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Story	of	π
vThe earliest values of π were experimentally measured. In 

the Egyptian Rhind Papyrus, which is dated about 1650 
BC, there is good evidence for 4 × (8/9)2 = 3.16 as a value 
for π.

vA little known verse of the Bible reads
v And he made a molten sea, ten cubits from the one brim 

to the other: it was round all about, and his height was five 
cubits: and a line of thirty cubits did compass it about. (I 
Kings 7, 23)

v It occurs in a list of specifications for the great temple of 
Solomon, built around 950 BC, it gives π = 3.  Egyptian 
and Mesopotamian values of 25/8 = 3.125 and √10 = 
3.162 have been traced to much earlier dates.

vThe first theoretical calculation seems to have been 
carried out by Archimedes of Syracuse (287-212 BC). He 
obtained the approximation 223/71 < π < 22/7.

vπ/4 = 1 - 1/3 + 1/5 - 1/7 + ....  Leibinitz (1646-1716)

http://www-history.mcs.st-and.ac.uk/HistTopics/Pi_through_the_ages.html







vGoal: Generate Un uniform in the interval [0,1)
vGenerate Xn in [0,m), Un = Xn/m
vXn+1 = (a*Xn + c)%m – Linear congruential series
vFour constants required
vX0 (starting value/seed), a (multiplier), c (increment/bias), m 

(modulus)
v X0 = a = c = 7, m = 10 will give 7, 6, 9, 0, 7, 6, 9, 0, ...
vFour magic numbers required:

Linear	Congruential	Generators



Linear	Congruential	Generators	(II)

Ø Xn+1 =(65539*Xn)%231

ØX0 = any positive number, a = 65539, c = 0, and m = 231

Ø This is essentially RANDU, most popular generator for 
many years

Ø Multiplicative congruential method (Lehman's original 
method)

Ø Mixed congruential method C != 0

http://www.math.cornell.edu/~mec/Winter2009/Luo/Linear%20Congruential%20Generator/linear%20c
ongruential%20gen1.html



Code	for	Linear	Congruential	Generators	(III)

#include <iostream>
#include <cmath>

double GetUniform()
{
Static int X0 = 12345, m = 0, Xn = 0;
m = pow(2,31);
Xn=X0;
Xn = (65539*Xn)%m;
return (double)Xn/(double)m;

}

int main(){

std::cout<<GetUniform()<<std::endl;

return 0;
}



George	Marsaglia



Random	Numbers	fall	mainly	in	the	plane

RANDOM NUMBERS FALL MAINLY IN THE PLANES
BY GEORGE MARSAGLIA

MATHEMATICS RESEARCH LABORATORY, BOEING SCIENTIFIC RESEARCH LABORATORIES,
SEATITLE, WASHINGTON

Communicated by G. S. Schairer, June 24, 1968

Virtually all the world's computer centers use an arithmetic procedure for
generating random numbers. The most common of these is the multiplicative
congruential generator first suggested by D. H. Lehmer. In this method, one
merely multiplies the current random integer I by a constant multiplier K and
keeps the remainder after overflow:

new I = K X old I modulo M.
The apparently haphazard way in which successive multiplications by a large
integer K produce remainders after overflow makes the resulting numbers work
surprisingly well for many Monte Carlo problems. Scores of papers have re-
ported favorably on cycle length and statistical properties of such generators.
The purpose of this note is to point out that all multiplicative congruential

random number generators have a defect-a defect that makes them unsuit-
able for many Monte Carlo problems and that cannot be removed by ad-
justing the starting value, multiplier, or modulus. The problem lies in the
"crystalline" nature of multiplicative generators-if n-tuples (uu2,,. . . yUn),
(u2,u3,... .,un+1))... of uniform variates produced by the generator are viewed
as points in the unit cube of n dimensions, then all the points will be found
to lie in a relatively small number of parallel hyperplanes. Furthermore, there
are many systems of parallel hyperplanes which contain all of the points; the
points are about as randomly spaced in the unit n-cube as the atoms in a perfect
crystal at absolute zero.
One can readily think of Monte Carlo problems where such regularity in

"random" points in n-space would be unsatisfactory; more disturbing is the
possibility that for the past 20 years such regularity might have produced bad,
but unrecognized, results in Monte Carlo studies which have used multiplicative
generators.
Some Notation.-For any modulus m and multiplier k, let

rilnrs,3... 0 < ri < m

be a sequence of residues of m generated by the recurrence relation

ri+=- kr, modulo m,

and let ul,u2,u3,.. . be that sequence viewed as fractions of m:

ul= r1/m, U2 = r2/m, U3 = r3/m,....

Let 7r, = (Ul, ..U.un), 2 = (U2 ... ,Un+l), 7r3 = (U3 ... yUn+2), ... be points of the
unit n-cube formed from n successive u's.
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http://www.pnas.org/content/61/1/25.full.pdf
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Multiply	with	carry

uint GetUint()

{

m_z = 36969 * (m_z & 65535) + (m_z >> 
16);

m_w = 18000 * (m_w & 65535) + (m_w >> 
16);

return (m_z << 16) + m_w;

}



Test	of	randomness

vDiehard	tests	(Marsaglia 1995)
vBirthday	spacings,	parking	lot	test,	the	craps	test,	monkey	
tests	(based	on	infinite	monkey	theorem),	count	the	1's,...

vSee	eg:http://en.wikipedia.org/wiki/Diehard_tests

vTest	for	the	congruential	random	number:				
TestCongruentialRN.C



Test	result:	falling	on	planes



Other	distributions	from	uniform	variate

● Uniform	random	numbers	can	be	used	to	generate	other	
distributions

● Let	x	be	uniform	in	(0.,1.),	we	want	a	new	random	number	a	
in	(a1,a2)	distributed	as	g(a)

