RANKIN’S METHOD AND JACOBI FORMS OF SEVERAL VARIABLES
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ABSTRACT. Following Rankin’s method, D. Zagier computed the n-th Rankin-Cohen bracket of
a modular form g of weight k1 with the Eisenstein series of weight k2 and then computed the
inner product of this Rankin-Cohen bracket with a cusp form f of weight k = k1 + k2 + 2n and
showed that this inner product gives, upto a constant, the special value of the Rankin-Selberg
convolution of f and g. This result was generalized to Jacobi forms of degree 1 by Y. Choie and

W. Kohnen. In this paper, we generalize this result to Jacobi forms defined over H X Cclob),

1. INTRODUCTION

There are many interesting connections between differential operators and the theory of modular
forms and many interesting results have been studied. In [10], R. A. Rankin gave a general
description of the differential operators which send modular forms to modular forms. In [6], H.
Cohen constructed bilinear operators and obtained elliptic modular form with interesting Fourier
coefficients. In [12], D. Zagier studied the algebraic properties of these bilinear operators and called
them as Rankin-Cohen brackets. In [13], following Rankin’s method, Zagier computed the n-th
Rankin-Cohen bracket of a modular form g of weight k; with the Eisenstein series of weight ko
and then computed the inner product of this Rankin-Cohen bracket with a cusp form f of weight
k = k1 + k2 + 2n and showed that this inner product gives, upto a constant, the special value of

the Rankin-Selberg convolution of f and g.

Rankin-Cohen brackets for Jacobi forms were studied by Y. Choie [2, 3] by using the heat
operator. Following the work of Zagier mentioned in the above paragraph, Y. Choie and W.
Kohnen [5] generalized the above result of Zagier to Jacobi forms. They computed the Petersson
scalar product (f, [g, Ek,,m,]v) of a Jacobi cusp form f of weight k, index m against the Rankin-
Cohen bracket [g, Ek, m,]y of a Jacobi form g of weight kq, index m; and the Jacobi Eisenstein
series Ey, m, of weight ks, index mg, where k = k; + k2 + 2v and m = mj + mg. Alhough the
concept of Rankin-Selberg convolution has not been done yet in the case of Jacobi forms, the above
mentioned work of Choie and Kohnen gives the inner product considered in terms of the special

value of a kind of Rankin-Selberg type convolution of the Jacobi forms f and g.
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In this paper, we generalize the work of Choie and Kohnen to Jacobi forms defined over H xC(9:1),
Since the method is similar, we shall give only a brief sketch of the proof with the corresponding

steps.

2. PRELIMINARIES ON JACOBI FORMS OVER H x C(¥:1)

Let g > 1 be a fixed positive integer. The Jacobi group 1'"1]79 =TI x (Z(g’l) X Z(g’l)) acts on
H x C9Y in the usual way by

ct+d  er+d

at+b z4+ A+
O o(m)—( “>,

where I'y = SL2(Z) is the full modular group.

Let k € Z and M be a positive definite symmetric half-integral matrix of size g x g. If v =
a b

;(Ap) | €T{, and ¢ is a complex valued function on H x C@1) | then define
c d '

Gy = (eT + d)_ke(—c(cr +d) T Mz 4 M+ p] + MNT + 22X M2)p(y - (7, 2)),

where A[B] = B*AB with A, B matrices of appropriate size.

Let Ji ar be the space of Jacobi forms of weight &£ and index M on 1'"1]79. That is, the space of
holomorphic functions ¢ : H x C9Y) — C satisfying ¢|x pry = ¢, ¥y € F{yg and having a Fourier

expansion of the form

(1, 2) = Z c(n,re(nt +rz).

neZ,reZ9 4n>M—1[rt]

Further, we say that F' is a cusp form if and only if ¢(n,7) # 0 implies 4n > M ~*[r!]. We denote

the space of all Jacobi cusp forms by J;'3F.

