /’bn(}/)’ﬁ lnf/ w(x)dx dy
n=1i€Z s=3 F(Q)=2is [x—z|<2f

QI'—‘
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Finitely many scales s

Cnsy,—1

FIHIDY > ] 106 Ky =)

n—].IEZ s=3 QcF:(Q)=2—
Cnsy,—1

Iyyy Z 1)1 inf M

n=1i€Z s=3 QeF:I(Q)=2i—s
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Finitely many scales s

Cnsy,—1

FIHIDY > ] 106 Ky =)

n—].IEZ s=3 QcF:(Q)=2—
Cnsy,—1

Iyy 'y ow 1)1 inf M

n=1i€Z s=3 QeF:I(Q)=2i—s

SW Z Z [[bgll L1 |nf Mw

n=1 QeF
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Finitely many scales s

Cnsy,—1

FIHIDY > ] 106 Ky =)

n—].IEZ s=3 QcF:(Q)=2—
Cnsy,—1

SIyy Y ow 1)1 inf M

n=1i€Z s=3 QeF:I(Q)=2i—s

SW Z ZHf |]L1|an\/IW

n=1 QeF
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Finitely many scales s

Cnsy,—1

FIHIDY > ] 106 Ky =)

n=1i€Z s=3 QeF:I(Q)=2—
Cnsy,—1

Iyy 'y ow 1)1 inf M

nlleZ s=3 QcF:(Q)=2i—s

< 2w Z A inf M

n=1 QeF

< Sw Z/yf \Ioglog(e +|f(x)|)lvl (x) dx

Qe]—‘
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Finitely many scales s

)DRD DR Iy (R R [PATIE)
n=1i€Z s=3 QeF:I(Q)=2i—s

1 oo Cns,—1
SE53) DI RN SN A

n=1i€Z s=3 QeF:I(Q)=2i—s

Sw = n .
SEDILD I 4 i
n=1 Qe&F
< Sw (9l loglog [ €+ Y M) d
NEZ |fo(x)|log log | e +T w(x) dx
QeF

< é[W]Al[W]AOO log([w]a,, +1) /|f(x)| log log <e2 +

where s, = [w]a_ log([w]a,, +1).
Ankit Bhojak (IIT Kanpur, India) Rough Maximal Singular Integrals



Main Estimate

wlswp |5 5 (K]

i>k n=1s=Cns,,

Ankit Bhojak (IIT Kanpur, India)
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"

S=
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Main Estimate

(&)

s/Csw ) )
> 2 sup | D (K —Kg) =Bl | >a
Cs, n=1 k 'i>k

s=Cnsy,
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Main Estimate

oo 5/Csw
w{

s=Cs,, n=1

DS sup S (Kp— K * B (| >«

i>k

M

< 2 w(ER),
s=Cs,, s
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Main Estimate
s/Csw

w{ % % sup | S (Ki—K)+BL|>a 3 A}< > wE),
s=Cs, n=1 k 'i>k s=Cnsy, s=Csy °
where )\ = C5(1 "'w ) 8(s—Csw)(1—r1)/3

10
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Main Estimate

oo s/Csw
w{ 5 3 sup | (Kj— ki) B,

s=Cs, n=1 k 'i>k

s=Cnsy, s=Cs,,

C5(1 "'w ) 8(s—Csw)(1—r1)/3

here A =
where A\ 10
s/Csw ) )

and £3 = { 3 sup | ¥ (Kh — )+ B, 3

n=1 k 'i>k
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Main Estimate

[e'e} S/CSW [e’e] [e'e)
w{ 5 sup |[S(Ki-K)+BL>a X A} < 3w,
s=Cs, n=1 k 'i>k s=Cnsy, s=Csy
h _ w 5(s—Csw)(1—ry")/3
where \s = 10
s/Csw ) )
and E;:{ S sup | S(KE — K{) * BP }
n=1 k 'i>k

Lemma:

For 0 < A <1, we have w(Es) S -L,2750(=rw )|yf||L1(M,WW)
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Main Estimate

[e'e} S/CSW [e’e] [e'e)
w{ 5 sup |[S(Ki-K)+BL>a X A} < 3w,
s=Cs, n=1 k 'i>k s=Cnsy, s=Csy
h _ w 5(s—Csw)(1—ry")/3
where \s = 10
s/Csw ) )
and E;:{ S sup | S(KE — K{) * BP }
n=1 k 'i>k

Lemma:

For 0 < A <1, we have w(Es) S -L,2750(=rw )|yf||L1(M,WW)

oo

> w(E)

s=Cs,,
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Main Estimate

[e'e} S/CSW [e’e] [e'e)
w{ 5 sup |[S(Ki-K)+BL>a X A} < 3w,
s=Cs, n=1 k 'i>k s=Cnsy, s=Csy
h _ w 5(s—Csw)(1—ry")/3
where \s = 10
s/Csw ) )
and E;:{ S sup | S(KE — K{) * BP }
n=1 k 'i>k

Lemma:

For 0 < A <1, we have w(Es) S -L,2750(=rw )|yf||L1(M,WW)

oo

2— swCo(1—ry, )

