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Notations and Definitions

Let kK, N be a positive integers

x be a Dirichlet character modulo 4N.

Let ‘'H denote the complex upper half-plane.
For a complex number z,

Vz = |Z|1/2€%arg “ with —7m <arg z <.

K2 = (/2)F for any k€ Z.

For z € C and a,b € Z, we put ef(z) = e2miaz/b,



A Jacobi form ¢(r,z) of weight kK + 1/2 and
index m for the group Ng(4N), with character
X, 1S @ holomorphic function ¢ : H x C — C
satisfying the following conditions. (i)

((“ Z) e m) = x(d)e(r, 2),
k,m C
where

(6 )=

om —c(z 4+ M+ p)?
) or +d

¢

¢

+ N+ 222+ )\u>

at +b z4+ AT+ 1
'¢(CT+d’ et + d )

__(a b c
where v = (C d) € Mo(4N) and A\, u € Z, (a)
denotes the Jacobi symbol and ¢; = 1 or 1

according as d is 1 or 3 modulo 4.



(ii) For every a = (CCL Z) e SL>(7Z),

(er + d) F—1/2em ( —c ) $ (G’T bz )

ct + d cr+d er+d
has a Fourier development of the form

> Cpa(n,r) e(nt+rz),

n,reQ
T2§4nm

where the sum varies over rational numbers
n,r wWith bounded denominators subject to the
condition 72 < 4nm.

Further, if ¢4 ,(n,r) satisfies the condition
cp.a(n,r) 7 0 implies r? < 4nm, then ¢ is called
a Jacobi cusp form.

We denote by J;1q/5,,(4N,x), the space of
Jacobi forms of weight £ 4+ 1/2, index m for
0(4N) with character y.



Let ¢(7, z) be a Jacobi form in Jk_|_1/27m(4N, X).
Then its Fourier expansion at the infinite cusp
is of the form

p(r,z) = ) cp(n,r)e(nt +rz). (1)

n,rez
r2§4nm

We have

Lemma 1. Let ¢ € Jp11/5,,(4N,x) having
a Fourier expansion as in (1). Then c4(n,r)
depends only on 4mn —r2 and on r (mod 2m),
i.e cy(n,r) = cu(n,r") whenever r = ' (2m)

and 4mn — r2 = 4mn’ — r'?

The Lemma follows using similar arguments as
in the case of integral weight. (See for instance
Eichler-Zagier, Prog. in Math. 55.)



For D <0, ¢ (mod 2m), define ¢,(|D]) as fol-
lows:

(
r2

ce( 4;%D,7°) if D=u2 (mod 4m),
cu(|D]) 1= 4 r=pun (mMmod 2m),
0 otherwise.

(2)
For n (mod 2m), let

oo

hu(m) == Y cu(|DDeam (ID|T).  (3)
ID|=0
For a (mod 2m), the Jacobi theta function is
given by

,,42
Va(T,2) = Z e (—7‘ - rz) . (4)

rel 4m
r=a (mod 2m)



By standard arguments (as in the case of inte-
gral weight), the Jacobi form ¢ € Jj, 41,2, (4N, x)
can be expressed as follows.

¢(7,2) = > hu(T)0u(7,2),  (5)

© (mod 2m)

where (hu),(mod 2m) IS @ vector valued modular
form of weight k.

Some Transformation Properties of h,(7)

Lemma 2. (Y. Tanigawa) Let ¢(7,2) €
Jk_|_1/27m(4N, x) and let hq, o (Mmod 2m) be a
component of ¢. Then the following formulas
hold for hq(7).

(2) h—a(7) = x(=1)ha(T).

(i) ha(T4b)ean (a?b) = ha(r),  for any b € Z.