● Conservation	of	probability:
● g(a)da	=	f(x)dx;	f(x)	=	1.
● g(a)	=	|dx/da|
● If	g(a)	is	desired	to	be	exponential	then:
● (1/D)*exp(-a/D)	=	|dx/da|	(D	=	const parameter)



Acceptance—rejection	method

● Due	to	Von	Neumann



Gaussian	random	numbers





● Annals	of	
mathematical	
statistics,	vol.	29,	
1958



Module	2



Estimate	of	pi



Measurements	and	errors
● One	can	use	random	numbers	for	difficult	
multidimentional	integration

● What	we	will	get	is	an	estimate	of	the	integral
–There will be error
–How confident are we in the answer?
–What can we say about the true value, given an  
estimate



Sampling
● Population:	Set	of	random	numbers.	Usually	infinite.	
e.g.	All	uniform	random	numbers	in	(0,1).

● Sample:		A	finite	subset	drawn	from	the	population	
(x1,x2...,xn)	=	x

● x1,	x2...	will	denote	different	samples.
● Iid	(independent	and	identically	distributed)
–g(x) = g(x1,x2...,xn) = g1(x1).g2(x2)...gn(xn)
–g1(x1) = g2(x2)= ... = gn(xn)=f(x)



Monte	Carlo	method:	basic	theorem

● There	is	no	guarantee	that	error	is	Gaussian	distributed,	so	the	estimated	
error	is	only	approximate

Taken from: numerical recipes in C



An	example	integration

● Limits	can	not	be	written	
easily,	analytically

● MC	integration	is	useful

● We	want	to	evaluate	mass	and	center	of	mass





Nonuniform	density	torus

● What	will	you	do	if
● Define	den	=	exp (5.*z)	and	do	weighted	average?
● Very	inefficient,	points	will	be	wasted	in	low	density	
region

● Importance	sampling:





Importance	Sampling

with

What is the optimal choice of p? Make f/p as flat as possible

Minimize variance subject to the constraint of probability conservation

Results in



Stratified	sampling
● Subdivide	in	regions	and	throw	points
● For	two	equal	regions	with	same	number	of	points

● For	unequal	number	of	points	in	two	regions	a	and	b



Stratified	sampling	(2)

● Similar	for	region	b,	which	then	gives,



Reference

v Press, Teukolsky, Vellerling & Flannery, Numerical recipes in C
v Glen Cowan, Statistical Data Analysis



Backup





Mean,	variance

For function of x, a(x)

mean

n-th algebraic moment

Central moment

variance

Taken from: G. Cowan



Kernel	Density	Estimates

Smooth, non parametric estimate,
closely related to histograms

Effect of bandwidth

http://en.wikipedia.org/wiki/Kernel_density_estimation



Simulating	the	alcoholic	(1d	random	walk)

● Bernoulli	process:	A	Bernoulli	trial	is	an	experiment	with	two	
and	only	two	possible	outcomes.	A	random	variable	X	has	a	
Bernoulli	(p)	distribution	if

● X	=	1		with	probability	p		0<=	p	<=1
● =	0		with	probability	1-p,
● Let	the	n-th	step	of	alcoholic	be	Xn,	Xn	is	Bernoulli(p=0.5)	
distributed

● Let	dn	=1	or	-1	for	step	to	right	or	left
● Dn	=	sum	(di),	i	=	1	to	n
● Dn	=	r	-l	(r	=	total	number	of	steps	to	right/left)
● =	2r	- n

Ref: Casella, Berger, Statistical Inference, 2nd ed.



Pascal's	triangle

• Source:	Random	walk	for	dummies,	
Richard	Monte



Statistic	or	estimator
● A	function	of	the	sample	(or	data)
● Example:	how	do	we	find	out	average	height	of	the	Indian	
population?

● sample	mean	<x>	=	(x1+...+xn)/n	is	an	estimator	of	the	“true”	mean	
of	the	population

● Unbiased:	if	statistic	S(x1...xn)	is	such	that	E[S(x1,...,xn)]	=	M	(the	true	
parameter	value)	for	any	n

● Consistent:	if	the	estimate	becomes	increasingly	accurate	as	n-
>infinity

● lim(n->infinity)	sigma(S)	=	0
● Efficiency:	var(S1)/var(s2)	:	one	with	smaller	variance	is	a	more	
efficient	estimator.		

● There	is	a	tread-off	between	bias	and	variance	of	an	estimator.	
Sometimes	there	is	a	lower	limit	of	variance	(RCF	bound).	An	
estimator	touching	this	limit	is	a	minimum	variance	estimator



Sample	mean
● Notation:	sample	mean	<x>,	population	mean	x^
● Sample	mean:	<x>	=	(x1+...+xn)/n
● E[<x>]	=	{E[x1]+...+E[xn]}/n	=	n*(x^)/n	=	x^
● This	reasult	is	true	for	any	n	-->	<x>	is	an	unbiased	
estimator	of	x^

● Var(<x>)	=	E{(<x>	- x^)2}	=	var(x)/n
● -->	<x>	is	a	consistent	estimator	of	x^



Sample	variance

● What	is	a	good	estimator	of	the	population	variance?
● Guess:	1/n[(x1	- <x>)2+...+(xn-<x>)2]
● Is	this	unbiased?
● Let's	work	out	on	board
● Note:	every	statistic	is	a	function	of	random	numbers	– so	
random	numbers	themselves.	They	have	their	own	
distribution	and	standard	deviations	(or	errors).

● Central	limit	theorem	gave	the	distribution	of	sample	mean	
is	gaussian	and	gave	its	error.

● What	is	the	error	on	sample	variance?