For F,G € Jy m with one of them a Jacobi cusp form, the Petersson inner product is defined as
(F,G) = / F(1,2)G(7, 2)v*e(—4nM([y] - v~ 1) dVgJ,
ry \HxCl:D

where 7 = u + v,z = x + 1y, and dVgJ = v 9 2dudvdzdy is the invariant measure. The space
(Jear s () is a finite dimensional Hilbert space. For more details on Jacobi forms on H x clob

we refer to [1, 14].
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2.1. Poincaré series. Let n € Z,r € Z9, with 4n > M ~*[rt]. For k > g + 2 let Py a1,y be the

(n,r)-th Poincaré series in J, 4/ characterized by

(1) <¢7 Pk,M;(n,r)> = Ak,M,D C(;B(TL; T) for all d) S Jlstj\va
where cg(n,r) denotes the (n,r)-th Fourier coefficient of ¢ and

e M.D = 2(9—1)(k—g/2—1)—gp(k —g/2— 1)7T—k+g/2+1 (det M)k—(g+3)/2D—k+g/2+1,

n r/2

D = det(2T), T =
rt/2 M

The Poincaré series Py pr(n,r) has the following Fourier expansion

Pyatiin,) (T, 2) = > (k. ar: oy (0, 7) + (1) Egr arinmy (0, —1")) e(n/T +1'2),
n' €Z,r' €9 ,An' >M—1[r't]

where

Gk, Ms(n,r) (n',r")y = 6p(n,rn’ 7)) + iikﬂ'2179/2(det M)71/2

vD'D
_(D//D)k/2*9/4*1/2 Z HM,C(nv T, n/v T/)Jk—g/2—1 < il ) )

29-1det M - ¢
c>1
where
n /2
D :=det2
/2 M
. 1 ifD=D'v"=r (modZ9- -2M)
Om(n,r,n’ r') =
0 otherwise
and

Hapo(n,ryn! ') = ¢=9/271 Z ec((Mz] +rz +n)y "t +n/y 4+ 1'z)esc(r' M~ 1rt)

z(mod c),
y(mod c)*

[In the above, z (resp. y) runs over a complete set of representatives for Z(91) /cZ(91) (resp.
7/c¢Z)*, and y~! denotes an inverse of y (mod ¢), ec(a) := €*™%/¢ g € Z, and Jj,_,/o_; denotes
g/

the Bessel function of order k — g/2 — 1.] For details we refer to [1, Lemma 1].
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3. GENERALIZED HEAT OPERATOR

For a positive definite symmetric half-integral matrix M = (m;;) of size g x g, we define the
heat operator by
0 o 0
2 Ly = 8mi| M| — — Mijj— ——
@ a o= 8Tl M Z 92 0z,
1<i,j<g
where |M| = det M, M;; is the cofactor of the entry m;j, 7 € H,2" = (21,22, ,z,) € CY9. Note

that when g = 1 the above heat operator reduces to the classical heat operator, viz., 87m'm8% — 68—;2.

Let 7t = (1,72, -+ ,7,). Then using the fact that

g (e(nT +rz)) = 2win e(nt + rz),

or
Ev (e(nt+rz)) =2mirq e(nt+7rz), 1<a<y,
Zo
o .
ga—zﬁ (e(nT +rz2)) = (2mi)° rqrg e(nt +71z), 1<a,6<y,

we get

Ly (e(nt +1rz) = 8mi|M| - 2min - e(nT +1z) — Z Mo5(27i)*rors e(nT +72)
(3) 1<a,B<g

= (2mi)*(4n|M| — M[rt]) e(nt +rz),

where A denotes the matrix (A;;) with A;; being the cofactor of the ij-th entry of the symmetric

matrix A.

We obtain the action of the heat operator on Jacobi forms in the following lemma.