(i)  (ANT+D ha(r) = Y faphs (e
8 (mod 2m) (4N’7’—|—1>



or equivalently

(~aNT+ D) ho (lg) = X s ha(),

6 (mod 2m)
where
1
bap=5— > cam(=4N7*+29(8-0a)).
m
~ (mod 2m)
(6)
Remark 1. The above lemma gives the

relationship among the hq(7). If one of the
ha(7) is zero, then there is a linear dependence
equation among the hq(7) which is given by
the transformation rule (iii) of Lemma 2. It
is natural to ask about the maximum number
of components hq(7) that can be zero in order
that the given form ¢ is non-zero. Our theo-
rems are motivated by this question considered
by Skogman for the Jacobi forms of integral
weight. Note that if xy is an odd character,
8



i.e., x(=1) = —1 then hg(7) = 0 = hmn(7),
which follows from (i) of the above lemma.

Remark 2. Let ¢(1,2) € Jk+1/2,1(4N, x) be a
Jacobi form of index 1. Using (i) of above
Lemma, we see that when x is an odd char-
acter, then ¢(r,z) = 0. Therefore, there is no
non-zero Jacobi form of weight k£ 4+ 1/2 and
index 1 when the character x is odd.



Remark 3. Let m = 2. In this case the
Jacobi form ¢(r,z) € J41/22(4N, x) will have
four components h,(7), o = 0,1,2,3. When
x iS an odd character, then using (i) of above
Lemma we get hg = 0 = ho and hy = —hs.
Therefore, h1(7) or ha(7) determines ¢(t,z2) €
Jk_|_1/2,2(4N, X) when x is odd.

Now, let ¢(7,2) € Jk+1/272(4N, x), N odd and
x be an even character. In this case, h1 = h3.
Also, it can be seen that {51 = §p3 = 0 and
£0,2 = 1. Using this in the transformation (iii)
of above Lemma and substituting « = 0 and
assuming that hg = 0, we get

0 =&o0,1h1(7) + &0,2h2(T) + £0.3h3(T)
= 2{p.1h1(7) + &0 2ho(T)
= ho(71).
T herefore, hg = 0 implies that ho = 0. Already
we have seen that h; determines hz. This

shows that hg(7) and h1(7) determine ¢(t, z)
when m = 2, x is even and N is odd.



We prove the following theorems regarding the
number of components h, that determine a
Jacobi form.

Theorem 1. Let ¢(7,2) € Jk+1/2,p(4N, X),
where p is an odd prime such that gcd(V, 2p) =
1. For some «,8 (mod 2p) with 2 /Ja, 2|6
and gcd(aB,p) = 1, if we have hq(7) = 0 and
hg(t) = 0, then ¢(7,z) = 0.

Theorem 2. Let o(7,2) € Jk+1/2,p(4N, X),
where p is an odd prime such that p|N. Then
among the 2p components h,(7), Ay of them
determine the Jacobi form ¢(r, z), where

N — p—1 if y is odd,
X p+1 if xis even.
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Proof of Theorem 1.

Lemma 3. Let m be an odd natural number
such that gcd(m,N) = 1 and let ¢, 3 be the
Gauss sum as defined in (6) Then

() em cam ((AN)TH(B - @)?)
faﬁ: \ if 2\(5—04),
0 otherwise,

‘ (7)
where (4N)~1 is an integer which is the inverse
of 4N modulo m and ¢, = 1 or ¢z according as

m=1or 3 (mod 4).

We observe that

ga,—ﬁ — S—q,3 (8)
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Assume that for an odd «, 0 < a < 2p with
gcd(a,p) = 1 we have hqo(7) = 0. We will
show that h,(7) = 0 for all odd p (mod 2p).
By Lemma 2, (i) we have h_,(7) = 0. Substi-

tuting ho, = 0 = h_, in the equivalent form of
Lemma.2 (iii), we get

Z ga,ﬁhﬁ(T) = 0,
&

)
Zﬁ_aﬁhﬁ(T) = 0. (©)
B

Observe that in the expansion of each of the

hg(7), only hg(r) and h_g(7) have terms of the
2

form e(%7> e(nt) (since z = p? (mod 4p)

has only two solutions & modulo 2p, if gcd(u, p) =

1). Using this in the above inversion formulas,
we get

a,8hs(T) + & —gh_g(T) =0,

10
€ 0 phs(r) +€ o gh gy =0. O
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Hence,

0By () = ~ 220y (),

hﬁ(T) —_ —
Sa,ﬁ S_avﬁ
(11)

Claim 1. For 8 (mod 2p) with gcd(3,2p) =
1, we have

g—a,ﬁga,—ﬁ 7 Sa,ﬁg—a,—ﬁ fora=p (mod 2).