Z w(Ey) = m”ﬂh (M, w)

s=Cs,,
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Main Estimate

[e'e} S/CSW [e’e] [e'e)
w{ 5 sup |[S(Ki-K)+BL>a X A} < 3w,
s=Cs, n=1 k 'i>k s=Cnsy, s=Csy
h _ w 5(s—Csw)(1—ry")/3
where \s = 10
s/Csw ) )
and E;:{ S sup | S(KE — K{) * BP }
n=1 k 'i>k

Lemma:

For 0 < A <1, we have w(Es) S -L,2750(=rw )|yf||L1(M,WW)

oo

Z 2—swCo(1—ry h
w(Ey) < —_1Hf||L 1My, w)
s=Csy a(l N )3

1 _
< w27 | g,
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Main Estimate

[e'e} S/CSW [e’e] [e'e)
w{ 5 X sup | S(Ki-K)#BL>a > A< S wE),
s=Cs, n=1 k 'i>k s=Cnsy, s=Csy
h _ w 5(s—Csw)(1—ry")/3
where \s = 10
s/Csw ) )
and E;:{ S sup | S(KE — K{) * BP }
n=1 k 'i>k

Lemma:

For 0 < A <1, we have w(Es) S -L,2750(=rw )|yf||L1(M,WW)

oo

2— swCo(1—ry, )

Z w(Ey) = m”ﬂh (M, w)

s=Cs,,

1 Colonu 1
< [wlh.2 o8l || £l 1 pg wy S oWl Fllis(w):
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To show: w(Ey)

Ankit Bhojak (IIT Kanpur, India)

Cotlar's inequality

< 1

~ a2

-1
275w )| £l 1w, w)-
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Cotlar's inequality
To show: w(E3) < %;
Proof:

-1
275w )| £l 1w, w)-

w(ER) S A7 ) |Qlinf Mw,

QeF
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Cotlar’s inequality
To show: w(ES) S 252700l -
Proof:

w(E) S22 IQ igf Mw,  [EJ| SA227%° > 1Q)
QeF QeF
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Cotlar’s inequality

To show: w(ES) S 252700l -
Proof:
w(E) A2 1Q) inf M, |E§| S A2 >l
QeF

QeF
Expand (K}, — K{) =

1Ms

(K~ K1) = 3 H

m=1
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Cotlar’s inequality
To show: w(E3) < 1,270

-1
S 22720l e, wy-
Proof:

w(E) S22 IQ inf M, ES S A2 ) Q)

QeF QeF
. . n . 3 n
Expand (Ki — K}) = > (K}, — Ki,_y) = > Hi,
m=1 m=1
Cotlar type inequality:

3 non-negative functions {v;};cz with sup ||vj|[1 < 1 such that,

i€Z
As22-1
sup [SoHiBrL s >0 m( > HLBL)
k€Z TSk r=0 i=r(mod As2n+2)

+As2"2™ 6252 Z vj * |by .

I€Z QeF:1(Q)=2/—s
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Seeger's Decomposition

Q supp (H},) € {2772 < |x| < 272},
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Seeger's Decomposition
@ supp (Hj,) C {272 < |x| <22},
@ For each N € N,

sup supr

I
d+/‘ 0
0<I<N icZ

577 H,’;q(rH)‘ < My, uniformly in 8 € S97! and r € RY.
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Seeger's Decomposition
@ supp (Hj,) C {272 < |x| <22},
@ For each N € N,

sup sup rat/

‘ IH’ rH)‘ < My, uniformly in § € S971 and r € RT.
0<I<N i€Z or

We further break H!, as in Seeger (J.AMS, 1996),
Hip = T s+ (Hip = T )
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Seeger's Decomposition
@ supp (Hj,) C {2772 < [x| <272},
@ For each N € N,

sup sup rd+/‘ IH’ rH)‘ < My, uniformly in § € S9! and r € RT.
0<I<N i€Z or

We further break H!, as in Seeger (J.AMS, 1996),
Hip = T s+ (Hip = T )

Lemma (Seeger (J.AMS, 1996))

For any index set | C 7Z, we have

> s 27X Iszl),

i€l QeF
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Seeger's Decomposition
@ supp (Hj,) C {2772 < [x| <272},
@ For each N € N,

sup sup rd+/‘8 IH’ rH)‘ < My, uniformly in § € S9! and r € RT.
r

0<I<N i€Z
We further break H!, as in Seeger (J.AMS, 1996),
Hip = T s+ (Hip = T )

Lemma (Seeger (J.AMS, 1996))

For any index set | C 7Z, we have

> B s 27%a( X N6z,
iel QeF
I(Hp = Tina)# 621 S 27%%allb]].

~

™ mid
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Conclusion

s/Csw n

CEIDIDWETES S SRS
n=1 m=1 i€Z QeF:1(Q)=2i—5
s/Csw n As2™2-1 . . \a
Y X oM( Y (Th-H«EL) >
n=1 m=1 r=0 i=r(mod As2nt2)

HEYS X M Y rheesr) >

n=1 m=1 r=0 i=r(mod As2"t2)
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