Lemma 3.1. Let F' € Jy p. Then

. g 2
(4) (LarF)|y gy A= Lot (Fy oy A) + (SmilM]) (k= 2) <W - 5) (F, 0y A
%
for all A= e I'1. In general, for any integer v > 0,
v 4
(5)

(L3 F) k2w A

~ (VN gyt = 9/2+v—1) vl
:g(l)(&mIMD l((k—z//2+l—1))! (7715) Lh (FliarA).

Moreover, for all \, N € Z9,

(6) Ly (Far[A\N]) = (L F) [ (A N
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Proof. Though our Lj; operator differs (slightly) from the operator defined in [4], the proof goes

along the same lines of the proof of Lemma 3.3 of [4]. O

We now define the Rankin-Cohen bracket for Jacobi forms on H x C@:1).

Definition: Let v > 0 be an integer and let F' € Jy, ar,, G € Ji, m,, Where ki, ko are positive
integers and My and M> are positive-definite, symmetric half-integer matrices of size g X g. Define

the v-th Rankin-Cohen bracket of F' and G by

- Bi—24+v—1\[(ko—24+v—-1 o b
(1) [FG], = Z(—l)l( 5—1 ) ( 21 | My "M L (F)LYHG)
1=0
Using Lemma 3.1 we show that the Rankin-Cohen bracket [ , |, gives a bilinear map from

. cusp .
Jkl-,Ml X Jk2,M2 to Jk1+k2+2v,M1+M2 (111 fact, to Jk1+kg+2u,A41+M2 if v > 0)

Proposition 3.2. Let v > 0 be an integer and let F € Jy, my, G € Jpynn- Then [F,G], €

Tkt +ko+20, My + M, - If v > 0, then [F, G] S J;?f;QJFQU My + Mo -

Proof. By (6) we see that the action of the heat operator on Jacobi forms is invariant under
the lattice action and so the invariance with respect to the lattice action of the Rankin-Cohen
bracket follows from the definition. It remains to show that the Rankin-Cohen bracket is invariant,

under the stroke operation, with respect to the group action. Making use of (5), we see that for

* *
A= el
c d
[F, G]V|k1+k2+2u,A41+M2A

Y k' +v

_ 1 F1 vl l v—l

- Z(_l) ( v—1 ) ( )|M1| | M| L )‘k1+2l,M1A L, (G)|k2+2(u—l),M2A
1=0

v—I A\V—U—DV v—u v—uv
( <)( )smiy e lan
u=0v=0 v

( ) v / v
° :z 0(_1)z<kyljl)(
@Hﬂ!%+””ﬂ(c yﬂﬂxmmL%wO’

(ky +u) (ks + o) T +d
where k} = k; — % — 1, j = 1,2. When u + v = v, the right-hand side becomes [F,G],, and so
it remains to show that the terms corresponding to u + v < v vanish. It is easy to see that the

coefficient corresponding to Ly, (F) Ly, (G), with u+v <v —1, u < v is given by

8ric \" 7" _ o (B +v)t (K, + ) )!
M 1% ’l,LM V—v
(c7'—|—d) M M| u'(k’—i—u'v'k'—l—v' (I —u)! V—v—l)

and the sum in the last expression is equal to zero. This completes the proof. ([l

We shall now state the main theorem of this paper.
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cusp

Theorem 3.3. Let F' € J. '\ with Fourier coefficients a(n,r) and G € Jy, a, with Fourier
coefficients b(n,r). Let Ey, am, be the Jacobi Eisenstein series in Ji, a, such that k = ki + ke +2v
with v >0, M = M1+ My and k1 > g+ 2,ko > k1 4+ g+ 2. Then

B (4n|M;| — My [r'))” a(n,r)b(n,r)
(9) (F)[G, By My |v) = Choka, M My, g0 HE;ZQ’ (An[M]| — BI[r])i—o/2—1
4712M;1[Tt]
where
(10) Chkon M. Mooy = 2k/(g—1)—g—2ljﬂ_—k}/—2l/|M|I€/—1/2|M2|—VI\(]€/) v kl2'
sio2, M IVE2, g5 (klz—l—l/)',

with k' =k —g/2 -1, kb =ks —g/2 - 1.