From this it follows that h_g(7) = 0 = hg(7)
when gcd(3,2p) = 1.

Proof of Claim 1. Assume the contrary,
i.e., assume that

S—a,ﬁga,—ﬁ — ga,ﬁg—a,—ﬁ'
Then it follows that

€§aﬂ — 6(%?_67
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from which we should have

a,8 = £&a,—p- (12)

We shall now show that the last identity is not
true when gcd(5,2p) = 1.

By Lemma 3 we get

1 [—N p
Ea,— = /P ( D ) €p €4p (N (a ‘|‘ﬁ)2) 7

if 2|(a+ B), where N’ is an integer such that
(AN)N' = 1 (mod p). Therefore, for (12) to
be true we must have

ep(—N'aB) = £1,

which implies that p|N'a3, a contradiction. Sim-
ilarly, if one starts with ho = 0 for even «, then
hg = 0 for all 8 even with gcd(8,p) = 1. It
remains to show that hg(7) = 0 = hp(7). If
x IS an odd character then as remarked in Re-
mark.1l, we have hqg(7) = 0 = hy(7).

14



So, let x be an even character. If hqo(7) =
O for an even «, then applying the inversion
formula as before and observing that z2 =
(mod 4p) has only one solution x = 0 modulo
2p, we have &, gho(T) = 0. Since {,0 # O,
it follows that hg(7) = 0. Similarly, one can
prove that hy,(7) = 0 by considering the square
class p2 modulo 4p which has only one solution

(= p) modulo 2p. This completes the proof of
Theorem 1.

15



Proof of Theorem 2.

Here the index is p and p|N. In this case we
have

1
— Y. exp(r(B—a)
2p7 (mod 2p) p< )

_ { 1 if 2p|(B — ),

] 0O otherwise.

€a,ﬂ —
(13)

In other words, gaﬁ = 0 if and only if a = (3
(mod 2p). Therefore property (iii) of Lemma
2. won't give any dependency relation among
the ho(7). Now let x be an odd character. In
this case, as observed before we have hg(7) =
0 = hyp(7). Also, by the same property (i) of
Lemma 2, we have hqo(7) = —h_o(7). SO, in
the remaining 2p—2 components, if we assume
that p — 1 of them are zero, then ¢(r,z) = 0.
This completes the first part. If x is an
even character, we cannot conclude that hg
and hyp are zero. Therefore, combining with
the property ho(7) = h_o(7) we see that one
needs p — 1+ 2 = p+ 1 components hy to
determine the given Jacobi form ¢.
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Theorem 3. Let ¢(7,2) € Jk+1/27pq(4N, X),
where p,q are distinct odd primes. Then the
components hq and hg with 2lae, 2 f B and
gcd(aB,pg) = 1 determine the associated Ja-
cobi form ¢(t, z).

Theorem 4. Let ¢(7,2) € Jk_|_1/27p2(4N, X),
where p is an odd prime such that gcd(p, N) =
1. Then among the 2p? components h,(r),
the following components

{ha, hp},2|a,2 fb, gcd(ab,p) =1 and
(p—1)/2
thoim h@it1yp) g
when y is even and

{ha, hp},2|a,2 fb, gcd(ab,p) =1 and

(p—3)/2 (p—1)/2
{hQ(i+1)p}7;=o / ’{h(%—l)p}izl / ’
when x is odd determine the Jacobi form ¢(t, z).
In other words, at most p+ 1 or p+ 3 (accord-
ing as x is odd or even) of the components hy,

will determine the Jacobi form ¢(r,z).
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