The rest of this section is devoted to a proof of Theorem 3.3.

3.1. Action of heat operator on Eisenstein series. Let M be as before and let E}, ps be the

Jacobi Eisenstein series of weight k& and index M defined by

(11) Boaw= >, 1

'yeF‘legyoo\F*{yg

1 a
where 'Y | = ,0,p0) | la€Z,pezs
‘ 0 1

Lemma 3.4. For a positive integer v, we have

(L Brar)(r,2) = <—4>”%

(12) Z (2mic)” (et +d) e (M[)\]

a b
€Y, oo/T{ JAEL
c d

Proof. Using the definition of the Eisenstein series, we have

|M]”

ar+b  2\Mz  cM|[z]
ctr+d  cr+d  cr+d

LB = Y Lgf(lywy).
YETY 4,00 /T 4
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b
By taking , (@A, b)) | as a set of coset representatives in the above sum, where

el'y, A € 79, we have

c d
5 y a b
Ly Eyn = > L | 1 ) |, (@ bA).
c
a b
€SLo(Z),NeZ9.

It is easy to see that
I ) a b Lor ((er + a)* —c M|z]

= c el ——

M k.M c d M T ct+d

= —8ic|M|(k — g/2)(cT +d)TF e (%ﬂﬁ]) ’

where we have used the fact that

Z Mg Z mia2; Z Minzi | = | M| Z MapZa?b,

1<e,8<g 1<i<g 1<i<g 1<a,8<g
> Magmag = g|M|
1<a,B8<g
Therefore,
_ —c M|[z]
LY Ak el 1
(13) M((CT+ : e( cr +d ))
I'(k—g/24v) . e —c M|z
= (—4)) ——————|M|"(2 v d Ve| ————— .
() =p L M ey er + ) e (S
Since,
—k—v —C M[Z]
(CT+d) k e (m) }kﬁM[a)\,b/\]
(14)
ke +b 2XMz  cM|z]
_ g\ kv e _
(o7 +d) e( [)\]CT+d+CT+d cr+d)’
the required result follows. (|

3.2. Representation of [G, E], in terms of the Poincaré series. We first obtain a growth

estimate for the Fourier coefficients of a Jacobi form.

Lemma 3.5. Let k > g+2 and F' € Jy, pr with Fourier coefficients c(n,r). Put Dy =3, 5 Mijrirj—
4dn|M|. Then

(15) c(n,r) < |Dy|F=9/27, if Dy <0.
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Moreover, if F' is a cusp form, then
(16) c(n,r) < |Dy|F/279/2,
In the above the < constants depend only on k,g and |M].

Proof. If F is a cusp form, then the required estimate was proved by Bocherer and Kohnen [1]. If
F is not a cusp form, then it can be written as a linear combination of the Eisenstein series Ej pr
and a cusp form. We now show that ey ar(n,r), the (n,r)-th Fourier coefficient of Ej as, satisfies

the estimate (15), from which the lemma follows.

Taking the same set of coset representatives as in the proof of the above lemma, we get

1 a b
Ek’MZE Z Z 1|k,M . d ,(CL)\,bA)

c,d€Z,(c,d)=1 NEZLI

— = M(z + akr +bA] + MaX]7 + 2aAth)

=2 Y Yot (M[A]“T+b+2AtMZ CM[Z])

¢,d€Z,(c,d)=1 \EZLI cr+d  er+d er+d

Proceeding in the usual way by splitting the sum into two parts as ¢ = 0 and ¢ # 0, we see that

Eru(7,2) = e(M[N7+ 2\ Mz) + i YN e(%M[A])Fk,M(T +d/e,z— \e),

NeZo =1 d(e).(dic)=1(c)

where Fy m(7,2) = 3 ez gez0 (T + p)Fe (%Z:ql) . Using the Poisson summation formula the

(n, r)-th Fourier coefficient of Fy a(7, ) is given by

0 if M[rt] > 4n|M|,

y(n,r) = k—g/2-1

g | M| 717 ( B (4n| M| — N[

P if M[rt] < 4n|M|.

. Plugging in this Fourier coefficient and estimating the

1 )9/2 meosc(n(k —g/2))

hy ==
WAHEEE Ok.g (2¢ T(k—g/2)
Gauss sum we get

erm(n,r) <K lefg/%l,

where the < constant depends only on k, g and |M]|. O
We need the following lemma which gives the absolute convergence of a series which is required

to get an expression of the Rankin-Cohen bracket of F' with the Eisenstein series in terms of the

Poincaré series.
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Lemma 3.6. The series

vPe2mMIyl/v Z (4n|My| — My[r'))e(nT + r2) |y

n€z,rezd 4an>M; Hrt],
J J
YETY /Ty

(T =u+iv,z; = z; +iy;,y = (Y1,Y2," - ,yg)") is absolutely uniformly convergent on the subsets
Vie = {(r,2) € HxCv > ¢ |y;o Y < C,lzj| < 1/e,u < 1/e,Vj = 1,2,---,g} for given
e>0,C>0

Proof. Using Lemma 3.5, it is sufficient to prove the uniform convergence of the series

o2 b/ > (4n|Ma | = NE[r1])7 45202 e(nr + 72)lary (7, 2)]
n€Z,reLI An>M; ' [rt],yeT{ /T

in the given ranges.
T 2z n rt/2

Let 7/ € H, such that Z := € Hgr1. Also let T = . Note that
z 7 r/2 M

by the assumption that 4n > M, 1[7°t], we see that T is positive semi-definite. Now we embed

Fi],g = SLy(Z) x (Z9 x Z9) into I'y41 (denoted by v +— +*) defined by combining the following two

embeddings:
a 0 b O
a b 0 I_l 0 0‘_1
) | = ’ L
c d c 0 d 0
0 O0p1 0 I,
and
A 0 B
A B A1l pu O
7()\7/’L)7 =
C D c 0 D =X
0 0 O 1
—1
A B
where (X, u't) = (A, ) . We have
C D

(€™ i) (7, 2) = 727 (T |1y*) (Z)

where €T (Z) := €2 (T%) and |;, on functions F : Hy,q +— C
We can view the sum of absolute terms of the (n,r)-th Poincaré series as a sub-series of the sum

of absolute terms of the T-th Poincaré series on I'gy1
2
i

Let (7,2) € V¢ ¢ for some € > 0 and C' > 0. Then by taking 7/ = ¢ minlgjgg{(‘% +0)} with

T oz
0 > 0, we see that Z = € Hypq with Y = Im Z > € /2 for some € depending

z T

on ¢,C and 4. Since the sum of the absolute terms of the T-th Poincaré series on the subsets
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Y > €I, tr(X'X) < 1 (up to some constants) is majorized by that sum evaluated at an arbitrary

single point Zy, say Zy = i1y, (cf. [9]) so it is sufficient to prove the convergence of above series at

(1,2) = (4,0,---,0) i.e the convergence of the series (using the the coset representation)

> (dn|My| — M [r*])" 429727 (ci 4 d) 7F|

n€Z,rend, an>My Hrt],
(c,d)=1,\€ZI

|€27ri( aira MlaXi+bA]+M(a)]) | |€2m'(n aitt |, aditb) |

Now proceeding as in [5] we get the required convergence with the assumption that ko > k1 + g +

2. (]

Proposition 3.7. Let k, k1, ko, M, M1, M be as in Theorem 3.3. Let G € J, v, with Fourier

expansion
G(r,z) = Z b(n,r)e(nt + rz).
n€ez,rezd,
an>Mrt)
Then
(17) [Gv Ek27M2]V = Cky ko, M1, M2,g;v Z (4n|M1| - Ml[rt])y b(n,r) Pk,M;(n,r)v

nEZL,rELI An> M, rt]

vl(ky —g/2 —1)!
(k2 —g/2+v—1)!

where Cky,ka,M1,Ma,g;v = (27T)_2U|M2|_V

Proof. Using the definition of the Poincaré series, the action of the heat operator on Fourier
coefficients, and by the absolute convergence (obtained in Lemma 3.6) we see that the series on

the right-hand side of (17) can be written as

Z (1|k,M7) (1,2) Z (4n|My| — My[r'))Y b(n,r) €™ (y o (1,2))

J J nez,reL9
yery \I{ €LY,
19,00 g An>MJ 1[M]

= Y (ta) 1) @R (LG 0 (7, 2)

~ery \Fi],g

1,9,00

= (2mi)~* Z (H@,Mﬂ) (7, 2) (L, G)’kﬁzu,Mﬂ(T’ 2)-

YETY 4.\ 4
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We taking the same set of representatives as in the proof of Lemma 3.4 for the sum over v and
using the fact that G € Jy u,, we get

(2mi)~2" Z (1‘k2,Mﬂ) (7, 2)(LYy, G)‘kﬁzu,Mﬂ(T’ z)
VETY 4.0\ g

1,9,00

_ ot (k1 —g/24+ v =1 (v b
- ;4 l(kll—g/2+l—1)! (l>|Ml| L (G)(7,2)

. v—I
mic k[ —C Malz 4 alT 4 b)] :
X g (m’—i—d) (et +d)""e ( pr—— + Mas[aA] + 2(a)" Mzz

a b
JAEZI
c d

Using Lemma 3.4, the inner sum in the above expression is equal to
(_4)7(u7l) (kQ _9/2_ 1)'

(k2 —g/24+v—-1-1)

therefore, we finally find that the sum on the right-hand side of (17) equals

. (kl_g/2+u_1)!(k2_g/2_1)! )' (?)|M1|UI|M2|Z

(2”)72V|M2|7V;(_1)l U —g/2 41Dl —g/2+v0 11

] |M2|ZLIJJ\4_2lEk2,M2 (Ta Z)a

x Ly, (G)(7, 2) L By oty (7, 2).

The proof is now complete. O

3.3. Proof of Theorem 3.3. We first observe that by Lemma 3.5 the series on the right hand
side of (9) is absolutely convergent and hence is majorized by

ng/Q'nklfg/QflJru

1
)k/2—1 < Z k21 = Z Bk <00

n>1 n>1 n

- ki—g/2—14v
(4nins| - a1, [r])

n>1,r€z9 (4n|M| _ M[Tt]

an>M [t

after putting k = k1 + ke + 2v and by our assumption that ko > k1 + g + 2.

J

{, on H x CV is contained in one of

The standard fundamental domain for the action of '
the sets Ve ¢ occurring in the statement of Lemma 3.6, for appropriate € and C. Therefore, using
Lemma 3.6 we deduce from Lemma 3.7 that

(F[G, Bry Ms]v) = Chiy ko, My Mz g0 > (4n|My| — My[r']) b(n, ) (F, Py az(n,r))-
n€Z,r€LI An>M; *[rt]
where ¢, gy M, Ms, g 15 defined as in (17).

Note that 4n > M; '[r!] implies 4n > M ~'[r'] and hence the Poincaré series Py yr.(n,, are all
cusp forms. On the other hand, if 4n = M, *[rt], 4n > M ~'[r!] implies 7 = 0 and n = 0, in which
case one has the Eisenstein series Ej pr. Since F' is cusp form, (F, Ey pr) is zero. From (1), we

obtain
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3

B (4n|M;| — My [r')” a(n,r)b(n,T)
<F; [G7 Ek27M2]v> = Ck,ko,M,Ms,g;v HE;ZI (4TL|M| _ M[Tt])k:—g/Z—l

-1
4n>My [rt]

where ¢k, 01, M, 9,0 1S defined as in (10). O
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